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Abstract

This dissertation covers three topics in general relativity, each linked to notions of angular
momentum. I first present a review of conservation laws in general relativity, discussing those
associated with point-particle motion, field theories on a fixed background, and asymptotic
symmetries for theories with no fixed background. This is followed by a review of the physics
of spinning black holes, which are described by the Kerr spacetime. I lastly provide a review of
gravitational waves, focusing on two physical phenomena that are relevant to this dissertation:
extreme mass-ratio inspirals, an important source for future space-based gravitational wave
detectors, and the gravitational wave memory effect, a permanent change in the separation of
two freely-falling bodies caused by a burst of gravitational waves.

The first of the three topics covered in this dissertation concerns the Carter constant, a gen-
eralization of the notion of total angular momentum for point particles in the Kerr spacetime.
The Carter constant is of great interest, as understanding how it evolves for an inspiralling
particle is important for determining the gravitational wave signal. I first consider general-
izations of the Carter constant to general field theories in the Kerr spacetime, and show that
no generalizations of the Carter constant that depend only on the stress-energy tensor of the
theory can be conserved. However, this result does not eliminate the possibility that such a
generalization, not constructed from the stress-energy tensor, can exist in particular field the-
ories. I next discuss how one can construct conserved currents in linearized gravity on a Kerr
background which generalize the Carter constant. These currents generalize the Carter constant
in the following sense: in the geometric optics limit, they are related to the Carter constants of
individual gravitons.

For the second topic, I discuss generalizations of the gravitational wave memory effect.
These generalizations, called “persistent gravitational wave observables”, measure enduring ef-
fects following a burst of gravitational waves. This dissertation contains three examples of

such persistent observables, as well as general techniques to calculate them, both in general



spacetimes and in exact plane gravitational wave spacetimes. The first example of a persistent
observable is a generalization of geodesic deviation that allows for arbitrary acceleration. The
second example is a holonomy around a closed loop in spacetime of a connection related to
linear and angular momentum. Finally, the third example is an explicit procedure by which an

observer could measure persistent effects using a spinning test particle.

The final topic considered is prescriptions for defining asymptotic charges in theories with
no fixed background, and in particular angular momentum in Einstein-Maxwell theory. This is
motivated by a strange result in electromagnetism, that the flux of angular momentum through
null infinity, computed using the stress-energy tensor, depends on both radiative and Coulombic
degrees of freedom. I first show that this situation carries over to electromagnetism on non-
dynamical, asymptotically flat spacetimes for fluxes associated with the Lorentz symmetries in
the asymptotic Bondi-Metzner-Sachs algebra. I then consider asymptotic charges (such as mass
and angular momentum) in Einstein-Maxwell theory, where the metric is now dynamical. One
could define these charges by using the same expressions as in vacuum general relativity, but
such a prescription results in fluxes for the Lorentz charges that depend on Coulombic degrees
of freedom, much as in the non-dynamical case. The correct approach is to use the prescription
of Wald and Zoupas to compute the charges associated with any asymptotic symmetry on cross-
sections of null infinity. The flux of this “new” notion of angular momentum depends only on

radiative degrees of freedom and not Coulombic ones.
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Chapter ]_

Introduction

General relativity is a theory of dynamical spacetimes, where “[s]pace tells matter how to
move[; m|atter tells space how to move” [120]. In particular, these spacetimes are (in general)
curved. Much of classical mechanics is based on the existence of a flat background on which bodies
move—the promotion of this background to one that is curved, and even worse dynamical, deeply
complicates, and in some cases completely negates, any intuition from flat spacetime.

This thesis considers a variety of topics in general relativity, each related (in some way) to how
one generalizes the notion of angular momentum to a curved spacetime. Angular momentum, in

introductory mechanics, is characterized by the following expression:!

L=7xp, (1.1)

where 7 is the position of the particle relative to some origin and p its momentum. On the face of
it, it is not clear how this would generalize to general relativity, as what is ¥7 While the position
vector 7 in flat spacetime points along the unique line connecting the origin to the location of the
particle, there is no unique curve which connects two points in a curved spacetime.

There are even worse problems when one considers the angular momentum of an extended body,

where (in mechanics) the total angular momentum is given by an integral over the body:

E:/Fxﬁﬂﬁ (1.2)
|4

In this thesis, I will denote three-vectors (which rarely arise) with arrows, and four-vectors either with indices
or in bold.
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Figure 1.1: The process of moving a vector from one point to another on the surface of a sphere,
which this figure demonstrates to be path-dependent. Starting at a common point at the left of
this diagram, and moving up to north pole directly, yields a different vector (red) than first moving
along the equator and then to the north pole (blue).

where ¢ is the momentum density. The issue that arises here is that, in a curved spacetime, there
is no unique way to add vectors at different points, as they live in different vector spaces. In a
flat spacetime, one can move vectors throughout spacetime, keeping them parallel to themselves,
in order to move them from one point to another, but in a curved spacetime such a procedure is
path-dependent (for an example on a sphere, see figure 1.1). As such, in a curved spacetime it is
not clear what is meant by the integral in equation (1.2).

The question of how one defines angular momentum in general relativity has several interesting
applications. In classical mechanics, angular momentum (and its conservation) allows us to easily
solve many problems that are otherwise impractical to consider, such as collisions and the Kepler
problem of planetary motion. Moreover, the introduction of rigid bodies with intrinsic angular
momentum introduces additional features into the dynamics of mechanical systems, such as the
unintuitive behavior of gyroscopes. Generalizations of angular momentum to general relativity
have a similar utility, which I discuss in depth in this introduction, and throughout this thesis.

In the remainder of this section, I first review ideas from general relativity that are relevant



1.1. Symmetries and Conservation Laws

to this thesis and provide motivation for the chapters to come: symmetries and conservation laws,

black holes, and gravitational waves. I then provide a summary of the topics covered in this thesis.

1.1 | Symmetries and Conservation Laws
1

In classical mechanics, the notion that symmetries give rise to conservation laws is a very familiar
one, and is generally called Noether’s theorem. In this section, we will be reviewing how this idea

extends to general relativity.

1.1.1 | Isometries

In general relativity, the dynamical field is the metric of the spacetime, g,,. The components of

1 22 27) at which they are evaluated.

this metric, g, 2 are generally a function of the point (20,
As such, a natural notion of a symmetry is the requirement that components of the metric are

independent of a particular coordinate; for example,

o
ozY

= 0. (1.3)

This type of symmetry is known as an isometry.

There are a variety of examples of isometries in solutions to the Einstein equations. An example
that is particularly relevant is the Schwarzschild metric, which (as we will discuss in section 1.2),
describes a black hole of mass M:

oM 2M\
ds? = g, datda” = — (1 — > de? + <1 — > dr? + r? (d6? + sin® 0d¢?) . (1.4)

T r

The components of this metric are clearly independent of both ¢ and ¢. Moreover, there are
additional isometries, rotations about the x or y axes, which are not evident from equation (1.4),
but can be seen in rotated coordinate systems. As such, this metric is fully spherically symmetric,

being invariant under all spatial rotations.

2In this thesis, we use Latin letters from the beginning of the alphabet (a, b, etc.) to denote abstract indices [176],
while we (generally) use Greek letters (u, v, etc.) to refer to spacetime component indices. As such, gqp refers to
metric as a geometrical object (a function of two vectors that gives the dot product between them), whereas g,
with p,v = 0,1,2,3 gives the components of the metric in a specific coordinate system. Exceptions to this general
rule will be explained when they arise.
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At this point, it is useful to consider how symmetries can be understood in terms of vector fields

on spacetime. Consider an infinitesimal change of coordinates of the form
at — ot + e, (1.5)

where £# are the components of a vector field and € is a small parameter. Under such a change in

coordinates, the metric changes by

Juv = Guv + f(gpapguu + 8#61/ + augu) + 0(62)7 (16)

where 0, = 0/0x" denotes the usual coordinate derivative. The particular combination of terms
at linear order in € in this expression is a tensor, which is known as the Lie derivative £¢g, of the
metric g, (for a more geometric definition of the Lie derivative, see appendix C of [170]). Vector

fields that satisfy Killing’s equation,®
Legab = 2V (o&p) = 0, (1.7)

known as Killing vectors, are directly associated with isometries of a spacetime.

It is in terms of these Killing vectors that one can show that point particles in general relativity
possess conserved quantities associated with isometries. A point particle in general relativity follows
a path y(7), where 7 is proper time, and the four-velocity of such a particle is simply the tangent
to this curve, which we will denote by 4*. When this point particle is freely falling, the curve - is
a geodesic: between any two points along this curve, the total length of this curve is an extremum.

This condition that the path length is extremized is equivalent to the geodesic equation:
AV = 0. (1.8)
For a given Killing vector £%, consider the quantity

Ee = ', (1.9)

3Here, V, is the covariant derivative, and we use the usual notation of symmetrizing over indices using round
brackets (antisymmetrization will be denoted with square brackets).
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where p* = mA? is the momentum of the particle, and the mass m is constant. This quantity is

conserved along v, as®

dB _

5 = 4"Va B = m (&1"Vai’ +37Va8) =0, (1.10)

where the first term vanishes due to the geodesic equation (1.8) and the second due to Killing’s

equation (1.7).

1.1.2 | Hidden symmetries

Not all conserved quantities, however, are related to explicit symmetries of the metric. Such con-
served quantities are said to be related to so-called “hidden symmetries” of the spacetime. Essen-
tially, the existence of hidden symmetries is due to the fact that Noether’s theorem only gives a
necessary, but not sufficient, condition for conserved quantities to exist.

There are many examples of such hidden symmetries, even in classical mechanics, where the
analogous statement is that not all conserved quantities are related to symmetries of the Lagrangian.
Perhaps the most famous example arises in the Kepler problem of planetary orbits: the Laplace-

Runge-Lenz vector €, given by (see, for example, section 3-9 of [79])

L Ux(Fx7) 7T
= — - 1.11
é i = (1.11)

where 7 and ¢ are the position and velocity of the orbiting body (respectively) and M is the mass
of the body that is being orbited (note that, as we have done throughout this thesis, we have
set G = 1). One can show that this vector is constant in time, but there is no symmetry of the
Lagrangian that directly gives rise to this conserved quantity. Moreover, this vector is conserved
only for central forces that follow an inverse square law.

The reason why these conservation laws are said to be related to “hidden symmetries” is related
to a particular feature of the Laplace-Runge-Lenz vector. There is a way of recasting the Kepler
problem as a problem in one higher dimension |7, in which additional rotational symmetries arise.

These rotational symmetries directly give rise to the conservation of the Laplace-Runge-Lenz vector.

“Here, d/d7 denotes the covariant derivative 4%V, of a scalar along ~; later, we use D/dr to denote the covariant
derivative 4V, of any tensor along . The distinction made in this notation is due to the fact that d/dr does not
depend on the particular choice of covariant derivative V,, whereas D/dr does.
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As such, the symmetry is present, but “hidden”. However, not all conserved quantities are known
to be related to symmetries that exist in a different formulation of a problem.

To show how a hidden symmetry can arise in general relativity, let us consider the following
problem: we would like to define a generalization of a point particle’s angular momentum in general
relativity, in the sense that we want a vector that is linear in the momentum p“ of the particle and

conserved for the case of freely-falling particles. Linearity in momentum implies that we can write
L% = fop, (1.12)

for some tensor f,;. We now wish to determine whether L® is conserved. Note that

DL®
dr

= APV, = mAPAOV, . (1.13)
Since equation (1.13) should hold for all geodesics 7, we obtain
Vuf%) =0. (1.14)

We now make the following observation: in classical mechanics, angular momentum arose as 7 X p.
Writing this expression out in coordinates, we find that the linear map that acts upon p is an
antisymmetric matrix. Therefore, we also require that f,;, be antisymmetric, and arrive at the

Killing-Yano equation (see, for example, section 35.3 of [151]):
v(afb)c =0, (115)

where f,; is antisymmetric. Solutions to this partial differential equation are known as Killing-Yano

tensors. There exist spacetimes in general relativity with non-trivial Killing-Yano tensors.
Similarly, one can think about generalizing the notion of “squared angular momentum” L? to

general relativity. This conserved quantity is bilinear in the momentum, and so its generalization

(which we will call K') must be of the form
K = Kaup™p", (1.16)

where K is symmetric. The conservation of K gives that

dK
0= =m*"9" 4 VoK, (1.17)
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and so K, must satisfy the Killing tensor equation (see, for example, section 35.3 of [151]):
V(aKpe) = 0. (1.18)

Again, there are many examples of spacetimes in general relativity that possess Killing tensors.
Moreover, for any spacetime that possesses a Killing-Yano tensor f,;, one can show that f,.f% is a
Killing tensor.

The conserved quantities discussed in this section give a variety of useful results for solving
problems. For example, the conservation of the Laplace-Runge-Lenz vector in the Kepler problem
implies that the orbits are closed, and given by conic sections (with the magnitude of this vector
giving the eccentricity). Another example is the class of spacetimes which describe spinning black
holes, where a Killing tensor exists [179], and the associated conserved quantity allows for the
solution of the geodesic equation in terms of first integrals [15]. This conserved quantity, the Carter
constant, is a generalization of total angular momentum, and we discuss it extensively in chapters 2

and 3.

1.1.3 | Conserved quantities for field theories on a fixed background

One may ask about the existence of conserved quantities for classical field theories in general rel-
ativity, such as electromagnetism. In electromagnetism on a flat background, the electromagnetic
field stores energy, momentum, and angular momentum. Let us briefly review the sense in which

this holds: for energy, for example, there exist quantities

1 - 1 = o
= —(E*+ B? = —ExB 1.1
U= (BB, §=_ FxB (119
such that (in the absence of charged matter)
oU - o
- -5 =0. 1.20
5 TV (1.20)

This is a type of “continuity equation”, much like that for the charge and current density:

p - -
—+V-J=0 1.21

5 T (1.21)
The integral form of the continuity equation, in the case of charge and current density, says that the

change in the total charge of a system is entirely due to the flow of current through this system’s
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boundary. The interpretation of equation (1.20) is then that the change in total energy stored in
the electromagnetic fields is entirely due to a “flow of energy” through the boundary of the system.

In special relativity, the continuity equation for electric charge can be written in the following
form:

Vaj¢ =0, (1.22)

—

where j is the four-vector source current (p,J). A vector field j* satisfying equation (1.22) is said
to be conserved, and such a vector field is known as a conserved current. The energy U and Poynting
vector S are components of the electromagnetic stress-energy tensor T]ﬁ]‘ﬁd, which is conserved in the
sense that

VT, =0, (1.23)

assuming no charged matter. In general, all non-gravitational fields possess a total stress-energy

tensor T that satisfies

VYV, T% = 0. (1.24)
For any Killing vector £%, one can define
JHIE) = T, (1.25)
which is always conserved:
Vajtl€] = E'VaT® + T*V oty = 0, (1.26)

where the first term vanishes by equation (1.24), and the second by Killing’s equation (1.7). In
electromagnetism, one can show that (U, §) is a four-vector of the form (1.25), where 7% = T2,
and £% is the Killing vector field corresponding to time translations.

In particular, in the case where there is both charged matter and electromagnetism, while

Tab

ab terlp and T28 &, are not individually conserved, their sum is. This is a generalization of Poynt-

ing’s theorem: in electromagnetism in flat spacetime, in the presence of sources, it is no longer true

that equation (1.20) holds. Assuming that no particles leave a volume V', one finds that

d o -
- (Ematter + / UdV) + % S-dA=0; (1.27)
de v oV

that is, the change in the total energy of the system is only given by the flow of energy stored in

the electromagnetic fields.
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In this section, we have constructed conserved currents associated with spacetime symmetries
using the stress-energy tensor. There are a variety of other means of constructing conserved currents,
such as the Noether current of [104] or the symplectic current of (for example) [14]. In chapters 3
and 5, we consider conserved currents that arise most naturally without the use of the stress-energy
tensor, and we moreover show in chapter 2 that certain conserved currents cannot be constructed
in such a way. In particular, we consider conserved quantities which are associated with the hidden
symmetries discussed above, which cannot be understood naturally in terms of the stress-energy

tensor.

1.1.4 | Asymptotic symmetries

General spacetimes do not possess any isometries. However, if they represent an isolated gravita-
tional system where the metric “approaches that of flat spacetime” sufficiently quickly, then they
will possess asymptotic symmetries. These asymptotic symmetries give rise to interesting conserved
quantities which we discuss below.

In order to understand the general picture of asymptotic flatness, it helps to consider how the

metric behaves in flat spacetime. Consider the Minkowski metric in spherical coordinates:
ds® = —dt?® + dr? 4 r?(d6? + sin” 0dp?). (1.28)

We wish to consider this metric at large r, but at fixed retarded time u = t — r, motivated perhaps
by a desire to study radiation far from an isolated source. However, the components of this metric
blow up as r — oo, specifically in the angular directions. Another issue that arises in this discussion
is that we are taking a limit to infinity—it more convenient in calculations to instead consider a
limit of some coordinate to a finite value, and so we define 2 = 1/r, and use 2 instead of r as a

coordinate.” Performing a coordinate transformation to (u, (2,6, ¢), we find that

ds® = Q72 (—Q%du? + 2dudQ + d6* + sin® 0d¢?)
(1.29)
= 0 2d32

The metric §q, = Q2g,s associated with the interval d5? is a conformal transformation of the physical

metric gqp, and is called the “unphysical metric”. The components of the unphysical metric are now

5We are considering the limit of 7 — oo, so we do not worry about the poor behavior of Q at r = 0; for a definition
of Q that works throughout the Minkowski spacetime, see, for example, the discussion in section 11.1 of [176]).
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finite in the limit Q — 0:

d3®|,_, = 2dudQ + d6? + sin® fd¢*. (1.30)

The surface 2 = 0, which is not a part of the physical spacetime (as it corresponds to “r = o0”),
is known as future null infinity, and is denoted by the symbol .# " (pronounced “scri plus”). There
is a similar surface .# ~, past null infinity, which is constructed in an analogous way, but by taking
a limit r — oo at fixed v = t 4+ r. Both surfaces is null, much like the light-cone in flat spacetime.
Many of the unintuitive features of null infinity are due to the fact that it is a null surface, as much
of our intuition about surfaces in flat three-dimensional Euclidean space fails to hold.

This construction of null infinity generalizes to a much larger class of spacetimes, which are
called asymptotically flat (for an extensive review, see |77]). That is, for a large class of spacetimes,

there exists an unphysical metric g, related to the physical metric g, by

Gab = P gap, (1.31)

where the conformal factor 2 > 0 in the physical spacetime. The physical spacetime can then be
extended to larger, unphysical spacetime, possessing a boundary .# where ) vanishes. Moreover,
it can be shown (under more technical assumptions [77]) that the intrinsic geometry of .# for all
asymptotically flat spacetimes is the same as that for the Minkowski spacetime, with all metrics
at 2 = 0 able to be mapped to the form (1.30). This is the sense in which these spacetimes
are “asymptotically flat”; one can, moreover, show that the physical metrics of asymptotically flat
spacetimes agree with that of the Minkowski spacetime, up to terms of order 1/r.

Since asymptotically flat spacetimes are asymptotically close to Minkowski spacetime, one would
expect that the asymptotic symmetry group of such a spacetime should be the same as that of
Minkowski: the ten-dimensional Poincaré group. Although it is by no means obvious, this is not
the case: the asymptotic symmetry group is instead the infinite-dimensional Bondi-Metzner-Sachs
(BMS) group [37, 143]. A general member of this group maps the coordinates (u, 6, ¢) of .# as

follows. The angular coordinates are mapped according to
0—H(0,9), ¢—I1(0,9), (1.32)
which acts as a conformal isometry of the sphere,

d6? + sin® 0d¢?® — [K (0, ¢)]* (d6? + sin® d¢?) (1.33)
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(that is, the sphere is mapped to itself, up to scaling). Similarly, v is mapped via
u— [K(0,9)] " u+ a8, 9)]. (1.34)

We now discuss the various pieces of this group. Conformal isometries of the sphere can be
understood in terms of conformal mappings in the complex plane, and such an analysis shows
the space of conformal isometries is six-dimensional. Three of these conformal isometries are pure
isometries |K (6, ¢) = 1] corresponding to rotations, and the remaining three correspond to boosts;
in total, they give the six-dimensional Lorentz group. The infinite-dimensional portion of the BMS
group comes from considering transformations where H (6, ¢) = 6, I1(0, ) = ¢ |which implies that
K(0,¢)=1]:

u— u+af, ). (1.35)

Such a transformation, where « is an arbitrary function of 6 and ¢, is known as a supertranslation.
The relationship to translations can be understood as follows: in flat spacetime, performing a

translation x# — z* + Ax* results in the following leading-order change in u:
u— u+ At —sinfcosp Az —sinfsinp Ay — cos Az + O(1/r). (1.36)

The coefficients in front of At and Ax, Ay, Az are, respectively, proportional to the [ =0 and [ =1
spherical harmonics. The translation (1.36) is of the form (1.35), with a(f, ¢) being a sum of | < 2
spherical harmonics, and therefore supertranslations can be thought of as a generalization to the
usual translation group, including all [ > 2 spherical harmonics.

In the Poincaré group, there is no unique Lorentz subgroup. Instead, for each choice of origin
in Minkowski spacetime, there exists a subgroup of Lorentz transformations that keep that origin
fixed. These origins are, of course, related by translations. Similarly, the BMS group has an infinite-
parameter family of such Lorentz subgroups, the “origins” being related by supertranslations. The
existence of supertranslations is also related to gravitational waves, in the following sense: the action
of a linearized supertranslation on the Minkowski spacetime produces a change in the metric that
falls off near null infinity at the same rate as a gravitational wave, and so (in this sense) they are
indistinguishable.

With the discussion of asymptotic symmetries concluded, we now turn to conservation laws.

Here, like in the case of point particles, the conserved quantities are simply numbers that are
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associated with a given symmetry (in this case, a member of the BMS group); for example, the total
mass of a spacetime is associated with an asymptotic time translation [constant « in equation (1.35)].
However, these “conserved quantities” are only conserved in the absence of radiation—one would
expect the mass, for example, of a spacetime to decrease with the radiation of gravitational waves.
As such, these conserved quantities should be associated with particular values of retarded time:
in fact, they are given by integrals over cross-sections of null infinity, and such cross-sections are
labeled by a particular value of retarded time. Such an integral over a spherical cross-section at
infinity that is associated with a symmetry is known as a charge. The name arises due to the nature
of the total electric charge in electromagnetism, which is given by a surface integral of the electric
field over a sphere at infinity, and is related to the existence of gauge symmetry.

One might now ask how to determine the charges that are associated with the members of the
BMS group. One approach is similar to that taken in electromagnetism: the total electric charge Q

is given by a certain component of the electric field, in the limit of large r:

_ @ 3
E, = - +O(1/r). (1.37)
Similarly, one can show that [37]
2M(u7 9) 2
Guu = —1 + ————=+O0(1/r7). (1.38)

The M (u, @) is related to the so-called “Bondi mass” M (u) of the system by
1 (7 )
M(u) = 2/ M (u,0)sinédo. (1.39)
0

The Bondi mass equals the mass in stationary spacetimes. Similar expressions can be used to
read off angular momentum from components of the metric. However, it is not clear how these
expressions generalize to conserved quantities related to a general asymptotic symmetry.

A very effective method of constructing conserved charges in general relativity is the Wald-Zoupas
procedure [178]. This procedure is essentially a version of Noether’s theorem for radiating systems:
given any theory characterized by a Lagrangian and an asymptotic symmetry group, it provides a
method of constructing charges associated with each asymptotic symmetry. Moreover, the change

in such a charge, which are known as the flux, is given by an integral over null infinity of a current
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which only depends on the radiative degrees of freedom of a theory. In chapter 5, we give a more
thorough overview of the Wald-Zoupas procedure, applying it to the theory of electromagnetism

coupled to general relativity.

1.2 | Black Holes

Black holes are one of general relativity’s stranger predictions, and also one of its first: the
Schwarzschild metric (1.4), which describes a spherically symmetric black hole, was discovered
in 1916 [116]. Black hole solutions are characterized by the existence of horizons, boundaries in
spacetime through which objects can only pass one way. While these solutions were originally
thought to be unphysical, merely products of exact spherical symmetry, it was eventually concluded
that gravitational collapse should generically produce black holes, especially with the discovery of
axisymmetric black holes in the form of the Kerr solution [108] and the singularity theorems (for a
review, see chapter 8 of [93]).

The initial astrophysical evidence for black holes was the existence of X-ray binaries: binary
systems where gas from a star accretes onto an unseen companion (for a review, see, for example,
chapter 13 of [119]). While the mass of this unseen companion can be inferred, and shown to be
more massive than allowed by compact objects that are not black holes, this form of detection
is indirect. The first direct evidence as to the existence of black holes came from the detection of
gravitational waves by the Laser Interferometer Gravitational-wave Observatory (LIGO) in 2015 [3].
These gravitational waves were produced by the merger of a binary black hole system, as confirmed
by comparison with numerical models of such a system. Further binary black hole mergers have
also been detected; for a catalog of the detections, see [6]. I will review LIGO in more depth in
section 1.3.2. In addition to gravitational wave detection, there is now electromagnetic evidence
of black holes: the Event Horizon Telescope, a global system of radio telescopes, has imaged the
radio emission surrounding the supermassive black hole at the center of the galaxy M87 [3]. The
“shadow” at the center of this image is consistent with the existence of an event horizon, although
it is of course larger than the event horizon due to the gravitational deflection of light.

In the remainder of this section, I discuss in further detail the nature of black hole horizons and

the Kerr spacetime describing a spinning black hole, both of which are relevant to chapters 2 and 3.
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1.2.1 | Horizons

The one defining feature of a black hole is its event horizon: a boundary in spacetime through which
objects can enter, but not return. In this section, I will briefly review why, intuitively, this occurs.

As a simple example, we will consider the event horizon of the Schwarzschild solution in equa-
tion (1.4). This metric appears to be singular at the point » = 2M, but such a singularity is merely

a coordinate artifact: using a sort of advanced time coordinate v,
v=t+1r", (1.40)

where r* is the tortoise coordinate defined by

dr* 1
—_— = 1.41
dr  1-2M/r’ (1.41)
one finds that the metric in equation (1.4) takes the form
ds? = —(1 — 2M/r)dv? + 2dvdr + r2(d6? + sin? 0dp?). (1.42)

In this coordinate system, it is apparent that there is no issue at the surface r = 2M, which is in fact
a null surface, like null infinity above in section 1.1.4, or a light-cone in the Minkowski spacetime.
Once one has entered the future light-cone of some point, one cannot exit it—this is precisely why
the event horizon functions as a one-way boundary. It should be noted, however, that horizons are
unlike lightcones, in the following sense: while the interior of the future lightcone of a point extends
to infinity, the interior of the horizon only includes points with » < 2M. As such, no particle can
reach r = oo once it has passed through the event horizon.

One minor note is that this is a future horizon, acting like the the future light-cone of a point
in Minkowski space. By using a coordinate w =t — r*, one can construct from the metric 1.4 a past
horizon, which act like the past light-cone, only allowing a particle to move into the region r» > 2M.
The existence of a past horizon for the Schwarzschild spacetime is a consequence of the fact that
the metric (1.4) describes an eternal black hole—the components of the metric are independent
of time, and so the black hole has always existed. For physical black holes which are formed by

gravitational collapse, this past horizon does not exist.
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In chapter 3, we will consider fluxes of conserved currents through the horizon of a black hole.
These are similar to fluxes of conserved currents through null infinity: much as the flux of energy (for
example) at null infinity represents energy lost to infinity, the flux through the horizon represents

energy lost to the black hole.

1.2.2 | The Kerr spacetime

A particular example of a black hole spacetime that is relevant to this thesis is the Kerr spacetime,
which represents a black hole with both mass M and spin Ma [108]. As shown in [10, 92, 139], this
metric represents (under certain assumptions) the unique stationary black hole solution in vacuum
general relativity, and so is expected to be the final state of gravitational collapse. In particular,
this metric is characterized by only two degrees of freedom, the mass and spin. All higher multipole
moments are essentially trivial, and determined solely from these two numbers; note that this is not
the case for the matter from which these black holes formed! This lack of features of a black hole is
known as the “no-hair theorem”, and is an important result of general relativity that gravitational
wave astronomy hopes to verify.

We describe in much greater details the features of the Kerr spacetime in chapters 2 and 3.
However, a particular feature that is relevant to mention at this point, as motivation for further
discussion in those chapters, is the existence of an additional constant of motion for point particles,
the Carter constant, which does not arise due to the two isometries, - and ¢-independence. We
will briefly review how this constant arises in section 2.1. This constant, which we denote by K,
is bilinear in the momentum of the particle, and so, as mentioned in section 1.1.2, it is associated
with a Killing tensor Kg:

K = Kup*p®. (1.43)

This constant is also a generalization of the total squared angular momentum L? to the Kerr
spacetime, as we show in section 2.1 by a specialization to the Schwarzschild spacetime. The Kerr

spacetime moreover possesses a Killing-Yano tensor f,, such that
Kab = facfcb- (144)

The properties of this Killing-Yano tensor will be discussed further in chapter 3.
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1.3 | Gravitational Waves

The existence of propagating gravitational waves has been predicted since almost the very beginning
of the history of general relativity, with Einstein’s first paper on the subject in 1916 [61]. The
reality of gravitational waves, however, was not generally agreed upon until the 1957 Chapel Hill
conference [30], where a thought experiment was proposed suggesting that gravitational waves
carried energy, as they could move a “sticky bead” along a wire (later published in [35]).

The ability to directly detect a gravitational wave has only been achieved recently. The first
(indirect) detection came from the Hulse-Taylor pulsar, the first pulsar to be found in a binary
system [100]. Once the masses of both the pulsar and its unseen companion were determined, the

measured rate of decay of the orbital period could be compared with the prediction of loss of energy

due to gravitational waves [161]. On the other hand, direct gravitational wave detection was initially
met with less success, with the first claimed detections by means of a resonant bar [152] found to
be irreproducible (for a review, see [111]).

Perhaps the greatest achievement in the field of general relativity in recent years was the de-
tection of gravitational waves from the the Laser Interferometer Gravitational wave Observatory
(LIGO) in 2015 [3]. This observatory, composed of two 4-km interferometers built in Hanford,
Washington and Livingston, Louisiana, was initially constructed in 1994, achieving initial design
sensitivity in 2005 [2]. While initial science runs yielded no detections, the completion of upgrades
to so-called “Advanced LIGO” in 2014 increased the sensitivity by a factor of ten [1], allowing for
the initial detections in 2015. The first source of these gravitational waves were the collision of
two black holes of nearly equal masses, 35.6f§€ Mg and 30.6fi:2 M. Since this initial detection,
there have been many detections of both binary black hole mergers (for a catalog, see [0]), as well
as a binary neutron star merger |1]. In particular, the first detected binary neutron star merger
was accompanied by a gamma ray burst, and was subsequently followed up in detections across
the electromagnetic spectrum [5]. This detection heralded the start of the era of multi-messenger
astronomy, where events can be detected both in electromagnetic and gravitational waves, each
providing information that is complementary to the other.

In the remainder of this section, I will review the basic theory of gravitational waves and their
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detection. Moreover, I briefly review the sources of gravitational waves relevant to this thesis, in
the form of two physical phenomena that have not yet been observed: extreme mass-ratio inspirals
(EMRIs) and the gravitational wave memory effect. For a review of the formalism in this section,

see (for example) [71].

1.3.1 | Basic formalism

The theory of gravitational waves is (typically) considered in the regime of linearized gravity on a
background spacetime, which we review in this section. In particular, the background spacetime is
typically assumed to be the flat Minkowski spacetime, although that is not strictly necessary for
much of the formalism. In section 4.3, we consider exact solutions to the Einstein equations which
possess many of the properties of these linearized solutions; they are known as nonlinear plane wave
spacetimes. Such spacetimes are relevant for considering corrections to the linearized theory that
may arise when considering (for example) the long-time behavior of gravitational waves.

The basis of linearized gravity is the following: the full metric is assumed to a member of a
one-parameter family gq,(A) that is of the form

2

A
9ab(N) = Gab + A0ga + 50" Gap + -+ (1.45)

where g, denotes the background metric; in the rest of this section, we will assume that the
background metric is flat: g4 = 7Map- The notation “dg.;” here is reminiscent of the fact that a
variation in the variational formalism is a linearization about a background solution to the equations
of motion; typically, the linearized metric is denoted hgp, although one quickly runs out of letters if
considering higher order terms in the series (1.45).

Note that there may be regimes in which the leading-order non-background term Adg,; is not
sufficient to physically describe the behavior of the full solution gg,(A). Another complication is
that equation (1.45) explicitly separates the full metric gq5(\) into “background” and “perturbation”,
which is not unique [we are only given gq,(A) at a specific value of A, from which we are constructing
the series (1.45)]. However, there is a sense in which a background and a perturbation can be
separated: if gq is slowly-varying over some background scale L, and dg4p (as well as higher order

terms) vary over some lengthscale ¢, then g, and dg,p can be distinguished if ¢ < L.
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These complications aside, one can insert the solution g,,(A) into the Einstein equations and
solve these equations at each order in A. For simplicity, we assume that there is no matter present,

and so the Einstein equations can be simply written as R,,(A) = 0. At first order, one finds that
064ab + VaVe <n6dﬁgcd) - 2v(avcégb)c =0, (146)

where V, is the covariant derivative compatible with the flat metric 7,,, and O the usual
d’Alembertian n®V,V,.

The key insight here, and the reason why these are gravitational wawves, is that this equation is
almost in the form of a wave equation. As in the case of electromagnetism, it can be put exactly
in the form of a wave equation by using the gauge freedom that is present. In general relativity,
there is always the freedom to change coordinates. Infinitesimal changes in coordinates, as we saw
in equation (1.5), can be characterized by a vector field {*. One can show that this coordinate

freedom translates into a sort of gauge freedom for the metric perturbation dgup:
09ab — 09ab + 2v(a§b)' (147)

One can easily show that this gauge freedom can be used to impose Lorenz gauge, V*3g., = 0.
Moreover, one can simultaneously set the trace %8¢, to zero. In this particular gauge, one finds
that

08 g, = 0, (1.48)

which is ezractly a wave equation.
There are additional gauge transformations that can be performed, specifically assuming that

there are no sources. In this case, one can further restrict to transverse traceless (TT) gauge, where

8Gay = h5T (1.49)

ab

with the tensor on the right-hand side of this equation satisfying®

hOTuT —0, 5ijhiTjT =0, thil;,T = 0. (1.50)

SHere, spatial indices are denoted with Latin letters from the middle of the alphabet (4, , etc.), and take on the
values 1,2, 3.
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The purely spatial components h;-l;-T only have
6 (symmetric) — 1 (trace-free) — 3 (divergence-free) = 2 (1.51)

degrees of freedom; in the case where hEJ‘T is purely a function of ¢ — z, say (a gravitational wave

propagating in the z direction), one therefore has that

h;l;T(t, z,y,z) = hy(t — z)e;; + hx(t = 2)e, (1.52)
where
61+1 = _6’;2 =1, el =65 =1, (1.53)

with all other components vanishing. This choice of gauge confirms that, like electromagnetism,
linearized gravity possesses only two radiative degrees of freedom corresponding to two polarizations,

which are called “+” and “x”, respectively.

1.3.2 | Detection

In this section, we discuss the detection of gravitational waves. We begin with a brief overview of
the theory of gravitational wave detection, and then review the current and future gravitational

wave detectors that are relevant for the topics considered in this thesis.

1.3.2.1 Formalism

The basis for gravitational wave detection is the accurate measurement of distance between two
separated test masses. There are two ways of thinking about how this process works. The first,
which is often given in more elementary discussions of gravitational waves, is the following: the

metric in the TT-gauge coordinate system is given by
ds® = —dt* + (65 + Ahy;") da'da?. (1.54)

Consider the proper separation &' between two closely-separated points; much like proper time, this
is the distance (as measured using the metric) between these two points (in this case, the two points

are spacelike, as opposed to timelike, separated). For such points with coordinate separation z?, the
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proper separation is approximately
1 .
& ~ <5,~j + 2Ah?jT> . (1.55)

Now, it is easy to show (see, for example, [71]) that the coordinate separation of freely-falling point
masses in the TT-gauge coordinate system is constant, assuming initially comoving observers and
small velocities. While this initially appears to imply that there is no effect of the gravitational
wave on these observers, equation (1.55) shows that the proper separation does, in fact, change.

The difference between the initial and final proper separations is given by

1 .
A& ~ EAAh};TfJ, (1.56)

where Ahgj‘-T is the difference between the initial and final TT-gauge metric perturbation. As h;FjT
is traceless, the effect of the passage of gravitational waves is a shear.
The above discussion, however, is somewhat limited in scope. In general, given two freely falling

observers, the separation vector between these observers obeys the geodesic deviation equation:

£ ~ —R"aa¥47¢", (1.57)

where 4% is the four-velocity of one of the observers, and the terms that are neglected are appropriate
to neglect in the limit of small separation and relative velocity. We will discuss the derivation of

this equation in more detail in section 4.2.2.1. One can show, moreover, that in TT-gauge,

-
5 Riojo = _5}% 7 (1.58)
where dots refer to derivatives with respect to time in this expression. Assuming that the observers
are stationary in the TT-gauge coordinate system, then we recover that

.1

&~ iA}'Lngﬂ' : (1.59)

Integrating this equation twice in time directly gives equation (1.56).

1.3.2.2 Ground-based detectors

We begin with the a discussion of ground-based detectors, which (so far) are the only gravita-
tional wave detectors to have successfully made detections. There are currently five operational

gravitational wave detectors:
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Figure 1.2: A Michelson interferometer of the sort used for current ground-based for current
gravitational wave detection. The arms of this interferometer, of length L; and Lo, are both
resonant Fabry-Pérot cavities in order to increase sensitivity.

the two LIGO detectors in Livingston, Louisiana and Hanford, Washington [I],

the Virgo detector near Pisa, Italy [7],

GEO600, a detector near Hannover, Germany [59], and

the Kamioka Gravitational Wave Detector (KAGRA) in Gifu Prefecture, Japan [24].

All current ground-based detectors are essentially Michelson interferometers; a simplified dia-
gram of such an interferometer is given in figure 1.2. The basic function of these interferometers is as
follows: light that is emitted by a laser is split by a central beam splitter, sending the light into the
two “arms” of the interferometer, with lengths Ly and L. In all ground-based detectors (other than
GEOG600), the light in each arm reflects between the two mirrors on either end, forming a resonant
“Fabry-Pérot cavity”. The presence of this resonant cavity greatly increases the sensitivity of the

detector to changes in the length of the arms compared to a basic Michelson interferometer (such as
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GEOG600), where there is only one mirror at the end of each arm (for a pedagogical introduction to
how this arises, see section 9.5 of [166]). The two beams which exit the arm are then recombined by
the beam splitter, and the interference between the two signals (as measured by a photodetector)
measure changes in the relative lengths of the two arms.

Note that the length of the arms that is being measured by the interferometer is not the coordi-
nate separation, but the proper separation (the true length of the arms). The two mirrors at either
end of each arm function as the point particles in the above discussion of geodesic deviation. Note
that these mirrors are not freely-falling, but this does not qualitatively change the above discussion
in horizontal directions. Moreover, the interferometer only measures the relative change in lengths
of the two arms, not the length of each arm individually.

The primary sources of noise in these ground-based interferometers are the photon shot noise
at high frequencies and the radiation pressure noise at low frequencies (see, for example, [165]).
The shot noise is due to the fact that the phase shift measured by the interferometer is limited by
the total number of photons that hit the mirrors (essentially it is limited by 1/ VN ), and so scales
inversely with the power of the laser. The radiation pressure noise is due to the fluctuation in the
radiation pressure on the mirrors, and so scales with power. By changing the power of laser, it is
therefore possible to adjust the trade-off between shot and radiation pressure noises.

There are two other sources of noise that are relevant to ground-based detectors. The first is
thermal noise, which can be understood in terms of fluctuations in the length of the arms on the
order of \/kT/(mw?), where m is the mass of whatever is oscillating (for example, atoms in the
mirrors), and w its natural frequency. Note, however, this effect is both averaged over both the
entire surface of the mirrors (and so the thermal oscillations of individual atoms are unimportant),
and over the average time that a photon spends in the Fabry-Pérot cavity [165]. For more details
on the dominant contribution to the thermal noise due to the coating of the mirrors, see [(3].

At low frequencies, another very important source of noise is in seismic activity. In addition
to vibrations passing through the suspension system, there is also so-called “gravitational gradient
noise”, which comes from gravitational fluctuations due to density perturbations created from seismic
waves (see, for example, [99]). Seismic noise is almost unavoidable at the surface of the earth, which

motivates the transition to space-based detectors for lower-frequency signals.
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Figure 1.3: A depiction of the planned space-based LISA gravitational wave detector. This detector
will be composed of three spacecraft orbiting the sun, trailing the earth, in a triangular formation,
forming a system of three interferometers.

1.3.2.3 Space-based detectors

The Laser Interferometer Space Antenna (LISA) is a planned space-based detector composed of
three spacecraft that orbit the sun in a near-equilateral triangle formation, resulting in a system
of three interferometers with an arm-length of about 2.5 x 10° m [12], depcted in figure 1.3. Each
spacecraft has two test masses, and sends out two laser beams to the two other craft, which are then
transmitted back by phase-locked lasers. The test masses in the spacecraft are used to establish
“drag-free” operation, whereby the test masses are freely falling and the spacecraft follows the
test masses by determining any deviation in position of the test masses relative to the spacecraft
(created by effects such as solar wind on the spacecraft, from which the test masses are shielded) and
compensating with the spacecraft’s thrusters. Using the phase information from all of the lasers,
each spacecraft can determine any relative changes in the arm lengths, and so measure the passage
of a gravitational wave.

As with ground-based detectors, the shot and radiation pressure noises will both be present
in LISA, although LISA will be tuned such that its primary range of sensitivity will be at much
lower frequency than ground-based detectors, since it can avoid the low-frequency seismic noise that
are present in such detectors. Other than the shot and radiation pressure noise, there are other
acceleration noises coming from (for example) thermal gradients in the spacecraft and electrostatic
charging of the test masses by cosmic rays [12]. In addition to sources of noise in the detector itself,
there is also an expected background of white dwarf binary systems that will limit the sensitivity

of LISA in certain frequencies [112].
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1.3.3 | Sources

The discussion of the theory of gravitational waves in section 1.3.1 specialized entirely to the case
where there are no sources, and one would like to understand how sources generate gravitational
waves in order to predict the types of signals that one would expect. For slow-moving, weakly
self-gravitating systems, one can simply add sources into the discussion in section 1.3.1. Far from
a source, the spatial components of the metric in the above transverse-traceless gauge are given by
the quadrupole formula:

2

hij = ;fi]TT(t —7), (1.60)

where I;«ET is the reduced quadrupole tensor of the source, defined by:

1 o
Li'(t) = <Pz'kle—QRJP“)/Vp(tyf’)x”x”d?’x’, (1.61)

and P = 0;5 — 227 /r? is a projection operator. This equation is analogous to the expressions
for the electromagnetic field far from a source in terms of dipole moment of the source. In cases
where the self gravity of the system is not negligible, such as binary systems, one can show that the
derivation of the quadrupole formula (1.60) still holds, so long as p(¢,Z") includes the gravitational

binding energy of the source (see, for example [71]).

1.3.3.1 Extreme mass ratio inspirals (EMRIs)

The detection of binary mergers of black holes and neutron stars by LIGO has provided tests of
the general relativistic two-body problem in the case of nearly equal masses. The characteristic
frequency fmerge Of gravitational waves at the merger of two objects is roughly the Keplerian orbital
frequency at a separation on the order of the Schwarzschild radii of the two bodies:

1/fr%16rge ~ 1
(m1+m2)?  my+mao’

(1.62)

where m; and mgy are the two masses, and so one finds that fimerge ~ 1/(m1 4+ m2). As such, more
massive objects tend to merge at lower frequencies, and so the LISA mission gives the opportunity
to test the two-body problem in a fundamentally different regime, where the total mass is large, but

the mass-ratio is not of order unity, and in fact small. These are extreme mass-ratio inspirals, or
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EMRIs. They consist of a neutron star or stellar-mass black hole traveling in the gravitational field
of a supermassive black hole (with mass M ~ 107 —10'°M). Detecting these inspirals has both as-
trophysical consequences, in probing the population of stellar-mass objects near supermassive black
holes, as well as physical applications, in testing general relativity by mapping the geometry around
black holes and verifying the no-hair theorem described in section 1.2.2 (see, for example, [11]).

In the small mass-ratio limit, the objects orbiting the supermassive black hole can be well-
modeled by point particles traveling in the Kerr spacetime. At lowest order in the mass ratio, we
can consider these point particles to be following geodesics, but there clearly must be effects of the
backreaction of their mass on the spacetime in which they are traveling and on their own motion.
This is very similar to the self-force problem in electromagnetism (see, for example, the discussion
in section 16.2 of [105]). While the force on a point particle due to its own gravitational field at
its location is technically singular, a finite and universal self-force is obtained for extended bodies
in the limit where their mass and size are taken to zero (see, for example, [20]). In this limit, the
self-force naturally arises as the first leading-order correction to geodesic motion.

A particularly intuitive way of understanding the effects of the self force, at least in an averaged
sense, is through so-called “flux-balance laws”. In flat space, for example, an accelerating, charged
particle creates an electromagnetic field with a non-zero flux of energy and momentum at infinity.
The particle transfers energy and momentum to the electromagnetic fields near the particle (in the
“near zone”), and these fields then transfer energy and momentum both back to the particle itself,
and also to the fields far away (in the “far zone”). The energy and momentum in the far zone is
transferred to infinity and lost forever; assuming that the near zone electromagnetic fields and the
particle reach a steady state, the rate of loss of energy and momentum to infinity is, in an averaged
sense, the self-force on the particle. A similar flux of angular momentum results in a self-torque.

The above paragraph describes the electromagnetic self-force in the case of flat spacetime, but
similar ideas also hold in general relativity for the self-force problem in the Kerr spacetime (see,
for example, [119, , 98]). However, these flux-balance laws only allow for computations of the
dissipative self-force, which in the above picture comes from the loss of energy and momentum to
infinity. The conservative self-force, which gives rise to oscillations in the orbits which are averaged

out over long times, is not given by flux-balance laws. There are a wide array of computational
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strategies that have been employed to compute both the conservative and dissipative self-force in
the Kerr spacetime (see [181] for a review). Recently, the full self-force in Kerr, to first order in
perturbation theory, has been computed using the so-called “mode-sum regularization” method [171].
Even though flux-balance arguments do not give the full self-force, they have provided a useful check
of results of first-order self-force calculations; second-order calculations are sufficiently complex that
flux-balance arguments may provide crucial insight.

It is therefore interesting to consider flux-balance arguments in the Kerr spacetime. Here,
however, there is not a ten-dimensional group of isometries, as there are in flat spacetime. In order
to determine the behavior of a radiating point particle in the Kerr spacetime, one must know the
evolution of its energy, angular momentum in the z direction (axial angular momentum), and its
Carter constant. There are conserved currents associated with energy and axial angular momentum
for gravitational waves, and these conserved currents can be used to compute the change in the
energy and axial angular momentum of a particle. While the change of the Carter constant can be
computed by other methods [119, , |, the current status of conserved currents for the Carter

constant is more complex, and will be discussed in chapters 2 and 3.

1.3.3.2 Gravitational wave memory

The gravitational wave memory effect has, historically, been described as the enduring relative
displacement of two closely-separated observers that is produced by a passing burst of gravitational
waves. Such a situation is depicted in figure 1.4. Zel’dovich and Polnarev [187] first noticed the effect
in a calculation in linearized gravity of the fly-by of two astrophysical compact objects. The source

of this effect can be readily seen from combining equation (1.56) and the quadrupole formula (1.60):
2 s
A& ~ SALTTY . (1.63)
r

Thus, if a source evolves from one state to another with differing second time derivative of the
quadrupole tensor, such as can occur in the scattering of two massive objects, there will be a
lingering effect on distant observers that does not go away once the gravitational wave has passed.

In addition to the gravitational scattering of compact objects, enduring displacements have been

shown to occur in other astrophysical contexts. While there is no memory effect in the linearized
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Figure 1.4: A depiction of the gravitational wave memory effect, a change A& in the separation
two closely-separated observers with worldlines v and 4. This change in separation is due to the
gravitational wave burst, represented in this diagram by the shaded region.

theory for a bound system (see, for example, [164]), both bound and unbound systems in nonlinear
general relativity generate the memory effect [53]. In this context, there is an additional effect
(known as nonlinear or sometimes null memory [32]) arising from perturbations generated by the

effective stress-energy of the gravitational waves itself, or of other massless fields that can propagate
to infinity |86, , |. In particular, the memory effect is expected to occur in neutrino emission
and kicks during core-collapse supernovae (for example, [169, 15]), emission of matter during certain
gamma-ray bursts (for example, [117, 1411]), and compact binary mergers (for example, |64, , 65]).

Early descriptions of the types of experiments needed to detect the gravitational wave memory

effect were laid out by Braginsky and Grishchuk [11| and Braginsky and Thorne [10]. Currently,
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searches for these bursts have been carried out using pulsar timing arrays, which have provided
constraints on their frequency of occurrence [180, 15]. Here, the effect of a burst of gravitational
waves with memory will be correlated discontinuities in the measured frequency of the pulsars,
since the bursts that produce the memory effect are much shorter than the period between mea-
surements |172]. Moreover, by stacking the signals of many compact binary mergers, it may also
be possible to detect the gravitational wave memory with the LIGO and Virgo detectors [112]. For
LISA, the gravitational wave memory effect may be able to be measured from a single detection [66].

One may ask about the relevance of angular momentum to the gravitational wave memory effect.
The idea is given by the following rough argument: suppose that two observers, which we label “1”

and “2”, measure the angular momentum of a distant object:
El = Fl X _», EQ = FQ X ﬁ, (1.64)

where p’ is the momentum of the distant object and 77 and 75 are the observers’ locations with
respect to that object. Suppose, however, that unbeknownst to these two observers, a gravitational
with memory passes by their locations, and so their relative separation would change by an amount
Ag. This change can be determined by measuring the angular momentum of the distant source
once again. Since

Ly — Ly = (" — ) x P, (1.65)
we have that, denoting this second set of measurements by L{ and Eé,
Eé—E{ZEQ—El—}—AgX D, (166)

assuming the momentum of the distant object remains unchanged. Of course, this discussion merely
suggests a connection between the memory effect and angular momentum—the use of angular

momentum to describe the memory effect and its generalizations is given in chapter 4.

1.4 | Summary of this Thesis

We now provide a summary of the content of this thesis. In chapters 2 and 3, we consider the Carter
constant mentioned above in section 1.2.2, a constant of motion for point particles in the Kerr

spacetime that generalizes the notion of “total angular momentum”. The goal of these chapters is to
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understand the behavior of point particles in such spacetimes, as discussed above in section 1.3.3.1.
In particular, the question that we hope to resolve is whether there exist conserved currents for field
theories in the Kerr spacetime that are associated with the Carter constant of a point particle, in
the same way that there are conserved currents associated with the constants of motion that arise
from isometries (energy and axial angular momentum).

In chapter 2, containing work done with Eanna Flanagan in [1], we show that, for an arbitrary
theory which is characterized only by its stress-energy tensor, there exists no such conserved current.

In particular, we show that there is no quantity that is
e constructed from the stress-energy tensor,
e conserved for arbitrary theories, only relying on the conservation of stress-energy, and

e reduces to the Carter constant in the case where the stress-energy tensor represents that of a

point particle.

Our proof relies on the construction of a numerical counterexample, using a theory that contains
a point particle that can decay into two point particles, which later fuse back together. If such a
general conserved quantity outlined above were to exist, the Carter constant of the initial and final
particle would be the same, and yet one can easily construct an example in which they are not.
The work presented in chapter 2, however, does not forbid the existence of conserved currents
that are associated with the Carter constant for particular theories—it merely forbids currents that
are constructed from the stress-energy tensor. For specific field theories it may be possible to find
such currents in terms of the fields. In particular, there exists a conserved current for complex
scalar fields, first discovered by Carter [19]. In the limit where solutions to the scalar field equations
represent a null fluid of scalar quanta (the limit of geometric optics), the current is related to the
Carter constants of the individual quanta. In chapter 3, containing work done with Eanna Flanagan
in [83], we construct a variety of conserved currents for linearized gravity on the Kerr background,
all of which are associated, in the geometric optics limit, with the Carter constants of gravitons.
What we do not show, however, is that the fluxes of these currents through infinity and the horizon

are related to the change in the Carter constant of a point particle. However, we identify which of
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these currents possess finite fluxes, and compute these fluxes in the hope that they may one day be
useful.

Chapter 4 switches topics entirely, focusing on generalizations of the gravitational wave memory
effect summarized above in section 1.3.3.2. This chapter contains work with Eanna Flanagan,
Abraham Harte, and David Nichols in [67, 70]. The motivation for these generalization is in the
discovery of associations between the gravitational wave memory effect, asymptotic symmetries
of gravity, and soft theorems in quantum field theory (see the review [156] and references therein).
Analogous effects have also been shown to occur in electromagnetism and quantum chromodynamics,
and consequences of the latter may be seen in electron-ion colliders |26]. Even in the case of general
relativity, new types of memory effects have been proposed, such as permanent changes in the relative
velocity of freely falling observers after a burst of gravitational waves (see, for example, [68]). Our
addition to this field has been in defining a broad collection of generalizations to the gravitational
wave memory, each sharing one key aspect with this effect: they can be (in principle) measured by
a system of observers over a given duration, and they “persist” after a burst of gravitational waves.
As such, we call the generalizations that we have proposed persistent observables.

In this chapter we consider three observables which we defined in [67]: a generalization of the
memory effect that allows for non-comoving (and even accelerating) observers, a geometric object
known as a holonomy that is related to angular momentum, and finally a collection of quantities that
can be measured using a spinning test mass. In the bulk of this chapter, we provide explicit methods
for calculating these observables in arbitrary spacetimes. We also include explicit calculations in
nonlinear plane wave spacetimes, which are exact solutions to the Einstein equations that represent
gravitational waves.

The final topic covered in this thesis, in chapter 5, is that of angular momentum in Einstein-
Maxwell theory, which contains work with Béatrice Bonga and Kartik Prabhu in [3%|. The general
idea is that there exists an oddity in the theory of angular momentum in electromagnetism (even
in flat space): the flux of angular momentum, as defined using the stress-energy tensor reviewed
above in section 1.1.3, depends not only on the radiative (1/r) fields, but also the Coulombic (1/72)
fields. This is in contrast to energy and linear momentum, which only depend on the radiative fields.

In this chapter, we first show that there are other definitions of conserved currents, the Noether
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and symplectic currents mentioned in section 1.1.3, whose fluxes for energy, linear momentum,
and angular momentum all solely depend on the radiative fields. Which notion of these conserved
currents is “correct” is ill-defined; instead, they are all useful for solving different problems.

A case where the Noether current (and not the current defined by the stress-energy tensor)
is relevant is in considering notions of mass and angular momentum in general relativity coupled
to electromagnetism, or Einstein-Mazwell theory. As mentioned above in section 1.1.4, mass and
angular momentum are charges in general relativity: integrals over spheres at null infinity that are
related to symmetries, and are constant in non-radiating spacetimes. Moreover, in vacuum general
relativity, their fluxes are only dependent on radiative degrees of freedom in the gravitational field.
In Einstein-Maxwell theory, on the other hand, using the “usual” notions of energy and angular
momentum from vacuum general relativity, one finds that their fluxes depend on the conserved
currents that are constructed from the stress-energy tensor. Therefore, the flux of angular momen-
tum in Einstein-Maxwell theory is mot dependent on purely radiative fields, as it was in vacuum
general relativity! This suggests that this notion of angular momentum is somehow incorrect. As an
alternative approach, we instead use the Wald-Zoupas procedure described above in section 1.1.4 to
determine the charges associated with the asymptotic symmetries of Einstein-Maxwell theory. We
find that these charges are modified in Einstein-Maxwell theory for the case of asymptotic rotations
and boosts, and this new notion of angular momentum in Einstein-Maxwell theory cannot simply
be determined from the gravitational fields, since it requires knowledge of the electromagnetic fields
as well. The fluxes of these Wald-Zoupas charges depend not on the stress-energy current, but the
Noether current, and are therefore purely radiative.

Finally, we list the conventions used throughout this thesis: lowercase Latin indices from the
beginning of the alphabet (a, b, etc.) refer to abstract indices, whereas lowercase Greek letters
refer to coordinate indices. Tensors, when appearing without indices, are in bold. Unless otherwise
specified, we follow the conventions of Wald [176] for the metric g,5, Riemann tensor R%4, and

differential forms.
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As mentioned in the introduction, freely falling point particles in the Kerr spacetime are known to
possess a constant of motion, the Carter constant [18], which is not associated with either of the
two isometries (stationarity and axisymmetry) of the spacetime. The existence of four constants
of motion in the Kerr spacetime—energy, the z component of angular momentum (axial angular
momentum), the Carter constant, and the mass of the particle—allow for the solution of the geodesic
equation in terms of first-order differential equations. As such, the Carter constant is very important
for understanding the behavior of point particles in the Kerr spacetime.

Consider now point particles coupled to fields in the Kerr spacetime. Do the conserved quantities
discussed above generalize to this setting? The energy and axial angular momentum do generalize,
since they are associated with isometries. Specifically, given the infinitesimal symmetry generator
€%, one can always construct a conserved current of the form T%¢;,, where T is the stress-energy
tensor of the system (particle and/or field). Is there such a generalized conservation law that is
associated with the Carter constant? There are a few cases where such generalized conservation

laws exist:

e There exists a generalization of the Carter constant for charged particles in rotating charged

black hole spacetimes [1], as well as spinning test particles, to linear order in the spin [141]!.

!The motion of a spinning point particle in the Kerr spacetime is thus integrable to linear order in spin [94]. This
does not contradict the fact that chaotic behavior is seen in numerical studies of spinning point particle dynamics
[110], since that behavior is due to effects that are higher order in spin.

33
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e For a free scalar field on the Kerr background, Carter showed [19] that one can construct
a conserved current using the same Killing tensor K, that enters into the definition of the
Carter constant [equation (1.43)]. While we will review this conserved current in more detail
in the next chapter, we note that this conserved current provides a generalization of the
Carter constant in the following sense: a solution to the scalar field equation of the form
® o exp(—iv/e), in the geometric optics limit € — 0, can be interpreted as a null fluid of
scalar quanta. Integrating the conserved current of [19] over a hypersurface, one finds in this
limit that this integral reduces to a sum of the Carter constants of scalar quanta. This is
valid for both massive and massless fields. Moreover, a similar conserved current was found
in [17] for the case of spin-1/2 fields, and as we will discuss in chapter 3, there are additional

examples in the case of electromagnetism and linearized gravity on the Kerr background.

e Ashtekar and Kesavan have shown that in spacetimes which settle down at late times to a Kerr
black hole, the Killing tensor at future null infinity can be expressed as a linear combination of
products of asymptotic symmetry vector fields (BMS generators), allowing them to compute

a charge associated with any cut and derive an asymptotic conservation law [17].

In this chapter, we consider a different possible type of generalized conservation law, namely
the existence of a quantity that is conserved under local interactions between particles that obey
stress-energy conservation. Specifically, suppose we are given a conserved stress-energy tensor T
in the Kerr spacetime with compact spatial support. Does there exist a quantity Ky which can
be computed from Ty, and its derivatives on any Cauchy hypersurface ¥, which has the properties
that (i) Ky is independent of ¥, and (ii) Ky reduces to the Carter constant when 7} represents
the stress-energy of a point particle?

We show that no such quantity Ky exists. In particular, we construct a numerical counterexam-
ple in a very specific theory: one that allows a single freely falling point particle to decay into two
particles, which travel along geodesics before they fuse back together when their geodesics intersect.
As we will show in sections 2.2 and 2.3 below, the Carter constant of the final particle can differ
from that of the initial one, disproving the existence of a general conservation law.

The remainder of this chapter is organized as follows. In section 2.1, we first review the theory



2.1. Geodesics in the Kerr Spacetime 35

of geodesics in the Kerr spacetime, including how the Carter constant arises in the equations of
motion. We then show in section 2.2 how the existence of the quantity Ky, which generalizes the
Carter constant, implies an easily testable property of intersecting geodesics in the Kerr spacetime.
This condition is tested in section 2.3, and it is shown to be false. We conclude with some brief

discussion in section 2.4.

2.1 | Geodesics in the Kerr Spacetime

In this section, we briefly review the equations satisfied by geodesics in the Kerr spacetime, roughly
following [125]. In the course of this review, we will also show how the Carter constant appears,
allowing for the geodesic equations to be written as a collection of first-order ordinary differential
equations in terms of four constants of motion.

The geodesic equation in the Kerr spacetime can be written down starting with the metric in

Boyer-Lindquist coordinates:

d 2 2 2 A
ds? = —dt’ + % (i + d92) + (r* 4 a®) sin”® 0dp* + % (a sin? fd¢ — dt)2 , (2.1)
where
¥ =1r%+ a’cos? 0, A=r?—2Mr+ad? (2.2)

and where M is the mass of the black hole and Ma its angular momentum. Due to the t- and
¢-independence of the metric, there are two Killing vectors in this spacetime, t* = (09;)® and
¢ = (0p)*. As such, there are two constants of motion, the energy and (axial) angular momentum
per unit mass,

E = —t,4%, L. = ¢4, (2.3)

where % is the tangent to the geodesic, normalized such that

q= ;Ya;Ya (24)

is £1 or 0. In this chapter, it is often useful to consider conserved quantities by using the four-
velocity 4%, instead of the momentum p®. The quantities defined using the four-velocity we will
denote with tildes, while those defined in terms of the momentum will not have tildes: for example,

E = —t,p® = mE, where m is the mass of the particle.
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One can invert these definitions (2.3) of £ and L. to solve for dt/dr and d¢/dr:

r2+a2

E% —aD(6) + P(), (2.5)

dp D) a
ZE = 0?0 + ZP(T)’ (2.6)

where

D(0) = L, — aEsin?0, (2.7)

P(r)= E(r® + a?) — aL,. (2.8)

Next, we must find dr/d7 and df/dr. To do so, note that from equations (2.5) and (2.6),

1
:—f_ — asin? 0% = KP(’I“), (2.9)
dt\? . de\*> 1] D@®O)? r?+a?
(dq’) — (T2 + CL2) Sln2 0 <d7’> = E |:_ Slle)e + A2 P(T)2 5 (210)

and so one finds from the normalization (2.4) of 4* that

O R S

At this point, define Mino time X by [119]

dr

— =3 2.12
dr ( )

Using Mino time instead of proper time, we find that we can rearrange equation (2.11) to yield

1 (dr\? 1 o\ D(6)?
2_ - (&2 —pr)2=(= Zcos? 0+ — L. 2.1
A <d/\> FAPE = qn) Fae s i+ 5y (2:13)

In the Kerr spacetime, there exists a Killing tensor K, satisfying the Killing tensor equation (1.18),
that is given by
Kap = 12gap + %l(anbﬁ (2.14)
where
19 = (r? + a®)t* + a¢® + A(9,)%, n® = (r2 + a®)t* + ad® — A(D,)". (2.15)
It is relatively easy to show using equation (2.1) that the right-hand side of equation (2.13) is then

equal to the Carter constant K per unit mass squared:

K = K34 (2.16)
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Since K is a Killing tensor, K is a constant, and so we find that the geodesic equations for r and

6 (in Mino time) take the following simple form:

2
<j§\) = A(qr? — K) + P(r)?, (2.17)
A D(9)?
<d)\) = K — qa*cos® 0 — sir(12)6? . (2.18)

Occasionally, it is useful to instead consider

Il
=1
|
=
&
|
h
N
S

Q (2.19)

which |[by equations (2.18) and (2.7)] vanishes for equatorial orbits.
To provide an interpretation of the Carter constant, it is useful to consider the case of

Schwarzschild, where one can set a = 0 in equation (2.18), yielding (in terms of df/dr)

do\? L2
2.4 z
m — =K - —— 2.20
" (d7'> sinZ 6’ ( )

where we have re-inserted the factors of the mass m of the particle. Now, due to spherical symme-
try, Schwarzschild has two Killing vectors not present in Kerr; this yields two additional angular

momenta L, and L, given by

de
L, = —mr?sin ¢E + cot B cos L, (2.21)

L, = mr?* cos gb% + cot@sinpL,. (2.22)

As such, we have that

- K. (2.23)

AN %
L2:L§+L§+L§:m2r4< ) — =
sin” 6

dr
As mentioned in the introduction, the Carter constant is therefore a generalization of total angular

momentum.

2.2 | The Carter Constant and the Decay of Point Particles

Consider a point particle which decays at some point z into two particles, conserving four-

momentum. Its two decay products then freely fall until their geodesics meet at another point
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Figure 2.1: An illustration of a process obeying stress-energy conservation that demonstrates the
non-existence of any “generalized Carter constant” Ky, that is constructed from the stress-energy
tensor. An initial point particle decays at = to yield two decay products which follow geodesics v,
and 7o until the point 2/, at which they collide and fuse to form a final point particle. The Carter
constant of the initial particle can be evaluated where it crosses the hypersurface ¥4, and the final
particle’s Carter constant similarly evaluated where it crosses ¥ p. These two Carter constants
would coincide if a generalized Carter constant Ky, existed. We give examples where the initial and
final Carter constants differ in section 2.3.
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2’, at which point they fuse to form a single particle again. This setup is shown in figure 2.1.
Throughout this process, all particles are assumed to follow geodesics. We now show that, if a
conserved quantity Ky of the sort introduced at the beginning of this chapter were to exist, then
there would be a rather stringent constraint on the behavior of the geodesics followed by the decay
products.

As such, let p® be the four-momentum of the initial particle at z, and let p* be the four-

momentum of the final particle at z’. By stress-energy conservation, one has that
pr=pi+ps, P =p +p5, (2.24)

where p{ and p§ are the four-momenta of the two decay products at x, and p‘f/ and pgl their four-
momenta at z’. By contracting equation (2.24) with the Killing vector t*, we find the following

relationship between the initial and final energies:
E=F+Fy= El, (225)

where F is the energy of the initial particle, 1 and Fy are the the energies of the two decay
products, and E’ is the energy of the final particle. This equation holds because E; and Es are
both linear in momentum and are conserved along the trajectories of the two decay products. A
similar relationship holds for the axial angular momenta.

For the Carter constant, on the other hand, we have that the Carter constant of the initial
particle is

K = Kup(p} +15) (0} + p3) = K1 + K2 + 2Kap{p}. (2.26)
Similarly, the Carter constant of the final particle is
K' = K| + Ky + 2Koyp$ 15, (2.27)

and so K = K’ if and only if
Kuppiph = Kowp{ ph - (2.28)
and this equality does not obviously hold. However, if the generalized Carter constant Ky were to

exist, then K and K’ would necessarily be equal. This is because Ky, reduces to the Carter constant
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for a point particle by assumption, and evaluating Ky, at the hypersurfaces ¥4 (before the decay)
and Xp (after the fusion) gives

Ks,=K, Kg,=K. (2.29)

Since Ky is, by definition, independent of hypersurface, we obtain K = K.

To show that there exists no conserved quantity Ky, it is therefore sufficient to find a pair of
timelike geodesics, 71 and 79, intersecting at two points x and 2’ and violating equation (2.28). In
the next section, we present the details of finding geodesics that intersect in this way.

2.3 | A Numerical Counterexample

In the previous section, we have reduced answering the posed question in the beginning of this
chapter to finding two intersecting geodesics in Kerr that violate equation (2.28).

It is relatively straightforward to find geodesics which intersect at two distinct points, in a few
specific cases. Spherical (dr/dr = 0) or equatorial (df/dr = 0, § = w/2) geodesics that intersect at
two points are relatively straightforward to find, due to the reduced dimensionality of the problem.
Another class of geodesics where intersections are easy to find are the following: if x is a point on
the equatorial plane, and the components of the four-velocities of two geodesics that pass through
x are equal except for dfy/dr = —dfa/dr, then if either of these geodesics crosses the equatorial
plane at another point 2/, then the two geodesics will intersect at z’. We call such pairs of geodesics
reflected geodesics.

However, these geodesics all have the property that the initial and final Carter constants K and
K’ must coincide. This is because, in the equatorial and reflected case, the four-velocities of the

initial and final particles satisfy

dg  d¢’
and similarly for the spherical case,
d dr’
7d:_ = 7d,:_ = 0’ rT = ’[",‘ (231)

Using equations (2.17) and (2.18), it is then clear in both of these cases that K = K'.
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As such, these simple examples of intersecting geodesics are not sufficient. Instead, we turn to
the following approach, inspired by the technique of shooting in solving boundary value problems
(see, for example, [137]). Start with a pair of geodesics of the above types that intersect at two
points,  and z’. Then, adjust the four-momenta of each of these two geodesics at x by a small
amount. The two geodesics will then no longer intersect at x/, but their final points should be close.
We denote the coordinate difference between the final point of v and 72 by dz*. Fix one geodesic,
for example 1, and consider small perturbations dp§ to p§. The coordinate separation between the

final locations of o before and after such a perturbation, to linear order, is given by
dah ~ H",6pY, (2.32)

for some matrix H*,. By considering a number of perturbations dp5, one can numerically determine
a fairly accurate value for H#,. One can then compute a dph that brings the endpoint of v, close
to that of v; via

oph = —(H 1", 02", (2.33)

This process can be iterated to yield a dz” that is small enough to be considered an intersection
(we considered a |6x| < 10712M, where M was the mass of the black hole, to be sufficiently close).

In the case of equatorial or spherical initial geodesics, we found that this process led to H*,’s
that were nearly singular, and so this method was not useful. However, for the reflected geodesics
discussed above, we managed to successfully perturb these geodesics such that x’ was sufficiently far
off of the equatorial plane that we could definitively say that these geodesics provided a numerical
counterexample. The full numerical counterexample is given as follows: consider a Kerr spacetime,
representing a spinning black hole of mass M and spin parameter ¢ = 0.84 M. The initial and final

points are given by

t=0, r ~ 3.508M, 0=r/2, ¢ =0, (2.34a)

t' ~ 51.52M, v~ 3.524M, g ~ 1.557, ¢ ~ 7.821, (2.34b)

where (for brevity) we only keep four significant figures (for far more significant figures than probably
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relevant, see appendix A of [31]). The constants of motion for each of these geodesics are given by

Ei ~0.9212, L1~ 1.424M, Q1 ~ 6.692M2, (2.35a)

Fy ~0.9284, L.y ~117TM, Qs ~ 8.051M2. (2.35b)

As this description of initial data does not give the signs of df/dr or dr/dr, note that df;/dr > 0
and dfy/dT < 0, and similarly that dr;/d7 > 0 and dre/dr > 0. Over the course of integrating
the first-order geodesic equations, we ensured that these constants of motion remained constant
up to a relative error of 10712, This integration was performed over a range of proper times from
71 =79 =0 to 74 ~26.80M and 74 ~ 26.73M.

With these initial and final data, the Carter constants of the initial and final particles were
given by K ~ 1.159m?M? and K’ ~ 1.161m?>M?, where m is the (assumed equal) mass of the
decay products. A dimensionless measure of their difference is given by

2K — K')
K+ K’

~ —1.422 x 1073, (2.36)
Since the constants of motion of these geodesics were constant within a relative error of 10712, this
shows that the difference between K and K’ is not due to numerical error. Similarly, performing
these integrations with a range of relative error tolerances between 107'3 and 107!, the quantity
in equation (2.36) had a standard deviation® of the order 10~'2.

The above result confirms that there is no such quantity Ky, which reduces to the Carter constant.
One may ask about another constant of motion, namely the square of the mass, which is associated
with the trivial Killing tensor, the metric g, [as Vagse = 0, it clearly obeys equation (1.18)]. We
now show that there is also no quantity My that obeys the same requirements as Ky but with
“Carter constant” replaced by “squared mass”. This can be seen by comparing the masses mo; and

mi. before and after the decay; in this numerical counterexample,

2 (m%ot - m;%t)

2 2
Moy + My

~3.279 x 1072, (2.37)
That is, in the process of decay and fusion, this particle lost mass.
As a final test, we considered this same process in the Schwarzschild spacetime, where we expect

the Carter constants of the initial and final particles to be the same, as they are both equal to

21f I have one question for my past self, it is “why did you not perform a real convergence test here. .. ?”
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squared angular momentum:
K=L+L)+L2=L7+L}+ L7 =K (2.38)

where the second equality holds since each of L, L, and L. are related to Killing vectors. In the
Schwarzschild spacetime, we needed to use different initial data: the initial point was the same, but

the final point was given by
t' ~ 33.75M, r’ ~ 8.258 M, 0" ~ 1.828, ¢ ~ 3.125. (2.39)
The constants of motion of the two decay products in this case were given by

Ey

12

.9955, L. ~0.2373M, Q1 ~ 14.46 M2, (2.40a)

Ey

1

1.059, L.o~ —0.2729M, Qs ~ 19.12M72, (2.40D)

and the final proper times were 71 ~ 20.88M and 74 ~ 18.78 M. In this case, we found that

2K — K')
K+ K’

2 (m%ot - m/t%t)
12

~ —7.940 x 107", 5
Mior + Mot

~ 0.6175. (2.41)

The first of these two expressions is below our relative error tolerance of 107!, and so is consistent
with K and K’ being equal. The second expression shows that the “non-conservation of mass” is

still present in Schwarzschild.

2.4 | Discussion

In this chapter, we have shown that there is no conserved quantity Ky computed from a stress-
energy tensor on a Cauchy hypersurface 3 that generalizes the Carter constant for point particles.
In particular, this means that there is no conserved current (like 7%°¢, defined for Killing vectors)
that is constructed from the Killing tensor K and an arbitrary stress-energy tensor, such that the
integral of the current over a hypersurface reduces to the Carter constant when the stress-energy
tensor is that of a point particle. This statement about conserved currents is a special case of our
result. If there were a conserved current j§ associated with the Carter constant for an arbitrary

stress-energy tensor in the Kerr spacetime, then Ky could be given by

Ks = / j%dS,. (2.42)
b
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However, we have also eliminated nonlinear conserved quantities that cannot be written in this
form.

In this chapter, we consider only conserved quantities constructed from stress-energy tensors.
In the next chapter, we will consider a more general framework, and discuss conserved currents

constructed for linearized gravity in the Kerr spacetime.
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The results of the previous chapter imply that there do not exist conserved quantities generalizing
the Carter constant for point particles that are associated with arbitrary stress-energy tensors on a
Kerr background. However, these results do not eliminate the possibility of conserved currents that
are not constructed from a stress-energy tensor. In particular, there are already known conserved

currents for scalar, spin-1/2, and electromagnetic test fields:

e For a sourceless complex scalar field ®, the conserved charge is the Klein-Gordon inner product

of ® with (D® [19]:
1 P R
oK = 22/ 42 [(0DP)V, B — BV, DP], (3.1)
Y

where X is any spacelike hypersurface, bars denote complex conjugation, and the differential
operator oD is defined by
0DP = V,(K®V,d), (3.2)

where K is the Killing tensor in Kerr in equation (1.43), defined in more detail in equa-
tion (3.8) below. The operator (D commutes with the d’Alembertian, and so maps the space
of solutions into itself. The charge oK is associated with the Carter constant in the following

—id/e

sense: for a solution of the form ® o e , which represents a collection of scalar quanta

45
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with Carter constants {K,}, the charge is given by (in the geometric optics limit € — 0)

1
oK =+ > K. (3.3)

That is, the charge is proportional to the sum of the Carter constants of each scalar quantum.

In the case of real scalar fields, the charge vanishes in the geometric optics limit.

e A similar result holds for any spin-1/2 field v satisfying the Dirac equation [17]. An operator
172D, which is defined in terms of the Killing-Yano tensor fu, and commutes with the Dirac
operator, is given by

N a 1 (6
172D = iysy (fabe - évb’y chab> ; (3.4)

where 7% is the usual gamma matrix and, in terms of the Levi-Civita tensor €gped, 75 =
i€abed7?Y7e7?%. The charge which generalizes the charge in equation (3.1) is proportional to

the following integral over a spacelike hypersurface X::

1728 /zd32a (1/2DY)V" 172D (3.5)

As in the scalar field case, this charge is proportional to the sum of the Carter constants
of the individual quanta in the geometric optics limit. This construction works for massive
as well as massless spin-1/2 particles, and even charged spin-1/2 particles in the case of the

Kerr-Newman spacetime [17].

e For electromagnetic fields, there are several conserved charges which satisfy the requirement
of reducing, in the geometric optics limit, to a sum of (some power) of the Carter constants
of the photons; some examples are given by |14], which we have considered in [32] (along with

additional examples).

It would be interesting to find similar conserved currents in the case of linearized gravity. One
motivation for considering such conserved currents was mentioned in the introduction, in the context
of the extreme mass-ratio inspiral problem (see section 1.3.3.1), since such a conserved current may
allow for the computation of evolution of the Carter constant due to the emission of gravitational

waves.
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Table 3.1: Summary of the properties of the conserved currents considered in this chapter. For
convenience, we give the equation numbers (within section 3.3.2) in which these currents are defined.
We then give the limit of the corresponding charges in geometric optics, where K is the Carter
constant of a graviton (see section 3.4 for the definitions of the polarization coefficients e and ey,
as well as the justification of the factors of #). The next column indicates whether the fluxes of
these currents through future and past null infinity (.#*) and the future and past horizons (H*) are
finite. We finally indicate which of these currents are local functionals of the metric perturbation.

Definition | Geometric optics limit Finite fluxes?
Current (equation) | of charge (per graviton) | #* | #~ | H" | H~ | Local?
128 X v v v v
308y | KA enf? — e pyAT
_,cj*0g] V| x| v |V v
,6i[8g] (3.145) K*ler?> = ler|>)/R" | v | v | V | V X
1“0 X v v v X
2109 i) | Ken ~len)/n
_opj"[0g] v Anint X
,5J°109g] (3.147) K(ler|* = ler|?)/n @ v v | V|V X
als
22J"[69] (3.148) | K4erP—ler)/H | v | v | v | v | v
729.7.&[59]

“This result only holds if the null fluid of gravitons that arises in geometric optics is either completely ingoing or
outgoing at null infinity; see the discussion near the end of section 3.4.3 for more details.

In this chapter, following [33], we consider four conserved currents for linearized gravity, denoted
,0J10gl, ,pi*8g], and _,0j?[0g]. These conserved currents generalize the Carter constant in Kerr,
in the sense that each of their charges reduce to a sum of some positive power of the Carter constants
of gravitons in the geometric optics limit. Moreover, we show that these currents have the further
property that their fluxes at null infinity and the horizon are finite for well-behaved solutions that
describe radiation. While these currents themselves are new to [33], their construction involves
symmetry operators which have been studied extensively in the literature (see, for example, [177,

, 10]). A brief summary of their properties, along with those of a few additional currents which
do mot share the property of possessing finite fluxes, is given in table 3.1.

The organization of this chapter is as follows. Section 3.1 is a review of the theory of linearized
gravity in Kerr, using both the spinor and Newman-Penrose formalisms, and fixes conventions
which we use throughout. It also reviews the Teukolsky formalism and separation of variables in

the Kerr spacetime. Section 3.2 defines symmetry operators, which are the maps from the space of
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solutions into itself, such as the operator (D in equation (3.2) above. We give particular examples of
symmetry operators for linearized gravity in Kerr, and show how they act on expansions that arise
in the Teukolsky formalism. In section 3.3, we first define the symplectic product, a generalization of
the Klein-Gordon inner product used in the scalar case, which we then use to generate the conserved
currents in table 3.1. In section 3.4, we review the geometric optics limit of solutions in linearized
gravity on a curved background and use it to deduce the limits of currents defined in section 3.3.
In section 3.5, we compute fluxes of these currents through the horizon and null infinity.

We use the following conventions in this chapter: we follow most texts on spinors by using the
(4, —, —, —) sign convention for the metric and bars to denote complex conjugation. Moreover, we
also use the convention for the curvature tensor of Penrose and Rindler [129, |, which is notably
opposite that of Wald [176]. For any linear operator T, al...apbl"'bq which maps tensors of rank ¢ to
those of rank p, we write Tal...apbl"'b‘ISbl...bq as T - S when indices have been removed. Finally, we

AA" which form the isomorphism between the tangent vector

will leave explicit the soldering forms o,
space and the space of Hermitian spinors [129].
Finally, note that many results in this chapter have analogues in electromagnetism. For brevity,

we do not discuss the electromagnetic case, which is discussed in depth in [32], which is not contained

in this thesis.

3.1 | Kerr Perturbation Theory

3.1.1 | Spinors

In this chapter, we will be using a combination of the spinor and Newman-Penrose formalisms in
order to describe linearized gravity about some arbitrary vacuum solution of the Einstein equations.
In general, we follow the notation of Penrose and Rindler [129, ]! The spinor formalism is
particularly convenient in Kerr, since not only is there a rank two Killing tensor K,;, but also a

rank two symmetric spinor (45 which satisfies the Killing spinor equation [130]:

VA (aCsoy = 0. (3.6)

'For a less opaque introduction to spinors, I recommend chapter 2 of Stewart [152].
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This Killing spinor is related to the Killing-Yano tensor fu;, by

AA

fav = 0 PP (ie g Cap —ieanlarp) - (3.7)

This Killing spinor generates the related conformal Killing tensor ¥4, given by

/ / - 1 1
Sap = 0. PP Cuplarp = Kb — 7 Re [¢epC“P] gab, (3.8)

which we use to define our Killing tensor K, [179]; note that this is equivalent to Kup = facfp-
Note that, given a Killing spinor (45, equation (3.8) fixes the ambiguity in K, which is otherwise
only defined only up to terms of the form Agyp, for constant A, or up to terms that are products of
Killing vectors.

Vacuum Petrov type D spacetimes (such as Kerr) possess a Killing spinor intimately connected

with the Weyl spinor ¥ 4pcp [179], the symmetric spinor constructed from the Weyl tensor:

AA’ _ BB’ CC”O_ DD’

, _
Cabed = 0" 037" 0.5 04”7 (eapecpYarpcrp + €apec W aBen) - (3.9)

Since WV pop is symmetric, it can be written as a symmetric product of four spinors

Vapep = aaBpycdp). (3.10)

For spacetimes of Petrov type D, there is a choice of these spinors such that a4 = 84 and y4 = 64
(this is one of many equivalent definitions of a type D spacetime). Normalizing avy and 4 to be a

spin basis (0,¢) (that is, setting 04¢4 = 1), one finds
Vapep = 6\1120(AOBL0(,D). (3.11)

We are using the following notation for contractions of spinors with a given spin basis [129]: given

a symmetric spinor field Sp,...5, and a spin basis (o, ), we define (for any integer ¢ with 0 < i < n)

S; = Sp,..p, 1B - PioBit1pBn, (3.12)

Thus, in equation (3.11), W9 means the Weyl scalar U apcptdBoCoP. The spin basis (0,¢) is called

a principal spin basis for the Weyl spinor if it satisfies equation (3.11). On a principal spin basis,

one can show that there exists a Killing spinor (4p defined by

CaB = Co(aLB); (3.13)
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where (/W5 is constant [179]. For the remainder of the chapter, we will restrict ourselves (generally)
to a principal spin basis of the background Weyl spinor.

With these definitions in hand, we turn to the construction of linearized gravity in Kerr. We
fix the background Kerr metric g4, and consider a one-parameter family of metrics gqp(A), with
9ab(0) = gap. In general, we will use a notational convention where, for any quantity @, Q(\) will
denote the quantity at an arbitrary value of A\, and @ without an argument will denote Q(0), the

background value. The linearization §Q of Q()) is defined by?

4@

0Q = . (3.14)
dX | o
The linearized Einstein equations take the form
G5 g 0 = 85T, (3.15)
where
1 1
2gabcd = —V(ng)(avb) + 5(gcclv(atvb) + gacgbdD) - 5gab(gcd‘:‘ - V(cvd)) (316)

is the linearized Einstein operator and §7% is the linearized stress-energy tensor. Here the covariant
derivative V,, is that associated with gu; the covariant derivative associated with gu,(A) is denoted
Va()). The prefixed subscript 2 in 2£%¢? refers to the fact that linearized gravity is a spin-2 field.

To describe linearized perturbations using spinors, we consider the following quantity:

(39)anpp = 0“Aa0"BB8gap- (3.17)

Note that this is not the variation of a spinor; we are performing the variation first, and then
computing a spinor field using the soldering forms o%4 4/ that are associated with the background
spacetime®. In general, the placement of parentheses around a quantity that we are varying implies
that we take the variation first, and then perform the operation, such as raising or lowering indices:

ab:ga

for example, (dg) ¢g*8g.q, whereas §g% would be the variation of the raised metric, and in

fact 5g% = —(8g)*.

2We are using 3, instead of the more conventional §, in order to avoid confusion with the Newman-Penrose
operator §. Note that we used this symbol for a variation throughout this thesis, for consistency.

3We note that there have been recent developments on a variational formalism for spinors [25] which we will not
be using. We instead follow the traditional approach of [129].
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In a similar manner, one can define a spinor (§¥)4pcp that is frequently called the perturbed
Weyl spinor [129] (although it is also not the variation of a spinor), again using the background
soldering forms:

1 /! /
(5\I’)ABCD = ZO'CLAEIO'bBE O'CCF/O'dDF 5Cabcd- (318)

Using the form of the perturbed Riemann tensor, one finds that [129]

1 / / 1
(W) apcp = §VA VP p@Bg)apyap + 109V apep. (3.19)

The equations of motion for the perturbed Weyl spinor are derived from the Bianchi identity, and

are [129]

/ 1 ’ ! ! !/
VAY(6Y) apop = 5(59)EFA PV ¥erep — YeppeVp)” (69)" " B 5.20)
3.20

- %‘I’EF(BCVEB/(@)D)FA/B'-

Thus, the equations of motion depend explicitly on the metric perturbation as well as the perturbed

Weyl spinor. Note further that equation (3.20) reduces to the spin-2 massless spinor field equation
VAA/(E?\I/) Apcp = 0 only when the manifold is conformally flat (Vapcp = 0).

The perturbed Weyl spinor, moreover, is not gauge invariant: under a gauge transformation

5gab — 5gab + 2v(agb) [ ]7

/!

(0¥)aBcp —+ (6¥)aBcD + fEE,VE’(A\IJBCD)E + 2V papcV oy (3.21)

For type D spacetimes, however, (§¥)y and (§¥)4 are gauge invariant, and they are the pieces that
correspond to gravitational radiation [153]. Moreover, as is well known, the equations of motion for
(6%)g and (8¥)4 can be “decoupled” from those for (§¥);, (6¥)q, and (§¥)s, and each other [162],
as we will discuss in section 3.1.3. It suffices to use either (§¥)g or (6¥)4 to describe a generic, well-
behaved perturbation, up to I = 0,1 modes [175], and therefore we can describe such perturbations

in terms of gauge invariant variables.

3.1.2 | Spin coefficients

We will also be using the Newman-Penrose notation: given a spin basis (o0,¢), the null basis
{l%,n® m® m®} is defined by

i i

!
= UaAA/OAaA , n%= UaAA/LAZA , m%= O'aAA/OAZA , (3.22)



52 The Carter Constant for Linearized Gravity

such that
gab = 2(L(anp) — M) (3.23)

Using these four vectors, one can define the Newman-Penrose operators by D = [°V,, = n%V,,

and 6 = m*V,, as well as the twelve spin coefficients via the following eight equations:

Doy =€eop — Kig, Dip=moy — €Ly,
04 = 7Y0A — TlA, LA = V0A — VLA,
(3.24)
doa = Bos — oLa, dta = poa — Pua,
SOAZOZOA—pLA, SLa = Xog — aiy.
The five Weyl scalars Wy, ¥y, Uy, U3, and ¥y, in Newman-Penrose notation, take the form [121]
(
1%mblem? 1=0
1onblemd i=1
Vi = —Cabed %l“nb(lcnd —mmd) i=2- (3.25)
1%nbmend 1=3
n*mPnmd i=4

A null tetrad such that ¥y = ¥y = U3 = ¥y = 0 and ¥y # 0, for a Petrov type D spacetime, is
called a principal tetrad (as it is a tetrad associated with a principal spin basis).

Furthermore, at certain points throughout this chapter, we will be using the notion of " and x*
transformations to simplify the presentation. These are defined by replacing, in some expression,
the members of the spin basis via the following rules:*

. 0A > 1L, LAF>104, OAr V> —ilar, Lar —> —104,

(3.26)
10404, LAWY LA, Opr > —Lpr, Lpr— —04.

The ’ and * transformations elucidate certain symmetries that appear in Newman-Penrose notation.
The ' transformation, which merely switches [% <+ n® and m® <+ m?®, is particularly important in

Kerr, since it preserves (o, ¢) as a principal spin basis. As an example, applying the transformations

“Note that this definition of " and * is that of Stewart [152], and disagrees with that of Penrose and Rindler [129]
by a sign in the % operation. This does not qualitatively change any of the results of this discussion.
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to equation (3.24) yields
€ =—y, K=-v, 7=-1
B, = —q, OJ = _)\a :u, = —p,
(3.27)
€= _B) K = -0, T = — K,

YV'=—a, T"=—p, V' =-\
As another example, consider the following equations, in Newman-Penrose notation, that the scalar
¢ obeys in Kerr:

D¢C=—Cp.  AC=(p 6 =—(r, 8 =(m. (3.28)

The second equation can be derived from the first via a ’ transformation, and likewise the fourth
from the third, while the third follows from the first via a * transformation. In the future, we
will only list one of the equations, and specify that the others can be obtained by the appropriate

transformations.

3.1.3 | The Teukolsky equation

The Teukolsky formalism is a choice of variables for test fields in Kerr such that the equations of
motion decouple, yielding equations that describe radiation, and furthermore, as we will discuss
later in this section, separate in Boyer-Lindquist coordinates. It builds off of the Newman-Penrose
formalism: in the case of linearized gravity, the variables involve variations of the Weyl scalars.

Note that, taking variations of the Weyl scalars, we find that
oWy = (69)o, oWy = (0W),. (3.29)

On the left-hand sides of these equations, there is a variation of the null tetrad as well as the
Weyl tensor; on the right, only the Weyl tensor is varied, according to equation (3.18). Note that
equation (3.29) only holds for ¥ and 0¥y, and only because the background is type D, as the
tetrad is varied when varying equation (3.25). This result is rather convenient, since we will have

reason to use 0¥y and (§¥)g, for example, interchangeably.
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The choice of variables that are employed here are the so-called “master variables” (€2, defined

by [162]
¢4V, s=-2
Q=< s—0 - (3.30)
oW s=2

The value of s is known as the spin-weight of the particular variable. Moreover, for s > 0, one can
write these variables in terms of an operator ;M , which maps the original field (such as the metric

perturbation dgq) to the corresponding master variable (€. For example, for |s| = 2,
Q= Mg (3.31)

From equations (3.18), (3.30), and (3.31) (see, for example, [54]),

QMab:%{[(Dfﬁ—3e+€)(6+27’r—25)+(5+7?—35—5z)(D—2ﬁf26)}lamb

—(0+7—38—a)0+7—28—2a)l (3.32a)
—(D—p—3e+6€)(D—p—2e+ 2€)mamb},
oM = C;{[( F 437 = )6 =27 +2a) + (6 — 7+ 3a+ B)( + 20+ 27y)|nm’
— (0 —T+3a+B)(6 — 7+ 20+ 2B)nn (3.32b)
—( +a+3y =N +i+2y -2t}
In terms of these variables, and in a type D spacetime, the equations of motion for the scalar
field @ (s = 0) and linearized gravity (s = +2) may be written in the form [162]

sD SQ = 8m sT - ‘S‘T, (333)

which is known as the Teukolsky equation. Here, s0 is a second-order differential operator (the

Teukolsky operator) that equals, for s > 0,

sO0=2{[D—2s—1)e+é—2sp—p|( —2s7v+p)
(3.34a)

—[0—a—(2s—1)B—2sT7+7|(6d —2sa+7) — (2s — 1)(s — 1)Uy},

—sO0=2{] +(2s—1)y =7+ @[D + 2se+ (2s — 1)p]
(3.34b)

—[6+(2s—1)a+3—7|[6 +2s8+ (25 — 1)7] — (25 — 1)(s — 1) W }.
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On the right-hand side of equation (3.33), ¢7 is an operator which converts T, the source term
for the equations of motion (for example, T is the stress-energy tensor §7%), into the source
term for the Teukolsky equation (3.33). For example, one choice of 197, is given by inspection of

equations (2.13) and (2.15) of [162]:

2Tab = [(5 +r—a—36— 47—)l(a| - (D —3et+e—4dp— ﬁ)m(ad
(3.35a)

X [(D—et+e—p)mp) — (6+7—a—B)ly),

_oTap = C* [( + 3y =y +4p+ p)mg — (60 —7+B+3a+ 47T)n(a|]
) . (3.35D)
X [(=7+B+a)np —( +v—7+m)my)] .

A freedom in 497, is discussed in section 3.2.3 below. One can also rewrite Teukolsky’s original

result as an operator equation [177], as we will find useful in section 3.2.2. In terms of M,
sT * |s|8 = 0 SM, (3.36)

where, for [s| = 2, |;€ is the linearized Einstein operator (3.16). Applying equation (3.36) to a
metric perturbation and using equation (3.31) and the linearized Einstein equation (3.15) yields
the Teukolsky equation (3.33) for |s| = 2. Since all of the operations just described are C-linear,
equation (3.36) holds for complexified metric perturbations as well.

So far, we have not tied our discussion to a particular coordinate system, nor a particular
tetrad (other than enforcing that we use a principal null tetrad), since we have only required the
background metric to be Petrov type D. We now work in Kerr, and in Boyer-Lindquist coordinates

(t,r,0,¢), where the metric takes the form [note the sign change relative to equation (2.1)]

Mr

(asin?0de — dt)”, (3.37)

dr? 2
ds? =dt? - % (2 + d92) — (2 + a?) sin? 0d¢? —

where A =12 — 2M7r + a? and ¥ = r% + a® cos? @ = |¢|?, and where we have chosen
(=7 —1tacosf. (3.38)
This choice of ¢ has the property that t* = (9;)* can be defined in terms of (45 [130]:
AN _ 25 A, AB
4t = —gv 5" 7P, (3.39)

Using the Kinnersley tetrad (a principal tetrad of the background Weyl tensor), which is given by
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(r? + a?)0; + ady (r? + a?)0; + ady A

A o 2% 25 " (3.40)
1 i '
= —— (iasinf0; + 0y + —0,
m \@C (zasm it + Og + Snd ¢> )
we find that Wy = —M /(3. Furthermore, the non-zero spin coefficients are given by
1 A n r—M
pP=—= MU= y V=M 5
¢ 2%¢ 2% (3.41)
3 cot 6 n: i sind ia <in 8 '
= -, T=a« = inf, 7=-———sin
2v/2¢ V2¢2 V2%

We now review how the source-free version of the Teukolsky equation (3.33) separates in these

coordinates. Consider, for integers s and n, the operators [163, 52]

r? + a? a r—M
— 2
A 8t+A8¢+ n A

-@n:ar+

sin 6

1
, Ls=0p—1 <a sin 00 + 6¢> +scotf. (3.42)
Note that these operators satisfy
AP, A" = Dy, sin™" 0% sin" 0 = L 1. (3.43)

We also define the operators 7, and .Z," by taking Z,, and %, and setting 9 — —9; and 95 — —0y;
note that .Z;" = %, °. Equations analogous to equations (3.43) hold for Z;} and .Z;". We will also

need a way to express these operators in terms of Newman-Penrose operators; using equations (3.40)

and (3.41), we find
L=V20(0+258), Dn=D+2pp ' (y—pn), DT =-pu'[ —2n(y—p)]. (3.44)

Note that these formulae are only valid for the Kinnersley tetrad. For real frequencies w and integers

m, we further define operators Zpm, and Lsmew by the requirement that, for any function f(r,8),

T [N f(r,0)] = N G f1,0), L [ (1, 0)] = 0D (1,0).
(3.45)

These equations yields the formulae

1K r—M
-@nmw = 8r + Amw +2n A o%mw = 89 + Qmw + scot 07 (346>
®Note that here, and below, our definition of the complex conjugate O of an operator O is O(f) = O(f), where f
is the argument of this operator. This is consistent with the standard notation for the Newman-Penrose operator §.
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where

Ko = am —w(r® + a?), Qmw =mesch — awsinf (3.47)
(note that the conventions for K, in [52] and [162] differ by a sign; here, we use the convention
of [52)).

The operator on the left-hand side of the Teukolsky equation (3.33) takes the following simple

form:
0= R+ S, (3.48)
where
AL D —22s—1)rdy  s>0
R = : (3.492)
A@ﬁs@o —22s+1)roy s<0
fltsfs +2i(2s — 1)acos0;, s>0
S = : (3.49D)
Ly LT+ 2i(25 + 1)acos 9, s <0

where it can be readily shown that either the top or bottom lines of equations (3.49a) and (3.49b)
yield equal results for s = 0; that is, 1R = R and oS = _9S. Note that ;R is a differential
operator that only depends on r, t, and ¢, while ;S only depends on 6, ¢, and ¢. As such, it is clear
that the sourceless Teukolsky equation (3.33) separates in r and 6, and so one can write [162]

) 0 N )

At 00) = [ D 3 D) O (O)e . (3.50)

T I=lslimI<t
Inserting this expansion into the sourceless Teukolsky equation (3.33), followed by using equa-
tions (3.48), (3.49), (3.43), and (3.45), one finds that (for s > 0), the functions Qe and +50me

satisfy [52]

[eg(l—s)(qim)(:y:w)gs(:tm)(:tw) + 2(25 - 1)0.}& COS 0] +5O1mw = — £5A\imw £5O1mw; (351&)

[A@(lfs)(:tm)(:tw)@0(¥m)(¥w) + 22(25 - 1)&)7“] A(Sis)/2 :I:sﬁlmw - A(Sis)/2 :I:s>\lmw :I:sﬁlmwa (351b)

where 43\ 18 a separation constant. This constant reduces to (I+s)(I—s+1) =1(I{+1)—s(s—1)
in the Schwarzschild limit [136, 52].
The functions Oy, are regular solutions to a Sturm-Liouville problem on [0, 7] with eigenvalues

sAlmw- Thus, there is only one solution for each value of [, m, and w, up to scaling. Note, moreover,
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that the differential operator on the left-hand side of equation (3.51a) commutes with the following
three operations: complex conjugation, (s,m,w) — (—s,—m,—w), and (s,0) — (—s,m — ). As
such, we can simultaneously diagonalize this operator with each of these operations, choosing sA;mn.w

and 3O, to be real, as well as choosing

se)lmw(e) = (_1)m+s —sel(fm)(fw)(g)a sOlmw <7T - 0) = (_1)l+m —se)lmw(g) (352)
(a convention which is used by [76]), as well as
sAlmw = —sAmw = s>\l(—m)(—w)- (353)

Finally, the scaling freedom in 40y, is fixed by imposing the following normalization condition [162]

/ Oumr(0) sOurames(6) sin 840 = 611 (3.54)
0

The functions

Yimw(0,1,0) = M998 0y,.,(0) (3.55)

are the so-called spin-weighted spheroidal harmonics, and (for a given s) are orthogonal for different
[, m, and w. The coefficients Sﬁlmw can therefore be thought of as a coefficients in an expansion in
spin-weighted spheroidal harmonics.

We now define another expansion for {2, subtly different from that in equation (3.50), which
results in a convenient way of expanding ;£ as well. To do so, note that the differential operator
on the right-hand side of equation (3.51b) commutes with taking (m,w) — (—m,—w) followed

by complex conjugation. As such, we can construct two linearly independent solutions labeled by

p = +1 [their eigenvalue under this operation, multiplied by a conventional factor of (—1)™*5:

1 m+s O 7
Qi) = 5 | Q) + 2= )™ Sy y (7)) (3.56)
and so
lew Z lewp (357>
p==1

It is occasionally more convenient to re-express the expansion (3.50) in terms of sﬁlmwp(r), instead

of Sﬁlmw(r):

$SQt,r,0,0) = / dw Z Z Z i(mé-wt) @lmw(e) sﬁlmwp<r)‘ (3.58)

I=|s| |m|<l p=+1
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A simple consequence of equations (3.52) and (3.56) is that
Q(t,7,0,0) = / dw > " > pe D O (6) Qi (1), (3.59)
T i=|s| jm|<lp==%1
and so this is a convenient expansion of the complex conjugate of the master variables. Note,
however, that these expansions are different in status from the expansion (3.50), as the coefficients

in this expansion must satisfy

QU —wyp(T) = P(=1)™F Qo (7). (3.60)

32 | Symmetry Operators in the Kerr Spacetime

As defined by Kalnins, McLenaghan, and Williams [106], a symmetry operator is an R-linear opera-
tor that maps the space of solutions to the equations of motion, which must be linear, into itself. For
the space of complexified solutions to real equations of motion, there exists a trivial symmetry op-
erator mapping solutions to their complex conjugates. In his original paper, Carter constructed the
symmetry operator for scalar fields in equation (3.2), which commutes with the d’Alembertian [19].
If an operator commutes with the operators in the sourceless equations of motion, then it must be

a symmetry operator: if a field ¢ satisfies L¢ = 0, and [D, L] = 0, then
LDp =DLH =0, (3.61)

and so D¢ is a solution. Lie derivatives with respect to Killing vectors are examples of symmetry
operators which commute with the equations of motion. Further examples of symmetry operators
can be created by composing symmetry operators associated with Killing vectors, but these are, in
a sense, “reducible”.

In this section we review two classes of irreducible symmetry operators that appear in the Kerr
spacetime: those that derive from separation of variables, and those that arise from taking the
adjoint of the Teukolsky equation. Note that, recently, additional symmetry operators have been

discussed in the Kerr spacetime [10], which we do not discuss in this chapter.
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3.2.1 | Separation of variables

The first class of symmetry operators we consider is associated with the separability of the underlying
equations of motion. To see that there is always a symmetry operator associated with separability,

consider as an example the following partial differential equation (in two variables x,y):
Lo=[X(2,00,...) + V(y,0y,0;,...)] ¢ =0, (3.62)

for some differential operators X and ). Since X only depends upon x and ) only depends upon y,
X and Y must commute. Moreover, £L = X + Y, and so X and ) must both commute with £, and
so X and )Y are symmetry operators. In addition, if there are additional variables z1,..., z,, and
X and Y only depend on derivatives with respect to these variables, then this argument still holds.

Irreducible symmetry operators arise in Kerr, similarly, via a separation of variables argument.
As discussed in section 3.1.3, the Teukolsky equation separates, yielding the two operators (R and
sS in equations (3.49a) and (3.49b) (respectively). These operators are analogous to the operators
X and Y in equation (3.62) above, and depend on derivatives with respect to additional variables ¢

and ¢. One combination of ;R and S is particularly interesting, namely

sD

N =

(SR - 58) . (363)

One can show that, for s = 0, this is in fact the scalar symmetry operator (3.2) discussed by
Carter [19].

In the case of linearized gravity, ¢D is a map from the space of solutions of the homogeneous
Teukolsky equation (3.33) of spin weight s into itself. In section 3.2.4, we will review a procedure (a
version of Chrzanowski metric reconstruction |5]) which will allow us to construct another operator
sDap® from D that maps the space of complexified metric perturbations into itself. The symmetry
operator 4Dy will be more useful than 4D, since the symplectic product for linearized gravity

naturally acts on the space of metric perturbations.

3.2.2 | Adjoints and decoupling

In Kerr, for spins higher than 0, there is a second set of irreducible symmetry operators that can

be constructed, following an argument due to Wald [177]. This argument holds, as do many of our
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equations, for all |s| < 2; however, we will only explicitly use |s| = 2 in this chapter.

The argument is as follows. We first define the adjoint of a linear differential operator: consider
a linear differential operator £ that takes tensor fields of rank p to tensor fields of rank q. We say
that an operator which takes tensor fields of rank ¢ to tensor fields of rank p is the adjoint £' of £
if, for all tensor fields ¢ of rank p and tensor fields v of rank ¢, there exists a vector field j%[¢, 1]
such that

Y (L-¢)— - (LT ) = Vaj[¢, ). (3.64)

Note that this is not the usual definition of adjoint, which has a complex conjugate acting on
in the first term and on (£74) in the second. Chrzanowski [54] and Gal’tsov [76] use the usual
definition, whereas Wald uses the definition (3.64).

We now give some examples of adjoints of the operators considered in section 3.1.3. First, we

note that one can easily show that, for two operators £, and Lo,
(L1Ly)t = cict. (3.65)

Moreover, the adjoints of the various Newman-Penrose operators, using equations (3.22), (3.24),
and (3.64), are given by
Di=-D—(e+&+p+p (3.66)

/

together with the corresponding expressions obtained via ’ and * transformations. Using equa-

tions (3.64) and (3.16), one finds that & is self-adjoint:

2ET = L€ (3.67)
Similarly, one can show from equations (3.66) and (3.34) that

O = .o, (3.68)

as was first noted by Cohen and Kegeles [56]. Finally, the adjoint of the operator ¢7 [equation (3.35)]

that enters into the Teukolsky equation (3.33), for |s| = 2, is given by

[m(a‘(D+2e —p) — l(a|((5+25 —T)][l|b)(5+45+37') - m|b)(D+4e+3p)] §=2

sTap = :
[ =27+ 1) = n(q (0 — 20+ )] [nyp) (6 — 4o — 3m) — My ( — 4y — 3p)J¢t s = =2
(3.69)
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We now take the adjoint of equation (3.36), yielding [from equations (3.68) and (3.67)]
|s|8 : STT = 3-1\4-Jr —s0. (370)

Suppose that we have a solution _z1 to the vacuum Teukolsky equation _;0 _g ¢ = 0; note that
_st is not necessarily the master variable _¢Q associated with dg,, via equation (3.31). Then, from
equations (3.70),

€ 5Tl _sp =0. (3.71)

Thus, 471 _s1 is a complez metric perturbation that solves the vacuum linearized Einstein equa-
tions.

The operator 47 therefore allows the construction of complex vacuum metric perturbations from
vacuum solutions to the Teukolsky equation. From a single solution _s to the vacuum Teukolsky
equation (3.33) of spin weight —s, one can apply ¢ M (for some other s, where |s’'| = |s|) to either

s _gb or 47T _g1b, both of which yield solutions to the vacuum Teukolsky equation:

yOgM - 71 _ap=0, gOgM - o _gp =0. (3.72)
That is, there exist two symmetry operators of the form
5/,56 = SIM- STT, 5/7555 SIM F (3.73)

The operator ¢ € maps from the space of solutions to the vacuum Teukolsky equation (3.33)
of spin weight —s to the space of solutions to the vacuum Teukolsky equation of spin weight s’.
Similarly, o SC~ maps from the space of solutions to the complex conjugate of the vacuum Teukolsky
equation (3.33) of spin weight —s into the space of solutions to the vacuum Teukolsky equation of
spin weight s’

As in section 3.2.1, these operators act on the master variables, rather than metric perturbations.

However, one can also construct the operators (for |s| = 2)

scade = sTTb —sMCd, (3.74)

a

which are symmetry operators for metric perturbations. That is, they are R-linear maps from the

space of complexified solutions to the vacuum linearized Einstein equations into itself. This follows
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from the operator identity [derived from equations (3.70) and (3.74)]
€ C= M _,0_ M= M'_ 7. 4E, (3.75)

where the second equality from equation (3.36). Applying this operator identity to (in general)
a complex vacuum metric perturbation, the right-hand side yields zero. Note that the two cases
s = +2 in equations (3.69) and (3.32) differ by a ’ transformation, along with a factor of ¢4, and so
9Cab° and _9Cup°® are related by a ’ transformation.

Finally, we note that this argument has been used in a fully tetrad-invariant form, using a spinor
form of the Teukolsky equations, to generate symmetry operators for metric perturbations of the
sort that we review in this section [10]. For simplicity, we use the Newman-Penrose form of the

Teukolsky equations instead.

3.2.3 | Issues of gauge

Since the operators igT;rb map into the space of metric perturbations which are solutions to the lin-
earized Einstein equation, the solutions which these operators generate will be in a particular gauge.
This gauge freedom can be understood in the following way: the operators 1274 in equation (3.33)

are only defined up to transformations of the form
+2Tab — +2Tab + 2§ V), (3.76)

as they act upon the stress-energy tensor, for which V,7% = 0. As such, we find that iQT(Ib have
the corresponding freedom

o)y = aaThy + 2V (6. (3.77)

Note here that, in the second term, the covariant derivative acts upon the argument of these
operators in addition to acting on &,. The particular choice (3.35) of 197, fixes this freedom, and
so the metric perturbations generated by 4+2Cu° are in a particular gauge. The gauge conditions

which they satisfy are [54]

9" omhy =0, a7l =0, n' 7l =0 (3.78)

For 27’(117, this is the ingoing radiation gauge condition, whereas for _ngb, this is the outgoing

radiation gauge condition.
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The solutions oC - dg and _oC - §g, however, do not differ by a gauge transformation. This is
in contrast to the case in electromagnetism [32], where the analogous solutions differ by a gauge
transformation. While the total solutions 2C-dg and _»C-dg do not differ by a gauge transformation,
we show in the remainder of this section that the imaginary parts of each of these two solutions are
related by a gauge transformation, and so they represent the same physical solution.

To proceed, we first note the following identities, all derived using equations (3.32), (3.69),
and (3.34) [note a conventional factor of two difference with [107], which comes from the difference

between their equation (2.21) and our equation (3.19)]

M- ,C 2 %(D +e—36)(D + 2 — 26)(D + 3¢ — &)(D + 4e) _o M, (3.792)
oM - oC = %54(5 +3a+ B)(0+2a+26)(6 +a+38)(0 +48) oM, (3.79b)

b
<

&l
[le

ggTyg [7(5+4a) — o +47) — (D + 4) + (5 + 45) + 2Ty] M

3—— -
= 50Ut [Va + 4(1pVa0”)] 2 M, (3.79¢)

where “=” means “equality modulo equations of motion”. Moreover, apart from those that occur in
this equation, all other combinations of 19M and +9M acting on 2C and »C are zero for vacuum

solutions. Here we have used the equation
Dp=(p+e+ép (3.80)

(along with its '- and *-transformed versions) in order to simplify, as well as equation (3.39). One
can furthermore use a ’-transformation to write down versions of equation (3.79) involving _5C,
noting that Ws — Wy under a '-transformation, and ¢ must flip sign (note that ¢t keeps the same
sign).

To determine whether certain linear combinations of 19Ca;,*3g.q (and their complex conjugates)
differ by gauge transformations, we need the following relation, which only holds for §¥, and §¥

coming from the same real vacuum metric perturbations:

(D + € — 38)(D 4 2e — 28)(D + 3¢ — &)(D + 4¢)¢*30,

= (6 —a—=38)(8 — 20 — 2B)(6 — 3a — B)(5 — 4a)(*6Wo + 33Vt [V, — 4(e5Va0”)]5Wp;
(3.81)
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we will also need this equation’s ’-transform. This relation can be derived using the perturbed
Bianchi identities and Newman-Penrose equations, as mentioned in [55]; for a more modern deriva-
tion, see for example [9]. Using equations (3.79) and (3.81), along with their '~transforms, we find

that (applied to a real, vacuum metric perturbation),
oM - 5C = oM - _5C— oM - _5C. (3.82)

The '-transform of this equation merely switches 2 — —2. As remarked below equation (3.79), one
has that

oM - 5C =0 (3.83)

(along with its '-transform), and so one therefore has that
2M -Im [+2C - _QC] . 59 = 0, _2M -Im [+2C - _QC] . 59 =0. (384)

This equation does not, as it stands, guarantee that Im[2C'-dg] and Im[ _oC'-§g] are related by a
gauge transformation, just that the master variables associated with these two metric perturbations
are equal. This implies that their difference is a metric perturbation that contributes to éM and
Sa; that is, it only has monopole and dipole terms [175]. One would expect that Im[19Ca?3geq],
as they are constructed wholly from the radiative Weyl scalars d¥ and ¥, (which do not have
monopole or dipole pieces), would not have non-radiating pieces. This statement is in fact correct
due to arguments in [154]. In conclusion, we find that Im[2C - dg] and Im[_»C - dg] differ by a
gauge transformation:

Im | 2Cap“*8gca) = Im[ —2Cap“*8gca) + 2V (a&p), (3.85)

for some vector field £*. The main theorem of |9] provides an alternative proof of this result, as

does the discussion in section 4.3 of [10].

3.2.4 | Diagonal action on expansions

In section 3.1.3, we showed that the master variables (and their complex conjugates) have convenient
expansions [equations (3.58) and (3.59)] in terms of spin-weighted spheroidal harmonics. We show
in this section that the symmetry operators considered in this chapter which act on the master

variables are “diagonal”, in the sense that they act upon each term in these expansions by simply



66 The Carter Constant for Linearized Gravity

multiplying each term by an overall constant. We then construct a similar expansion for vacuum
metric perturbations, and show that the action of the symmetry operators that we have defined for

metric perturbations are also diagonal on this expansion.

3.2.4.1 Symmetry operators for the master variables and the Teukolsky-Starobinsky

identities

First, let us consider the action of the symmetry operator (D defined in equation (3.63). From
equations (3.49), (3.43), (3.45), and (3.51), it follows that
o O
D= / SO i Amwe ™D (O (0) Qs (7). (3.86)
T =2 |m|<ip==1
In section 3.2.4.3, we will also show that a similar diagonalization occurs for a tensor version of this
operator, which we will define in equation (3.107).
Next, we consider the symmetry operators 5/755 defined in equation (3.73). We begin by noting
that these symmetry operators simplify with the choice of Boyer-Lindquist coordinates and the

Kinnersley tetrad, yielding the so-called “spin-inversion” operators |54, 70]:

~ 1 ~ 1
220 = 574, 2ol = A (725)" A2, (3.87a)
~ 1 ~ 1
9,—2C = §$f1$0+$1+$+, 220 = gf_lfgfl.,%. (3.87b)
The constant numerical factors here are consistent with those of Wald [177] and Chrzanowski [51],
but disagree with those of other authors (such as [52, 76]) due to normalization conventions.

These operators are referred to as spin-inversion operators for the following reason. Consider-
ing their action on the terms in the expansion (3.59) of £, they are either purely radial [equa-
tion (3.87a)] or purely angular [equation (3.87b)]. Due to this fact, along with the expansions in
equations (3.58) and (3.59), it is apparent that, when acting on the terms in these expansions, the
operator 272C~ maps from the space of solutions to the radial Teukolsky equation (3.51b) with s = —2
to s = 2, and similarly ,27,25 maps from solutions with s = 2 to s = —2. Similarly, for the angular
operators, due to the fact that the expansion for (Q is in terms of _ Oy, 27_25 maps from the
space of solutions to angular Teukolsky equation (3.51a) with s = 2 to s = —2, and similarly _272C~

maps from s = —2 to s = 2.
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We now show that the spin-inversion operators merely multiply each term in the expansion (3.59)
by some constant, starting with the angular spin-inversion operators. The angular Teukolsky equa-
tion (3.51a) is a Sturm-Liouville problem, and so it only has one solution for a given value of I, m,
and w (up to normalization). If the angular spin-inversion operators, when acting upon individual
terms in the expansion (3.59), map between the two spaces of solutions with s = £+2, then these

maps can be entirely characterized by two overall constants, which we denote by +2Cj.,:

L1 (4m) (4w)Z0(+m) (+0) L1 (£m) (+0) L2 (+m) (+w) £2Otmw = +£2C1mw +2Omuw- (3.88)

This equation is known as the angular Teukolsky-Starobinsky identity. Since these operators are
entirely real, this constant +9Cj,,, is also real. Moreover, the normalization condition for O,

implies that [52]

2C1mw = —2C1mw = Cimew, (3.89)
where
Clre = 2 A (2N + 2)? = 8w? o X ymes[02,, (5 2Aime, + 6) — 120%] + 144wary, (3.90)
and
a2 =a? —am/w. (3.91)

We now turn to the case of the radial operators in equation (3.87a), which are somewhat more
complicated. This is because there are two solutions to the radial equation (3.51b), as it is second-
order, and not a Sturm-Liouville problem. However, as noted in section 3.1.3, the two solutions
can be characterized by their eigenvalues p under the transformation (m,w) — (—m,—w), fol-
lowed by complex conjugation. Since the radial spin-inversion operator is also invariant under this

transformation, we must therefore have that

AQ@S(:Fm)( A(S:I:S)/Q i2§lmwp = 2:|:2 iQClmpr(S:FS)/2 $2§lmwp (392)

Fw)

(the factor of 22 is purely conventional, and is present only to make our final expressions simpler).
This equation is known as the radial Teukolsky-Starobinsky identity.
To determine the values of the constants 12Cjn.,p, We need to use the fact that 122 come from

the same real metric perturbation. The values of these constants given by Teukolsky and Press in
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their original paper [163] only hold for the p = 1 case (as pointed out by Bardeen [27]°). The values
of +9C)mup are found using equation (3.82), since (in terms of 4£2) the complex conjugate of this

equation (and its -transform) can be written as

2

LsC 0= € _0— € Q. (3.93)

Using equations (3.87), (3.88), and (3.92), as well as (3.79¢), we find that

—5,55 —SQ 1/ dwz Z Z pClmw€Z (mg—wt) —s@lmw —slewpa (3943)

1= 2|m|<lp +1

78778679 = 1/ dwz Z Z psclmwpe imé-wt) fs@lmw fslewpa (394b)

1=2 |m|<ip==+1
3iM i(mep—wt)
—5sC Q= 5 sgn(s dwz Z Z we ) s Omw _Slewp, (3.94c¢)
- 1=2 |m|<ip==1

and so equation (3.93) implies that

:EQClmwp = Cimw F 12ipMw. (395)

3.2.4.2 Debye potentials and an expansion for the metric perturbation

At this point, we have shown how symmetry operators on the space of master variables act diagonally
on the expansions (3.58) and (3.59). We would like a similar diagonalization for the operator ;C,
but (a priori) there does not exist an analogous expansion for the metric perturbation. We now
construct such an expansion. To begin, if ¢ is the master variable associated with some real

solution (not dgqp) of the vacuum linearized Einstein equations and if
Q= MPIm[ 7], ], (3.96)

then we call s a Debye potential for dg,p (for the origin of this terminology, see [56]). The first of

these conditions ensures that 9t and ¢(~* _51) satisfy the same relation as (respectively) 5% and

5That [163] only considers p = 1 can be seen from their equation 3.21, along with the remark below their
equation 3.22 that the quantities Sy and Sg that appear in this equation are given by 2Si, and —2Si, (in this
chapter, these are denoted 20imw and —20umw). These two statements imply that the radial functions R, discussed
in [163] obey
Rs(—m, —w) = Rs(m,w).
In this chapter, due to differences in notation and the conventions in equation (3.52), this is equivalent to the statement
that iQﬁl(,mM,w) = (=1)™** ;Qmw, which by equation (3.60) implies that p = 1.
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0¥, in equation (3.81). The second of these conditions ensures that Im[sT _s¢] and (by the first
condition) Im[_sTgb s¥] are the same as dg,p, up to gauge and [ = 0, 1 terms.

The easiest way to satisfy these conditions is as follows. First, note that, by equations (3.74)

and (3.94),

SM®Tm { sCap®® Im|[ ,sTjd SQ]}

_ b ab f i(me—wt) O
= 16 sM* Re STab/ dwz Z Z D sClmwpe —5Oumew —smap (3.97)

1=2 |m|<l p==£1

1 _ ~
= ﬁ dw Z Z Z Clmw + 144M2 2) i(me—wt) sOlmw slewp-
1=2 |m|<lp=+1

We now define s, for a given (€2, by

z(m(b wt) ﬁ
s =256 M%®Tm | 471, / dwz Z Z @lmw(g) —sQmup(T)

2,,2
=2 o+ 144M2w

i(me—wt) AN
= 161/ dwz Z Z pe - elmw(a) Slewp(T)’

C
1=2 |m|<Ip==%1 s-Imwp

(3.98)

where the second line comes from equation (3.94), and Sﬁlmwp is given in terms of ;2 by equa-
tions (3.50) and (3.56). Since C2, +144M3w? isreal, 51 satisfies the first of the above requirements,

and by equation (3.97) it also satisfies the second. Moreover, the second line implies that

S{p\lmw(fp) - C slewp- (399)

where the expansion coefficients S@Zlmwp are defined by an expansion analogous to equation (3.58),
together with the behavior under complex conjugation given by equation (3.60). This condition is
satisfied, due to the fact that

sC(—m)(~wp = sClmwps (3.100)

by equations (3.53), (3.90) and (3.95), as well as by using equation (3.60) for Sﬁlmwp. While this
would also be a perfectly reasonable definition of ¢, it is not apparent in this form that s is
generated by a real metric perturbation, which is crucial, and is explicit in equation (3.98). Finally,
note that equations analogous to equation (3.94) also hold for i in terms of (¥mwp-

We can now define an expansion for the metric perturbation. First, we define

0+ Gab = ﬂﬂb 29, (3.101)
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which (as remarked above) satisfy
SMPIMB g = SMPIm[E_ga] = Q. (3.102)

These metric perturbations have convenient expansions of the form
8+gab = / dwz S (B4 Gumep)ab (3.103)
- 1=2 |m|<lp=+1

where

(5:|:glmwp)ab = :I:ZT(Ib {ei(rmﬁfwt) :FQelmw(e) :FQ{p\lmwp(r) . (3104>

Note that the relationship between d1 g4, and their coefficients is not C-linear, due to the transfor-
mation properties of these coefficients under complex conjugation resulting from equation (3.60).
This procedure, which allowed us to construct a metric perturbation Im[d4 gqp] from 282 such
that the master variables associated with this metric perturbation are 492, is similar to the one
laid out in [54], which is referred to in the literature as Chrzanowski metric reconstruction. We now

provide an operator form of this procedure: define

) Ot s
T o = 256 .CopTm | o7l / dwz > Z Do P
- =2 |m|<lp=%1 lmw 1AM

N (3.105)
= 16i 47, / dwz S pez(m¢—w)é@lmw ~ Q.
- =2 |m|<lp==%1 —s~lmwp
which satisfies
MOIM[ T Q) = M Im[_ITy, _Q] = Q. (3.106)

Note that the operator I, is non-local, since it requires an expansion in spin-weighted spheroidal
harmonics for its definition. This operator allows us to define a version of the operator ;D defined
in section 3.2.1 that maps to the space of complexified solutions of the linearized Einstein equations,
cd.

much like 4Cup

sDade = sHab SD sMCd- (3107)

We also define a version of this operator without the intermediate factor of ¢D:

Xap™ = Mgy M (3.108)
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3.2.4.3 Diagonal action of our operators on the metric perturbation

Now that we have both a definition of an expansion for the metric perturbation, along with a
variety of symmetry operators defined which map the space of metric perturbations into itself, we
can proceed to show that these symmetry operators act diagonally on these expansions. Note, again,
that there is no convenient notion of an expansion of the form (3.103) for a general dg,p, and so we
only compute the action of our various symmetry operators on d+¢a. The simplest case is ;Cop®

which satisfies [by equation (3.94)]"

— _
+2Cap““04-ged = iZTTb +2.42C 121

- 515/ dwz Z Z PClinis (B Gtmup) abs (3.109a)

1=2 |m|<lp==£1

— O
22Cat 8 geq = 407y 52.72C 121

= 1/ dwz Z Z p:t2Clmwp 5:|:glmwp)aba (3109b>

1=2 |m|<l p==1

d
+9Cat " 8 Ged = 27y 32.49C 21

L 3M / dwz SN (G gump)as (3.109¢)

=2 |m|<Ip==%£1

These equations demonstrate that the action on the expansion (3.103) is diagonal, up to map-

pings from (3+Gimwp)ab — (0+Gimwp)ab a0 (0 Gimwp)ab, as well as mappings from (6+Gimwp)ab —

(0= Gimwp)ab- More useful later in this chapter will be the action of sCap® on Im[6gap):

+9Ca 4T[0 4 geg] = +9Cap° TM[_ geq]

= L dwz Z Z pj:ZClmwp 5iglmwp)

1=2 |m|<l p==1

(3.110)

Similarly, we will consider the action of Dy and X% on Im[d1ge]. We have that [by
equation (3.102)]
gy 52 = sXade Im[jﬂ:gcd]; (3111)

"Note that, as mentioned above below equation (3.104), the relationship between 84 gas and their coefficients is
not C-linear. This explains the apparent contradiction of the left-hand side of equations (3.109a) and (3.109b) being
C-antilinear, but the right-hand sides appearing to be C-linear.
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along with [by equations (3.101) and (3.105)]

+ollap +29 = 0+Gap, (3.112)

and so we find that
10X T[4 geq] = +2Xap“ TM[S_ gea] = 5+ G, (3.113)

Similarly, by the R-linearity of equation (3.112), we find that [from equation (3.86)]

9D I8 4 geq] = +2Dap™ T[S ged] / dwz Y i (BiGimup)ap  (3.114)
- 1=2 |m|<lp==%1

3.2.5 | Projection operators

The final set of symmetry operators that we introduce are projection operators acting on the space
of master variables ;). Before we introduce these operators, however, it is relevant to discuss the
asymptotic properties of the master variables. First, define the tortoise coordinate r* by

dr* r2 + a2
dr = A

(3.115)

This coordinate satisfies r* — 0o as 7 — oo and 7" — —o0 as r — ry, where 7 is the location of
the horizon, satisfying Al,—,, = 0.

Now, the vacuum Teukolsky radial equation (3.51b) is a second-order ordinary differential equa-
tion in 7, and so its solution space is spanned by two solutions (for given values of s, I, m, and
w) that are characterized by their asymptotic behavior at either » = ry or r = co. One can

show, from the asymptotic form of the vacuum Teukolsky radial equation (3.51b), that one can

choose two independent solutions sR% (r) and (R (r) with the following asymptotic forms as
r* — —oo [163]:

SR () = et JAS RO (1) — giknar” (3.116)
where

kmw =w —am/(2Mry). (3.117)

Similarly, at r* — oo, one can choose two independent solutions sR{O"(r) and ,R;T (r), which
have the following asymptotic forms:

SRIOVR(p) e SRyY (r) — e Jp2stl (3.118)
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A general solution can therefore be expanded in terms of these solutions as
s Umw (’l“) = SQ??%ZI)H SRld;)zXn( ) + lew SR?Tzw(T)
(3.119)
= lmw Slew( ) + SQ?#LEU SR?#ltw( )
Moreover, from the asymptotic behavior in equations (3.116) and (3.118), we have
in/out/down/ . in/out/down/
Ryl () = Ry (), (3.120)
and so, from the definition (3.56),
Sumap(r) = LSRRI ) + Qi R, (1)
(3.121)
= s ?Tlnwp lmw( )+ Q?%E}JPR?TI;LEU( )
where
Ain/out/down/ 1 | Sin/out/down/ in/out/down/
Bplowssomiee — LI guowsaomniup Ly QEPSESTR] (312
Ain/out/down/up

One minor note that will be useful later in this chapter is that the coefficients Slewp

ﬁin/out/down/up

and —S5% " lmwp

leading order form of the derivative operators %4 (+.) acting on exponentials of the form e

or eFwr.
Do(semy () f ()€ = %eﬂ:iwr* *
r* — oo,
Dotmy () F(r)eT = [(jlf + 2iwf(r)] o Fiwr”
Doty (w) f(r)eEFmer = %eiikmwr* *

; * df  4Mr* ; «
$Zl€mw7‘ _ $74kmw"'
@O(j:m)(:tw)f(r)e - |: dT + A kawf( ):| €

are not independent. To show this, consider the following expressions for the

tiwr*

(3.123a)

(3.123D)

Using these equations, the radial Teukolsky-Starobinsky identity (3.92), and the asymptotic

forms (3.116) and (3.118), one can show that

(4M7'+kmw) 1Rmw 0Fmw —1Rmw —2Kmw

QQ ,QQ
Imwp — —2Clmwp/4 Imwp>
2§out _ (4Mr+kmw) —1Bmw 0Fmw 1Emw 2Kmw zﬁout
Imwp 4 2Clmwp Imwp>
4
2Q?own _ (2w) 2Q?own
mwp - mwp?
P Clmwp/4 P
4
Aup o (2‘*‘-)) Aup

—2%%mwp — 4Clmwp 23 mwp?

(3.124a)
(3.124b)
(3.124c¢)

(3.124d)
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where
is(ry — M)

—_—. 3.125
2M7’+I€mw ( )

shmw = 1 —

We now define projection operators associated with this expansion as follows: for example, define

P by

87’1“89:87’“/ QoS ST e @ 0) [ D SR () + D5 RO ()

= <l
ol mi= (3.126)

E/ dwz Z Umg—wt) elmw(e) lew Slew( )

I=|s| |Im|<I
Analogous definitions can be given for (PO, PIVn and PP, Since these operators require an
expansion in spin-weighted spheroidal harmonics, they are necessarily non-local.
The reason we introduce these projection operators is that, as we show in section 3.5.2, whether

Sr;rb _s§2 falls off as 1/r (that is, whether it is an asymptotically flat metric perturbation) depends

Qdown/out

P . This was first remarked by Chrzanowski in [54]. As such, we define a

on the values _g

projected version of sTib, which we call sﬁjb, such that S;—lb 8 is always well-behaved as r — oco:
iy = o7l o P il PUP. 3.127
2T, = 2Ty —2 7 9Ty = _oT, b2 (3.127)

Using this operator, we can define

Cap™ = 71, M, (3.128)

which allows for the definition of

o sO 0
d d T Imw s3 Elmwp
%4 4 = 256 (€ Tm sTd/_ dw E E E 7 1AM . (3.129)
1=2 |m|<lp=+1 mw

Finally, this last operator allows for the definitions
Dap® = (Mo DM, (X = (T M (3.130)

3.3 | Conserved Currents

We next turn to conserved currents that can be constructed using these symmetry operators. First,

we review the general theory of symplectic products, which are bilinear currents constructed from
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the Lagrangian formulation of a given classical field theory. We then select a handful of conserved
currents that can be constructed using symplectic products and symmetry operators, whose prop-

erties we discuss throughout the rest of this chapter.

3.3.1 | Symplectic currents

Given a theory which possesses a Lagrangian formulation, one method of generating conserved
quantities is to use the symplectic product defined in this section. Following Burnett and Wald [14],
starting from a Lagrangian density L[¢] that is locally constructed from dynamical fields ¢, we
consider a Lagrangian four-form L[¢] = *L[¢], where * denotes the Hodge dual. It then follows
that

SL(¢] = Ele] - 3¢ — d6]es; 5, (3.131)

where the three-form 0[¢; d¢)] is the symplectic potential, and E[¢] is a tensor-valued differential
form® that encodes the equations of motion in the sense that, on shell, E[¢] = 0. Thus, on shell,
the integral of §L[¢] is just a boundary term, which we use to define 8[¢; d¢p]. We can then define

the symplectic product by taking a second, independent variation:

w(p; 01¢,020] = 610(; 52| — 520(; 510). (3.132)

From equation (3.131), it then follows that

dw(¢; 519, 52¢)] = 51 E[¢p] - 52¢p — 52 E[] - 10, (3.133)

which vanishes if §;¢ and d2¢p are both solutions to the linearized equations of motion. We define

the corresponding vector current by

55" (5016, 02¢] = (*w [¢; 510, 5200])" . (3.134)

We now turn to two different Lagrangians whose symplectic products are particularly interesting.

First, we consider the symplectic product for the Einstein-Hilbert Lagrangian four-form:

1
Lnlg) = 15— Re. (3.135)

8Some of the indices of E[¢] are contracted with those of 8¢, yielding a four-form E[@] - §¢.
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For this Lagrangian, we find (following [11], for example; note the difference in sign due to using a

different sign convention for R%.)

1
(Orm)anelg; 3] = — g —€aveag’ 0 0C° g, (3.136)

where 6C%, is the variation of the connection coefficients for V4 (A):
1
6C "y = igad(vbﬁgcd + Vebgba — Vadgoe)- (3.137)

Thus, the symplectic (vector) current is given by

" 1, T
siiul0g,529] = g0 p51C"qa | (B20)"" - 5(029)cg dl 12
1
= - 010%e(820)" + 0" B19](829)"s + W [F1g]Vi(B29) e — 1 2

(3.138)

for some tensor fields v%[6g] and w?[§g] which are unimportant for the discussion of this chapter,
as we only consider metric perturbations which are trace-free. Here, for simplicity, the dependence
on the background metric gq;, is implicit. This symplectic product provides a bilinear current on
the space of metric perturbations which is conserved for vacuum solutions to the linearized Einstein
equations.

Somewhat unexpectedly, one can also define a symplectic product for the master variables. In

order to do so, we need a Lagrangian formulation. As noted by Bini, Cherubini, Jantzen, and

Ruffini [33], the Teukolsky operator can be rewritten as a modified wave operator:
s0 = (V44 s (V, + sIy) — 452Uy, (3.139)
where
' = =2[yl* + (e + p)n® — am® — (5 + 7)m“] . (3.140)

Since the equations of motion are now in the form of a modified wave equation, one can write down

a Lagrangian four-form of the form (for s > 0)
Lpcir[sQ, Q) = *(d + sT) QA (d — sT) _,Q — 965° W5 O _Qe. (3.141)

Note that, in this expression, the metric and I'* are non-dynamical fields, and therefore do not get

varied. Varying this Lagrangian four-form results in the Teukolsky equations for spins s and —s.
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One can easily show that
OBcir[ s, —s2;0 02,8 Q] =38 :,0°(d — sT) _sQ + 3 _sQ"(d + sT) 50, (3.142)
and so

STBCIR [01 582, 01 —s€2; 02 52,02 —sQ] = 01 S Q(V? — sT) 3 _sQ + 61 —sQ(V* + sT)d2 s — 1 +— 2.
(3.143)

Here, we are dropping any dependence on the background values of ;@ and _€, since they do
not appear on the right-hand side. Although this current is bilinear on the space of variations
of the master variables, it can be regarded as a bilinear current on the space of master variables
themselves, since their equations of motion are linear. Note further that this symplectic product is

not the physical symplectic product for linearized gravity.

3.3.2 | Currents of interest

Using the results of sections 3.2 and 3.3.1, we now define the following currents, for which we will
be computing the geometric optics limit and the fluxes at the horizon and null infinity. The first of

these currents is a rescaled version of the symplectic product of ;C -Jdg and its complex conjugate:
J"[69] = 8i sjfw | C - 69, €39, (3.144)

in terms of the symplectic product (3.138) and the symmetry operator (3.74). The normalization
here is chosen to give a nicer limit in geometric optics; similarly, this current is simpler in the limit
of geometric optics than other currents that can be constructed from ;C. The currents defined in
equation (3.144) are entirely local, but they generally diverge at null infinity, as we will show in

section 3.5. The divergences can be removed by using sC instead of ,C. We therefore define

e Bgl=8i Y Sj]%H|:sé -39, sC - 59], (3.145)
s==42

where 9C is defined in equation (3.128). The motivation for including the sum over s in this
definition is due to the fact that oC and _»C are only nonzero for ingoing and outgoing solutions
at null infinity, respectively. The sum therefore ensures that the total current is nonzero for both

types of solutions.
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We next define similar currents involving (X and ;D:

- — Z gea Ty <.
pJ[6g] = ES]EH[SX'597 sD- 59}, (3.146)
@ 4 a 5 —
,pi’10g] = 16 Z S]EH|:SX'597 S’D-tﬁg]. (3.147)
s=+2

Unlike the currents (3.144) and (3.145), both of these currents are nonlocal. We will see below
that the geometric optics limits of these currents are proportional to the Carter constants K of the
gravitons, as opposed to K* for the currents (3.144) and (3.145).

Finally, we define the currents

. 1, .
QJ [59] = — SIBCJR [SQ7 —SQ; S,SC —sﬂa —s,sC —SQ ’ (3148)

47

in terms of the symplectic product for the master variables in equation (3.143) and the symmetry
operator (3.73). Note that 120 are functions of g4, by equation (3.31). These currents are very
similar to the currents ,,cj%[dg], having the same geometric optics limit, and also being local,
however, these currents have the advantage of also having finite fluxes at null infinity.

The various properties of these currents are presented in table 3.1 and derived in sections 3.4
and 3.5. Note that, from table 3.1, only the currents _j* are both local and possess finite fluxes.

3.4 | Geometric Optics

Using the symmetry operators in section 3.2 and the symplectic products in section 3.3.1, one could
define a multitude of currents that are conserved for vacuum solutions to the linearized Einstein
equations. In this section, we provide the motivation for the particular currents highlighted in
section 3.3.2. This is accomplished by taking the geometric optics limit, in which solutions to the
linearized Finstein equations represent null fluids of gravitons. We express the associated currents

in terms of the gravitons’ constants of motion.

3.4.1 | Basic formalism

The starting point for geometric optics is a harmonic ansatz for the metric perturbation:

dgab = Re {[awab + O(e)] e_w/s} , (3.149)
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where a and ¢ are real, wyy,, the polarization tensor, is a complex, symmetric tensor that is nor-
malized to satisfy we,@® = 1, and € is a dimensionless parameter whose limit is taken to zero.
Inserting this ansatz into the linearized Einstein equations and the Lorenz gauge condition and
equating coefficients of powers of € yields the following results (see, for example, Misner, Thorne,

and Wheeler [120]):

i. The wavevector k% defined by
ko =V 0 (3.150)

is tangent to a congruence of null geodesics:

kPVyk® =0,  k.k® = 0. (3.151)

ii. The polarization tensor w, is orthogonal to k* and parallel-transported along these geodesics:

kg =0,  k°Vewg, = 0. (3.152)

iii. The amplitude a evolves along these geodesics according to
Va(a*k®) = 0. (3.153)

We now consider this formalism in terms of spinors. First, as k% is null, we can write
kA = AR (3.154)

for some spinor k4. We choose a second spinor A? such that (k,A) form a spin basis. The condi-

tions (3.152) and the normalization of wg, imply that
@ab = k(@) + €RGaqb + €La b, (3.155)

where g, = kaAa and o is an arbitrary vector satisfying a®k, = 0. Because of the gauge freedom
8Gab — 09ab + 2V (4&p), the first term can be removed by a gauge transformation (which preserves
the Lorenz gauge condition), and so we can safely set a® = 0.

The last two terms in equation (3.155) are physically measurable. The complex coefficients er
and ey, correspond to right and left circular polarization. By the normalization of w,;,, we have that

ler|? + |er|? = 1. Moreover, these factors of eg and ey, appear in the expansion for (§¥)apcp:

1 ) )
(0W)apcp = ~ 3 ARARBRCKD (6]{67“9/6 + éLew/E) + O(1/e). (3.156)
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3.4.2 | Conserved currents

When considering nonlinear quantities in geometric optics, such as conserved currents, we will
discard rapidly oscillating terms. This effectively takes a spacetime average of these quantities over
a scale that is large compared to €, but small compared to the radius of curvature of the background
spacetime (see, for example, [101], or [13] for rigorous treatments of this averaging procedure via
weak limits). Such an average we will denote by (-).

Before considering the specific currents defined in section 3.3.2, we start with a few simple

results. First, if a conserved current reduces in the limit of geometric optics to
() = S 1aQk" + O(e) (3157
3 =Zla €)l, .

for some quantity ) and integer n, then @ is a conserved quantity along the integral curves of k°.

To see this, note that the leading order term in the conservation equation V,(j%) = 0 yields
0 = a’kV,Q + QV4(a?k?) = a®kV,Q, (3.158)

from equation (3.153). All currents that we consider in this chapter will be of the form (3.157) in
the geometric optics limit.

The second result is that, under the assumption (3.157), the conserved charge associated with
the current j% reduces to a sum over all gravitons of the conserved quantity ) for each graviton.
This result means that equation (3.157) is a physically appealing assumption. The proof proceeds
as follows [120]: first, we note that the effective stress-energy tensor appropriate to gravitational

radiation in the geometric optics regime is given by [101]
CL2

<T;Iff> = i <(vaégcd)[vb(59)6d]> +0(1/e) = 32me2

e [kaks + O(€)] - (3.159)

On the other hand, the stress-energy tensor for a collection of gravitons with number-flux A, and

momentum p, = hk, /€ is given by [120)]
off PNy, (3.160)

and so we find that

a’kq = 321heNy[1 + O(e)]. (3.161)
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Upon integrating a current j® given by equation (3.157) over a hypersurface X, one finds the charge

2mh
. 3 o
Lonats.= 2 ¥ qu o) (3162
where « labels the gravitons passing through the hypersurface. That is, the charge is proportional

to the sum of the conserved quantities over all of the gravitons passing through the surface.

3.4.3 | Computations

We now turn to computations of geometric optics limits for the conserved currents discussed in this

chapter. For these calculations, we first define the quantities kg, k1, 74, and s,:
/ !
Ko = o4k, K1 = LAk, r® = 0% 07, s* = g% gt ARV (3.163)

These quantities are constructed from the spinor k4 (which is related to the wavevector k%) and

the principal spin basis (o,¢). They satisfy

|Crok1]? = %K, rar® = 5q5° = rok® = s4k% =0,
oh (3.164)
ot = |Kol?, 845" = |k1/?, 748" = —KoF1,

where K = hQKabk‘akb/ €% is the Carter constant for the gravitons. The factors of % arise in this
classical computation in the conversion from the wavevectors of the gravitons to their momenta,
and hence their conserved quantities.

We now begin calculating the conserved currents defined in section 3.3.2. Since, to leading
order in geometric optics, the differential operators present in this chapter become c-numbers, a

straightforward calculation starting from equations (3.32) and (3.69) shows that
) 1 | w&rars + O(e) §=2
Tab = 3 : (3.165a)
(*K3845p+ O(e) 5= —2

1 | K&ror® +0(e) s=2

SJM® = 23 , (3.165b)
€
(tR2595° + O(e) s =—2
and [starting from equation (3.156)] that
. , kg + O(e) s=2
= =2 (epe™ /¢ 4zl 0 , (3.166)
€

(Ck1)* +0(e) s=—2
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As such, we find that

rarpk? + O(e) s =2

sCadeﬁgcd = _%C4(’{1’{0)2(€R6_w‘/6 + éLeiﬂ/E) . (3167)
€
saspkg + O(e) s = —2
This implies that
<Cd65 e wode\ 2T g2 2\ \fa
(sCe3gae) V® sC 000 >——FK (ler|? = ler2)NA[L + O(e)]. (3.168)

Thus, we find that the current _¢j%[dg] is given in this limit by

a - 1 e a pbe . % de
< .cJ [5g]> = 21—7_( <Im |:( scbcd 5gde)v scb deﬁgd :|> [1 + O(E)] (3169)
= K" (Jerl — ler*) N°[1 4+ O(0)].

As such, these currents are a generalization of the Carter constant for point particles to linearized
gravity in the Kerr spacetime, at least in the limit of geometric optics.

We now turn to the current pj®[dg|. First, note that, from equations (3.63) and (3.49),

1
D= :ZKKWP SQ[1 4 O(e)), (3.170)
and so
cd K cd
sDab 5gcd = W sXab 5gcd[1 + O(E)] (3.171)

Now, note that ;Xq;°46g.4, by equations (3.108) and (3.105), can be written (in the limit of geometric

optics, where differential operators commute to leading order) as a product of the form

Xao 8001 =4 (4.6C —5-C)  Car* —CoaT8ges 1 + O(e), (3.172)

- -1
where the operator (8750 —s,—sC) is a nonlocal operator having the effect of multiplying each
coefficient of the expansion (3.58) by 64/(C32, + 144M?w?). This operator is a nonlocal inverse to

S7SC~ _S,_Sé, by equation (3.94). For its geometric optics limit, note that

~__ 1 - - ~ 1 E—
27_26 2{) = T&(Cﬂokl)zl 29[1 + O(E)], _272C 90 = g((figlﬂl)él _QQ[]. + 0(6)], (3.173&)
~ 1 ~_ 1 _
2726 _of) = @Mo‘g _29[1 + 0(6)], _27_2C 7€) = @‘CHLHSQQH + 0(6)], (3.173b)
and so
(... .0 € onto 3.174
(s6€0sC) o= s 001 +O(0) (3.174)
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Moreover, we have that [from equations (3.165a) and (3.165b)]

, Tary/K3 + O(e) s =2
Fepe /9 ’ . (3.175)

Sasp/K3 +O0(e) s=—2

scade fsccdefggef = _@KKJOKHS(GRQW/E

from which it follows that

A . Tarp/KE + O(e) s=2
sXadeggcd = —4&(536“9/6 + eLe—zﬁ/e) ‘ . (3176)

Sasp/K: +O(e) s=—2

The current in question is then given by
, 1
(.pi"[0g]) = 7 K (lerl* = le|*) N*[1 + O(e)]. (3.177)
h

This therefore provides another, entirely mon-local notion of the Carter constant for linearized
gravity in the Kerr spacetime.

There are, of course, other currents whose charges reduce to the Carter constant in the geo-
metric optics limit. Another class of currents come from the symplectic product for the master
variables, instead of the metric perturbation. One current of interest from this class is given by
equation (3.148), which has a limit in geometric optics given by [from equations (3.143), (3.173),
and (3.166)]

(.i%0g]) = %K‘l(lfml2 = lerP)N?[L + O(e)]. (3.178)

The results of this section [equations (3.169), (3.177), and (3.178)| give the expressions in ta-
ble 3.1, at least for the currents that do not involve projection operators. We now consider the two
remaining currents, 2C=ja[5g} and 2ﬁja[ﬁg]. For simplicity, we first consider 2éja[5g] (the exact
same argument holds for D j®[6g]). This current is the sum of two terms, the first of which is equal
to _,cj%[0g], except that it contains a projection which eliminates the ingoing modes at null infinity.
Similarly, the second term is equal to ,¢j*[0g], except it eliminates all outgoing modes. Consider
the case where d¢g,p represents a null fluid of gravitons where the gravitons are purely outgoing at
future null infinity; that is, £ is tangent to an outgoing null congruence. The geometric optics limit
in this case would be the same as that of ,¢j%[dg]. Similarly, if k% is an ingoing null congruence,

the geometric optics limit would be the same as that of ,¢j%[dg]. Since these geometric optics limits
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are equal by equation (3.169), we recover the result in table 3.1:

(,ci"lbal) = %K4 (lerl® = lec|*) N[1 4+ O(e)], (3.179)

when §g,, represents either an ingoing or outgoing null fluid of gravitons. A similar argument gives
an analogous result for j%[0g]. However, the geometric optics limits for A¢ j%[dg] and D j%[0g] are
only given by simple expressions when k¢ is either tangent to an ingoing or outgoing null congruence,
but not for general geometric optics solutions §ggp.

We conclude this discussion with a brief review of a classification scheme for conserved currents
in geometric optics that we used in [32]. In the limit of geometric optics, one often finds that
conserved currents depend on the quantities eg and ey in one of the following four ways, and
(depending on which dependence they have) these currents are called either energy, zilch, chiral, or

antichiral currents:

1+ 0(e) energy currents
(ler? — |er|?) + O(e) zilch currents
(%) = QN : (3.180)
erer + O(e) chiral currents
erer, + O(e) antichiral currents

This classification scheme is a specialization of that of [13]. For conserved currents that are R-
bilinear functionals of (0¥)4pcp (a property which is satisfied by all currents considered in this
chapter), there is a relationship between @) and the type of current in this classification: for energy

and zilch currents,
Q= Qayoanp™ - ™", (3.181)

where (Qq,...q,, i a rank n Killing tensor, where n is odd for energy currents and even for zilch
currents. Moreover, for chiral and antichiral currents, () cannot be written in the above form. Since
we wanted to construct conserved currents which were related to the Carter constant, which is a
conserved quantity arising from a rank two Killing tensor, it is unsurprising that all currents which
we considered were zilch currents.

Another interesting result of this classification scheme is the following odd property of the

symplectic product for the master variables. The symplectic product for linearized gravity, when
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applied to dg,p and £¢8gqp, gives an energy current in geometric optics, and the associated conserved
quantity is proportional to £%p, (which would be proportional to the energy in the case £* = t%).
This current is known as the canonical energy current. However, using the symplectic product for
the master variables, one finds that a similar current, obtained by using +s{2 and £¢4+,£), gives
a chiral current. In this sense, the symplectic product for the master variables cannot be used to
construct a current whose geometric optics limit behaves like energy.

3.9 | Fluxes through Null Infinity and the Horizon

Another desirable property for a conserved current is that its flux through the horizon (H) and
through null infinity (.#) be finite. In this section, we first define these fluxes in section 3.5.1, and
then consider the asymptotic falloffs of the fields that occur in these fluxes in section 3.5.2. The

final values of our fluxes are given in section 3.5.3.

3.5.1 | Integration along the horizon and null infinity

We begin with the definition of these fluxes. First, the Boyer-Lindquist coordinate system is not
well suited to working at the horizon or null infinity. Instead, one uses the ingoing and outgoing
coordinate systems (v,r,60,1) and (u,r,0,x), defined in terms of Boyer-Lindquist coordinates and

the tortoise coordinate (3.115) by

d

v=t+71 ¢=¢+/‘X, (3.182a)
d

w=t-r" X=0¢- %. (3.182b)

The ingoing coordinate system is relevant near the future horizon (H*) and past null infinity (.# ),
while the outgoing coordinate system is relevant near the past horizon (H ™) and future null infinity
(#1). When dealing with a generic surface S, we will write w and « instead of either v and v or
u and y:

v at HY, 7~ v at HT, 7~

w = , a=

. (3.183)
u at H-, #+ x atH—, 7t

This greatly simplifies definitions.
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The flux of a current __j* through a surface S of constant r (such as the horizon or null infinity)

is defined by

a2 Q
= lim(r? + a?®) j°N 184
dwd |4 ling(r + a%) .j* Na, (3.184)

where df) = sin6dfda is the differential solid angle, N, is the surface normal, and the factor of
r2 4+ a2 comes from the fact that the determinant of the induced metric on surfaces of constant r is

(r? 4+ a?)sin . The surface normals are proportional to (dr),,

A

Na da_ a T ow
x (dr), =n o5

la, (3.185)

and the usual scaling freedom is fixed by requiring” that either N°V,u = 1 (for H~ and .#%) or
NVav =1 (for HY and .#7). It turns out, however, that these requirements are the same, and

fix the normalization such that

Na = 7~2ia2 (E”a - §l> : (3.186)
As such, we find that
d(f(% [ (Jn > (3.187a)
d(i% o g™ (]n - ]l> (3.187b)
T
2
dicﬁl P o e <J" - 271> (3.187d)

where [, n, m, and m subscripts denote contraction on an index with the corresponding member of
the null tetrad.

From this discussion, for the calculations in section 3.5.3, we will need the components of sym-
plectic products along [, and n,. To determine the values of these components, we first note that
we compute fluxes of the conserved currents (3.144), (3.145), (3.146), and (3.147) only when acting

upon the metric perturbations Im[d1g,p]. We are free to do so, as these metric perturbations are

9Note that, if one were integrating these currents on a finite portion of these surfaces, the normalization of N,
would not matter. However, for equation (3.184) to hold—that is, when integrating over an infinitesimal portion dw,
for w = u or v—we must normalize N, appropriately.



3.5. Fluxes through Null Infinity and the Horizon

related by a gauge transformation to any [ > 2 metric perturbation §g.;. Moreover, this specializa-
tion allows us to use equations (3.109) and (3.114) in order to write the fluxes in terms of the fluxes

of the currents
w2yt = 57851 (02 imps (029) vy |, (3.188)
assuming that we average our fluxes over w and «a. As such, we note that

. 1 —
2(]ll’mwpp’)l = _16777' |:(5+Clmwp)lmm(5+gl’mwp’)mm - l,p — l’,p’} s (3189&)

2(Jurmewpp Jn = T {<8+Clmwp> mim (84 Grmeop’ ) ™™ = (84 Clmop) nim) (84 Grrmuopr ) V™)

—l,p+—1,p|, (3.189D)

where [, p «+— I’, p’ means “the preceding terms, complex conjugated and with [ and p switched with

I" and p””. The non-zero perturbed connection coefficients are given by
1
(54 C)imm = _i[D +2(c— )~ pl(B+9)mm, (3.1900)
1
(6+C)namy = (D +2¢+ p)(04-9) (nm) — 5T (0+9)imms (3.190b)
1 1
5+ Chnm = —5 (0 +20) B4 9)um) — 51 +2(7 =) — 20](81.9)mm. (3.190¢)

One can obtain the analogous expressions for d_, which defines _ojjmuwppy, by performing a ’

transformation. For the symplectic product defined using the master variables, we find that

SIPOIRB) (0,81 ;82 4Q, 85 Q] = 31 QD — sTy)82 _Q + 81 _ QD + sI))82 Q2 — 1 +— 2,
(3.191a)

GBOIR (51 0,81 _ ;80 40, 0y Q] = 81 Q( — T2 Q431 Q4 sT0)d2 0 — 1 +— 2.
(3.191b)

3.5.2 | Asymptotic behavior of the relevant fields

In order to determine fluxes at null infinity and the horizon, we also need to know the asymptotic
behavior of the quantities that appear in equation (3.189) and its ’ transform. This asymptotic

behavior can be captured in the following way: first define, for some quantity ¢[sv], with coef-

in/out/down/up

ficients gimwp|s?] in an expansion, the falloff rates ny and the angular dependences
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Sin/out/down/up(e) by

9~ Imwp

z (my—wv in out
Swlmwp ) S

1 op(O)A™ 4 out eilmx—wu) gout (g)AnG™ g
qlmwp(ta T, 07 ¢) = : P : p : Y .
7 down et(my—wv down ndown et(mx—wu up ng®
splowneilmip—wr) | glown (g)rna PP eilmx—wu) aSprop(O)7 r— 00

(3.192)
Assuming appropriate smoothness conditions, equation (3.192) simplifies further if we specialize to

the various surfaces at which we are computing these quantities:

s@zj\;?n z(mw wv) Sln (G)Aniln

Imwp

S=Ht

out

Swout l(mX—Wu) SOUt (Q)Anq S=H"

lmwp Imwp

Qmwp(t,7,0,9)| g ~ y (3.193)
spowmeimi—wr)  glown(@yra™" 9= 7~
5¢lmwp z(mx—wu) qsﬁzwp(e)rn;p S =gt

(35 77

In other words, only “in” modes contribute at HT, “out” modes at H~, etc. The various quantities ¢
which we will be considering will be components of metric perturbations and perturbed connection
coefficients that occur in equation (3.189) and its ’ transform.

To determine these falloff rates and asymptotic angular dependences, we first write the quantities

that appear in (3.189) and its ’ transform in terms of differential operators acting upon the Debye

potential, using the operators defined in equation (3.42): the perturbed metric satisfies

1_2 +_32'@511(19
(0 2-) (= -22)

1
(5+g)(nm) == \[725

4 <$2+ n iasgin@ N 2w§1n9> <@0 B i)] ) (3.194a)
(64+9)imm = — <% + é) <@ - 2) —21), (3.194b)

2

(5—9)(lm) = m

P iasin @ 2msm9> < B 3)
A I

12 3ia sin 0
(i) (a-)

b= 5 (a4 2) (55 2) s o

A% 1), (3.194c)
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whereas the relevant perturbed connection coefficients are given by

(06+C)imm = —% (% + é) (64-9)mm, (3.195a)
34 Chotimy =1 (%0~ £ ) Gradamy + 5 G g)m (3.105b)
(5. C)mm = —41\/2 (x_ﬁ - 2”?”) (6+9) ) + % (@J - 2 - ?) (31 ghmm,  (3.1950)
(5 C)mm = % (@; - 2 + ?) (5— ) (3.195d)
(6-C) i) = 8% (@J _ 2) AG—g)om) + ;‘L\Sg‘cf(é_g)mm, (3.195¢)
(5 C)imm = _41\@43—1(5—9)0”0 - % (% - ?) (5 0)am. (3.1956)

In order to compute the asymptotic behavior of these quantities, one needs to determine the
asymptotic behavior of derivatives of the Debye potential. However, applying the naive approach,
which uses the asymptotic expansions given by equations (3.116) and (3.118), along with equa-
tion (3.123), results in cancellations in the leading-order behavior. Instead, we use the radial
Teukolsky-Starobinsky identity (3.92), which provides a differential equation that is independent

=

of the radial Teukolsky equation (3.51b). Using the radial Teukolsky equation, one can reduce the

radial Teukolsky-Starobinsky identity to the following expression for derivatives of sﬁlmwp(r) [52]:

'@0(:|:m)(:|:w)A(2i2)/2 :t2§lmwp = :I:QE'lma.)pA(ziz)/2 :t2§lmwp + :EQHlmpr(Q:F2)/2 :FQQmep, (3196)

where this equation defines the coefficients +,Z,., and +sIlj,,,. These equations also clearly
hold for ®pmup(r).

Plugging equation (3.196) [for s¢mwp(r)] into equations (3.194) and (3.195), and then taking
the limits r — oo and r — r4, yields the asymptotic falloffs given in table 3.2. Using this same
calculation, we can determine the angular dependences of the quantities in (3.194) and (3.195).

Defining, for s > 0,

syt = £2i(25 — Dwry — 2N, L0, = +2(25 — 1wacos § + 2\, (3.197)
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Table 3.2: Asymptotic behavior of the solutions for linearized gravity.

Ingoing [e!™¥=“") x| | Outgoing [e"(MX~¥1) x|

T — T4 T — 00 T — T4 T — 00
(5+glmwp)nfn A 1/7'2 1 r
(6+glmwp)ﬁzm 1 1/7" 1 1
(5—glmwp)lm 1/A r 1 1/7‘2
(5—glmwp)mm 1 1 1 1/7"
(04 Crimwp) tmm 1/A 1/r 1 1/r
(64 Climwp)n(im) 1 1/r? 1 1/r?
(5+ Clmwp)nmm A 1/7"2 1 1
(5— Clmwp)nmm A 1/7" 1 1/’!“
(8- Clmwp)i(nm) 1 1/r? 1 1/r?
(5* Clmwp)lmm 1/A 1 1 1/7"2

they are given by

dikmuv Mry —okmew

34 gnm Slmwp C-l— fQ(—m)(—w) 72@lmw7 (3198&)
+ .
out _277lmw<+ + 8M7’+7jkmw —lﬁmwg
7 = : —m)(—w) —2O9Imw, 3.198b
34 gnm Plmwp 4(M7”+)3/2’L'/{7mw flﬁmwc_% 2(—m)(—w) —2%Im ( )
5+gnm5ldr%2 = 2\/51‘0.)32(,”1)(,“]) —201mw, (31980)
5+gnm S;’Bwp ﬁg?(—m)(—w) —2@lmo.n (3 198d)
3+ gmm Slmwp (QM’I“ )3/2141‘3%) —2Kmw —1Fmw 72@lmwa (3-1986)
5 Sout - _ 24Mr+ikaw _1:‘<&me+ + [iC+(2 - —Wffnw) + 8Mr+kmw] —277?7_”“} 291
Fgmm e 4Z'k1%1w(2M’r+)5/2 —1/€me+ - e
(3.198f)
5+gmm5%¥2 = 4w2 —2@lmw> (3198g>
_danp,
+ .
2™, G+ — 8Mr ik 1Kmw .
Simup = — Lo 2Omu 3.198
O—Gim Plmwp — 8(MT+)3/2ikmw o 2mw 2%1mw ( 1)
5 g Simmiop = 28/ M1y ikmis 26miwC e Lome 2Otmes (3.198j)
down __ ngw

3—gim Slmwp - \/i 2@lmw7 (3.1981{)

3_Ggim Slmwp flwg?mw 201w (31981)
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S 24Mr+ikaw 1/‘€mw<+ + [iC+(2 - 1"7;;1(,,;) - 8MT+kmw] anJyrnw o (3 198 )
0—gmm lmwp - 1.9 5/2 29 1Imw . m
16:k2,,(2M14)%/2 1 e G+
0—gmm Slonliz.;p (QMT+)3/2kEnw 2Bmw 1Rmw 2®lmw7 (3198n)
i_
5 gmm Sty = % 201w (3.1980)
w
5 gmm Siomop = —° 201, (3.198p)
for the metric perturbation, and
3+ Crmm Slmwp 4(2MT+)5/2ik§nw —2Kmw —1RFmw —2@lmwa (3199&)
8+ Cmm fn‘szjp {4M7‘+ikmw 1Kmew [24Mr fiwkme —16mew + (2 — _m;nw) —277;%;]
— (4 {8M T iwkimy[3 —16mw(2 — 1) — 4 —omf ]
. — @lmw
i onT gt 24 4(oN, . +1 } 2 7
il i+ 42 + 1]} 163, (2M 14 )72 | 1Ko [ C1
(3.199D)
5+Clmmslmwp = 4iw3 ~201mw; (31990)
84 Cravm Strop = Y 26y (3.199d)
+Cmm M lmwp T 2w mwo
54 Comy Sty = —AMr )P 2h2 o —1KmwC (G4 Loy (—w) — 10500) 2Opney,  (3.199%)
5+Cn<zm> mo_)p =y {[24M7’+kaw C1Rmew + (2 — —177f;nw) —QW;;nw]C+(C+$2(_m)(_w) —iasinf)
+ 8Mrikmw _gn;;nw(2g+$2(,m)(,w) —iasinf)
20y
6(AM 1) 2ik2 s 1K Lo m)() | 2 D 3.199f
i ( T+) s ZA e 22 (Em) () 64(Mr+)5/2ik2nw —1KRmw ( )
5+Cn(lm)sldrggg = _\/§w2$2(—m)(—w) —2O1mw, (3199g>
5.0, lm)Slnlzwp = {[4w2a2(2 cos? 0 — 3) — 12iw(M + iam) 4+ 2Xmew( 2N\ mew + 2)|Lo(—m)(~w)
90
+ 4aw sin 6(12aw cos 6 + gnfrzw)} 2l (3.199h)

8v2w2 '
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84 Coumom Sty = VM1 4 ik, —2/6me$4{€3[(2 — 1) = L) em) () Lo(—m) (—w)]

+ 16 M7 ikme —32Kmuw(s + 2a° sin® 0

iSOG Lo () } ‘2\%”“”, (3.1991)
84 Crmm Stmeop = €& {—277f¥nw[C+(iaSin9 — G+ Z 1) (cm) (~0))Lo(—m) (~w)
— 8M 7y ik, Cy + 2a® sin’ 6]
— 8M7 4 ikmey —1Kmuw(C+Z(—1)(=m)(—w) — 1080 0)Lo(_m)(—w)
+ [24M 1wk —16me + (2 — 7177;;W) —27];W]C-2y} (8M7“+)g/22(?/l<:n;: P
(3.199))
54 Coomm St = —5w” _2O1mus (3.199k)
51 Comm ST = 22 %‘1)(‘4"”(‘“)%("")(‘“) 2O, (3.1991)
Comn Sty = {AMT iy oo [2AMT 0k 1Ko + (2 = 17) 27
+ G ABM 1wk 3 16mw (2 — —17,,) — 427,,)
2 [ 17| 42 A0 + 1)]}} k%w(8Mrj?;72T1nmw\2ci , (3.199m)
o S = 12N mm“;zmg 2o o (3.199)
5 G St = s 1, (31990
5 Coamm Simiop = —m; 201mw» (3.199p)
&Cz(nm)Slifnwp = 413{[24MT+ikaw Vomw +iomh (2= 1mh )¢ (- Lome + iasin )
— 8Mry ke, intnw(QCJr.szw + iasinh)
+6(AMry )ik, mmw.,%mw} b (Mrj)?/’;';fz T (3.199q)
576‘;(”7,1)51077%;7 = —(Mr)3%k2, gkme 1hmwC 2 (G Lomw + iasind) 20, (3.199r)
5 Chpumy SHOWE = —{[4w2a2(2 o820 — 3) + 12iw(M — iam) + 2Mmo( 2\me + 2)]-Lome
+ dawsin §(12aw cos 0 + _amps ) } 322(:)};:2 , (3.199s)
5 Ci(m) Stimiop = L‘)Z’ng“’ 2O, (3.199t)
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5 ClmmSlmwp = (72{ oy 20 sin? 0 — ¢4 (C+L(—1ymw + 3iasin0) Loy, — 8Mr ik ]
+ 8Mr 4 ik mew 1Kmuw (C+Z—1)mw T 3iasin ) Lom,
+ + 2 2@lmw
(3.199u)
85— Chomm an%p = Mikmw gﬁmeJ:Q{CJr (8Mr ik 2Kme — 3tasin 0. Lopm,) + 242 sin? 0
2 20,
— G L 1ymw-Lome + (2 — m;nw)]} 2\/”%”, (3.199v)
2 _ome 4+ Z_ Z
5 o St = — =2 8( e Ot (3.199w)
3w?
S—Clmmslunliwp = _7 29lmw7 (3199)()

for the perturbed connection coefficients, where {4 = r4 4 ia cos 6.

3.5.3 | Results

At this point, we can use the results of sections 3.5.1 and 3.5.2 to compute our final results. We

begin with the fluxes of the currents ¢j*{Im[d;g]} and _pj*{Im[d;g]}. In terms of the fluxes of

the currents (3.188), we have that (averaging over w and «)

d? cQ{Im[5, g]} i
< dwdQ >m ~ 32 / dow Z > > 2P sCumeop sCirmay

LU'=2|m|<min(l,l') p,p’'==%1

d? sDQ{Im[5+g]} _ i sQll/mwpp
< dwd® >W 16 / dwz 22 vme g

LU'=2|m|<min(l,l') p,p’'==%1

As these fluxes are all R-bilinear, it is convenient to define

Tln/out/down/up “in/out/down/up ’Hn/out/down/up
' mwpp’ — S¥lmwp ST U mwp’

sQll’mwpp
dwdQ

(3.200a)

(3.200b)

(3.201)
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Using table 3.2 and equations (3.189a) and (3.189b), we find that

d2 +2Qdown
ll/ /
— P =, (3.202a)
dud2 P
d2 +2Qdown .
1" mwpp’ o down down T ]I
—dUdQ = 764 *ZTll’mwpp’ 6+Cl’ _ Slmwp 6+gmmS TT‘L’Zup’ + l,p < l D'y (3202b)
-
d2 +2Qdown .
' mwpp’ o ? in in i T NI
dvdQ - 76477 *2Tll’mwpp’ 5+szmSlmwp (34 9)mm ll/nmwp/ +hLp«—1,p, (32020)
H+
2 down .
d +2Qll/mwpp’ _ ZE+ ) OL/lt , <5 c Sout 5 Sout — 5.0 Sout 5 Sout )
dUdQ 327T - ' mwpp +Cnmm P lmwp 0+ gmm U'mwp’ +Cn(m) Imwp 0+gnm U'mwp’
H-

+lLp«—1 7, (3.202d)

where ¥, = |(4|?, and the superscript “down” indicates that we have performed a projection such

that 5¢lmwp = 0. Similarly,

2 LQw ; -
pp _ up up up
— o | = 2 i’ 8- Coumm Siomiop 8- gmm Sty T 1P <= U1/, (3.203a)
I+
72Q ’
# -0, (3.203b)
I =
—QQ”/ . _— . —
dvdggnwpp = 64 2Tll’mwpp ( 5—Ctlmm SZI?RUJP 5—gm'm Sll’nmwp’ - Cl(nm) Sluanwp 3 gim Sll’nmwp/)
H+
+lLp+—1Up, (3.203c¢)
@ Q| s -
+
Tng’p = 5 Qrgvfnwpp, 5 Corrr Slmwp 5 G S,,mwp +lLp—1.p, (3.203d)
-
and the superscript “up” denotes the fact that we have performed a projection to set Swﬁijg =0. If

these projections are not performed, then the respective fluxes diverge, as is evident from table 3.2
and equation (3.189). Since the fluxes of ¢j® and  pj* can be written in terms of those of s/,
there are issues with these currents as well.

These divergences motivated the introduction of the projection operators in section 3.2.5. With

these projection operators, we have sacrificed locality (which we had already sacrificed in ,pj®) in

order to obtain finite fluxes. As mentioned at the end of section 3.4.3, their geometric optics limits
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are similar to those of the currents _¢j* and ,pj?, as presented in table 3.1. We also have that

d? +Q{Im[3,gl} 1 [® .
(S ey vy

LI'=2 |m|<min(,') p,p =1

2 down
d 2Czll’mwpp’

X pp/{ QClmwp QCl’mwp’ dwdQ

7(12 —2@2}? /
+ —QClmwp —QCl’mwp’w 5 (3204&)

dwd()
d* »Q{Im[3,g]} 1 [ =
< dwd® > 16 ) IDIENDS

LU'=2 |m|<min(l,l’) p,p'=%£1

QaQn & QR
A "mw PP Wmwpp . 3.204b
X 2 { dwd? T dwdQ ( )

Using equations (3.202), (3.203), and (3.204), we have completely determined the fluxes of the
charges associated with sj*{Im[8,g|} and ;j*{Im[dg]}.

Using the symplectic product for linearized gravity, we have not been able to construct a local
current with finite fluxes which reduces to the Carter constant in geometric optics. However, we
can do so using the symplectic product we defined in equation (3.143) for the master variables. We
find that the fluxes for _j%[dg], averaged over w and «, are given by an expansion of the form

d? 1] d? /
(Taat) = [ ¥ % gl

where

w

2
d sQQll’mwpp’ .

dud(?

{Cl’mw s@lmw s®l’mw [s%mwp fswl’mwp’ +1 1Dy S l/,p ) _3:|
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and
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where [,p,s «— l',p', —s means “the complex conjugate of the previous terms, with [, p, and s

switched with I, p/, and —s”. Note that, by equations (3.124), it is possible to write these expressions

in/out/down/up

entirely in terms of Yy, .~

, although we do not do so for brevity.

3.0 | Discussion

In this chapter, we have constructed a class of conserved currents for linearized gravity whose
conserved charges reduce to the sum of the Carter constants (to some positive power) for a null
fluid of gravitons in the geometric optics limit. These conserved currents are constructed from
symplectic products of two solutions constructed via the method of symmetry operators. Moreover,
some of these currents yield finite fluxes at the horizon and null infinity, although most that are
finite at null infinity are not local.

That some of these currents possess diverging fluxes at null infinity is not ideal. It may be
possible to find a symmetry operator, differing from those that appear in this chapter by a gauge
transformation, that is both local and maps to a solution with a non-divergent symplectic product.
In the absence of a clear example of such a symmetry operator, we have instead decided to consider
nonlocal symmetry operators which are easier to define. We have also shown that there exists a

symplectic product for the master variables (instead of the metric perturbation) which yields finite
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fluxes. This symplectic product can also be used to construct a current which gives (positive powers
of) the Carter constant in the limit of geometric optics. However, note that this is not the physical
symplectic product for linearized gravity.

One motivation for seeking conserved currents is the hope to derive, for the dynamical system
of a point particle coupled to linearized gravity in the Kerr spacetime, a “unified conservation
law” that would generalize the conservation of the Carter constant for a point particle by itself.
The local currents considered in this chapter could be relevant for such a conservation law, but
the potential relevance of the nonlocal currents is less obvious. We plan to further explore these

currents, particularly their applications, in future work.
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We now move to a different area of research, that of persistent gravitational wave observables. These
observables are generalizations of the gravitational wave memory effect [187], which is the permanent
change in separation of two closely-separated observers after a burst of gravitational waves. These
generalizations share with this effect the following two properties: they are nonlocal in time (being
measured over a time interval) and are vanishing if no gravitational waves were present during the
course of this measurement.

In the present chapter, I will review three main examples of persistent observables which my col-
laborators and I introduced in [67]. The first is a straightforward generalization of the gravitational
wave memory, which is called curve deviation. To measure this observable, two closely-separated
observers measure their separation and relative velocity at early times, and then measure their sep-
aration again at late times. Moreover, they measure their proper accelerations at all times using
accelerometers. Using the initial separation, initial relative velocity, and the accelerometer mea-
surements, they can predict the final separation under the assumption that spacetime is flat. The

difference between the final separation and this prediction is the curve deviation observable.

99



100 Persistent Observables and the Measurement of Angular Momentum

The second observable is a holonomy measurement, that is, a comparison of the initial and final
values of the solution to an ordinary differential equation solved around a closed loop in spacetime.
The particular differential equation in question is inspired by the following idea: the measured
angular momentum of a particle in flat space changes depending upon the origin about which it is
measured, and if this origin is varied along a curve, then the linear and angular momentum satisfy a
coupled ordinary differential equation along this curve. Making this differential equation covariant,
one obtains a set of coupled differential equations that one can solve around loops in spacetime.

Finally, the last observable is another direct generalization of the gravitational wave memory,
where now one of the observers is replaced with a spinning test particle. The non-spinning observer
can now measure not only the initial and final separations, but also the initial and final linear
momenta and spins of the spinning particle. This observable is a sort of hybrid between the holonomy
and curve deviation observables, as the intrinsic spin and momentum obey ordinary differential
equations along the worldline of the spinning particle, but the worldline of the spinning particle is
itself accelerated due to the presence of spin.

The structure of this chapter is as follows. In section 4.1, we review the definition of persistent
observables, and then provide examples of persistent observables from the literature. We moreover
introduce the persistent observables discussed above which were defined in [67], and briefly discuss
the feasibility of their measurement. In section 4.2, we then turn to the computation of these
observables in arbitrary spacetimes that are initially flat, have a burst of gravitational waves, and
then settle down to being flat once again. This section (as well as this chapter generally) heavily
relies on the theory of covariant bitensors, tensor fields which depend on multiple points in a
spacetime, which we review in section 4.2.1; those who are unfamiliar with bitensors are encouraged
to read this section first, as it also contains a variety of examples of the use of bitensors. Finally,
in section 4.3, we consider persistent observables in a specific example of plane wave spacetimes.
These spacetimes provide a simple context in which to study the nonlinear properties of persistent
observables, as demonstrated in other work discussing persistent observables in the literature (see,
for example, [189, 188, 190, 89]).

The conventions and notation particular to this chapter are the following. We use the con-

ventions for taking the duals of arbitrary tensors from Penrose and Rindler [129, | (reviewed
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in appendix 4.A), and the conventions for bitensors from Poisson’s review article [131], which we
review in section 4.2.1. We will use capital Latin indices for tensor indices on an arbitrary vector
bundle. For brevity, we are using a convention for bitensors where we use the same annotations for
indices as are used on the points at which the indices apply (e.g., a, b at the point x and o/, b’ at
the point ). If a bitensor is a scalar at some point, we make the dependence on that point explicit.
Finally, for brevity, we will occasionally take powers of order symbols, writing (for example) O(a, b)?
as shorthand for O(a?, a?b, ab?, b?).

4.1 | Persistent Observables

A persistent gravitational wave observable, or simply “persistent observable”, is a measurement which
a set of observers can perform during some time interval which always vanishes in the absence of
gravitational waves during the given time interval. A special subclass of these observables are
the memory observables, which are persistent observables that are associated with symmetries at
spacetime boundaries, such as null infinity (as in the initial investigations of the memory effect [187,

|) or the event horizon of a black hole [91, 57, 50]. Memory observables are some of the most
commonly considered persistent observable (see, for example, [156] and references therein). However,
the notion of a persistent observable is more general than that of a memory observable, and can
be considered in the interior of a spacetime. For example, they are often considered in exact
gravitational plane wave spacetimes (see, for example, [39, 189]).

The definition of a persistent observable given above is intentionally vague, since there is no
universal definition of “nonradiative” regions of a spacetime in which these observables would vanish.
Definitions of “nonradiative” exist in particular contexts, such as near null infinity or in linearized
gravity with a fixed background. Therefore, a persistent observable is really a collection of several

pieces:
1. a context in which “nonradiative” is well-defined,
2. a set of observers whose properties can be specified unambiguously, and

3. a measurement that these observers can perform over a given time interval that vanishes if

there is no gravitational radiation during this interval.
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An example of a persistent observable, in this language, can be given as follows: the context
“linearized gravity on a flat background”, the set of “two freely falling observers that are initially
comoving”, and the measurement of “the change in separation of the two observers over the time
interval”. One minor detail to keep in mind is that the measurement procedure for a given per-
sistent observable, when measured in a different context, may not actually be part of a persistent
observable. An example of this is given by the above example: consider the same observers and
measurement procedure, but the context “linearized gravity on a fixed Schwarzschild background”.
The measurement would no longer vanish in the absence of radiation, since two initially comoving
observers in Schwarzschild, generically, will either approach or separate from one another due to
tidal forces.

In this chapter, we will (for simplicity) only consider the context where the spacetime is com-
posed of three regions: an early, flat region I, a curved region II, and a late time, flat region III.
Here “nonradiative” means “region II is flat”. Persistent observables in this context are generally
equivalent to integrated measures of curvature. As such, to leading order in the Riemann tensor,
these observables measure moments (in time) of the Riemann tensor and its derivatives along an
observer’s worldline.

The observables in this section are all defined in a context where there are two flat regions of
spacetime separated in time by a region with curvature. One can also consider situations where
there are two flat regions that are spatially separated, as occurs (for example) when considering
gravitational lensing. Here, there are effects of the intervening curvature on the propagation of null
rays from sources to observers in astronomical observations. In this context, a number of nonlocal
observables can be defined (related to lensing, frequency shifts, etc.; see, for example, |39, 84, 29, 95])
which bear some similarities to the observables discussed here.

In the remainder of this section, we will review previous examples of persistent gravitational
wave observables in the literature in section 4.1.1. We then define our three new observables in
sections 4.1.2, 4.1.3, and 4.1.4. For convenience, we give expressions in this section for the values
of these persistent observables, both old and new, in a weak curvature limit; these are a simplified
version of our results, and can be derived using the full results in section 4.2.3. Finally, we give a

brief discussion as to the feasibility of the measurement of these persistent observables in 4.1.5. A
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summary of the different persistent observables that occur in this section is given in table 4.1.
As a brief note on notation, in this section we denote by lowercase Greek letters the components
of tensors with respect to a basis that is parallel-transported along a given curve . That is, for a

tensor Q™ "y, .., We Write

Qalmarﬁlu.ﬁs (7’) = Qalmarby..bS (wal)m o (War)ar (eﬁl)bl e (eﬁs)bsv (4'1)

where {(eq)* | @ = 0,---,3} is a parallel-transported basis and {(w*), | @ = 0,---,3} the cor-
responding parallel-transported dual basis. All tensors on the right-hand side of this equation are
being evaluated at (7); when the corresponding scalar on the left-hand side is independent of 7 (for
example, the tangent vector 4%, if v is a geodesic affinely parametrized by 7), the dependence on
7 on the left-hand side is omitted. For brevity, we follow the usual Einstein summation convention

for these basis components.

4.1.1 | Examples of persistent observables from the literature

The prototypical example of a persistent gravitational observable is the displacement memory ob-
servable: the difference between the separation of two initially comoving, freely falling, and closely-
separated observers measured before and after a burst of gravitational waves. Denote the curves
that the two observers follow by v and 7, and the initial and final proper times of one of the observers
by 79 and 71. At each of two points v(7y) and (1), if 4 is close enough, there is a unique geodesic
that intersects both + and 4 and is orthogonal to 7. We define the affine parameter A along these
unique connecting geodesics such that they intersect v at A = 0 and 4 at A = 1. The initial and
final separation vectors £* and €% are then the tangent vectors to these unique connecting geodesics
at v(79) and (7)), respectively.

This change in the separation is defined by taking the difference between the components of £
and € on a basis parallel-transported along 7, and this change can then be found explicitly by

solving the geodesic deviation equation. For initially comoving observers, this change is given by

AgH (1, 10) = (1) — (7o)

(4.2)
- / dm/ A3 R 0,5(13)7°45€" (1) + O(€2, R?).
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Table 4.1: A summary of the persistent observables discussed in this section. We provide the original
reference for the observable (if it was defined before [67]). As a brief summary of the characteristics
of these observables, we also give the number of time integrals of the Riemann tensor which appear
in these observables (in the weak curvature and plane-wave limits; see section 4.1.5 for more details)
and the known scaling near null infinity in both linearized gravity and in full general relativity. If
the observable is known to be associated with some symmetry near a spacetime boundary (and so
is a memory observable), that is indicated in the last column.

Number of time Associated
integrals of the Scaling near .# (if known) with a known
Observable Riemann tensor Linearized GR  Full GR symmetry
Displacement |187] 2 1/r 1/r Supertranslations
[157]
Relative velocity [30] 1 1/r? e No
Relative rotation [65] 1 1/r? e No
Relative proper time 1 1/r? No
[157]
Subleading displace- 3 1/r 1/r Superrotations
ment® [127, 122] [127, 72, 122]
Curve deviation 1-3° e e No
Holonomy 1-3° e e No
Spinning test particle 1-2 e e No
‘ESul?leading displacement memory near null infinity includes the spin memory [127] and center of mass mem-
ory .

*With acceleration, the number of time integrals is 4 and higher.

There is another type of displacement memory observable, which depends instead on the initial
relative velocity €% of the two worldlines. This observable is the final relative displacement of two
observers with no initial relative displacement, but an initial relative velocity. An explicit expression,

defined and derived in a manner similar to equation (4.2), is given by

_— T1 T2 T2 .
A (m,70) = — / dr / drs / A4 R 0,5(T4)7"4P€" (10) + O(€2, R?). (4.3)
T0 T0 T3

This we will call the subleading displacement memory observable. It is called subleading because
of the additional time integral in equation (4.3) relative to equation (4.2). The parts of the grav-
itational waves that produce the subleading displacement memory arise at a higher order in the
post-Newtonian expansion than the parts that generate the leading memory [124, |. Subleading

displacement memory has been studied exclusively at null infinity, where it has been understood
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in terms of its electric and magnetic parity components, which are known as center of mass mem-
ory |122] and spin memory |127], respectively. The total subleading displacement is a memory
observable, since both the spin and the center of mass memories are known to be associated with
superrotations, asymptotic symmetries which arise in an extension of the usual BMS group [28] (the
spin memory is known to be associated with a soft theorem as well [127]).

Since the geodesic deviation equation has solutions where the initially comoving observers have
four-velocities that become different over time, there is a persistent relative velocity observable given
by a difference in the relative four-velocities before and after a burst of gravitational waves. This is

often referred to as the velocity memory in the literature [36, 167, 89]. It takes the form
AEH(71,70) = On A (11, 70)

- /Tl Ao RY 05 (12)1%47€" (10) + O (€%, R?).

70

(4.4)

The relative velocity observable is guaranteed to be nonvanishing in the context of nonlinear plane
waves |30] (for a more recent discussion, see [189, 188, 190], as well as the discussion in section 4.3.1).
It has been suggested, moreover, that it is in principle measurable for bursts generated by astrophys-
ical sources [26]. Note that in the case where the final relative velocity is nonzero, the displacement
memory will no longer be independent of the final time 7, even after the burst of gravitational
waves has passed.

Similarly, the two observers can parallel transport orthonormal tetrads along their respective
worldlines. Comparing these tetrads by means of parallel transport at early and late times, they
are related to each other by a linear transformation that is influenced by the burst of gravitational
waves. The four-dimensional matrix representing this linear transformation is in general a Lorentz
transformation; thus, we will call the effect a persistent Lorentz transformation observable. Sub-
tracting from this matrix the identity, one finds that the difference between the initial and final

tetrad is given by
71
AQ, (71, 70) = / dry Rl (12)€% ()37 + O(€2, R?). (4.5)
70
Note this effect includes the relative velocity observable in the form of a boost (when contracted into

A4Y), as well as a relative rotation observable. The relative rotation observable can also be determined

by integrating the equation of differential frame dragging (or differential Fokker precession) [62, 123].
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Finally, one might wonder if closely-separated geodesic observers measure equal amounts of
proper time elapsing along their worldlines during a burst of gravitational waves. In our definition
of the displacement memory above, we parametrized the geodesic v by its proper time, and so we
do the same with 4. Suppose that the two observers synchronize their clocks such that the initial
connecting geodesic, which defines the initial separation, passes through v(7y) and 5(79). The second
of these connecting geodesics (defining the final separation) will, in general, pass through the points
(1) and ¥[m1 + A7 (70,71)], not 7(r1). The proper time difference is this quantity A7 (79, 71), a
function both of the initial synchronization time 7y and the final time 77. Strominger and Zhiboedov
considered this observable in [157], which we will call the persistent relative proper time observable.

Performing a calculation similar to that which yields equation (4.2), we find that

1 [m . .
Ar(ri,m0) = 3 / A7 Rapys(72)6797€74" + O(€, R?). (4.6)
70

The observables that are discussed in this section are typically discussed in the context of null
infinity, where there is also an unambiguous notion of what one means by “nonradiative”. In this
context, the persistent observables can be expanded in a series in 1/r, where r is the Bondi-Sachs
radial coordinate [37, |. Near null infinity, the displacement memory scales as 1/r (see, for
example, [53, 32]). We are not aware of calculations of the scaling of the relative velocity, rotation,
and proper time observables with r near null infinity, but otherwise in fully nonlinear regime.
Specializing to linearized gravity, however, one can use the results of [32] to argue that these three
persistent observables scale as 1/r2 (that is, the term in the expansion at 1/r vanishes).!

Note that the persistent relative proper time, relative velocity, and relative rotation observables
have all been called “memories” previously in the literature. Since they are not associated with

symmetries at boundaries of spacetime, we will be referring to them simply as persistent observables.

4.1.2 | Curve deviation

We now define our first new persistent observable—which we call curve deviation—as a generaliza-

tion of geodesic deviation. Since geodesic deviation forms the basis of the displacement memory

'For spacetimes that are not asymptotically flat in the usual sense, see [58] for an example where the relative
velocity does not have this scaling.
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i =

/a-_____. 7’0

23

Figure 4.1: Two curves that have some initial separation £* and relative velocity éa, as well as
accelerations ﬁ'/“” and ;‘%ﬁ”. The curve deviation observable Afg’D is given by the difference between
the measured final separation and the final separation that would be predicted if the gray region
(containing gravitational waves) were also flat. The dashed lines in this figure, as with those
throughout this chapter, refer to the unique geodesics connecting the two endpoints
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(both leading and subleading), relative velocity, and relative proper time observables, this observ-
able can be seen as a generalization of all of these previous observables. In particular, it contains
the information that is present in each of these individual observables.

We define this observable as follows. Consider two timelike curves v and % that pass through
the region of gravitational waves, as depicted in figure 4.1. Let 7y denote a value of the proper time
along «v and % before the gravitational waves have passed, and let 7 be a value of proper time for
both « and 7 after the passage of the waves. At any proper time 7, we define the separation vector
as tangent to the unique geodesic that connects v(7) and 4(7). The given variables in this problem
are the initial separation £* and initial relative velocity S“ at x = v(70), as well as the accelerations
of v and 4 at all values of proper time.

The curve deviation observable A{%ID at 2’ = ~(71) is the difference between the actual, measured
separation, and the separation predicted from the observers’ initial separation, relative velocity, and
their measured accelerations, assuming that the region is flat. Explicitly, this observable is defined
by

!

’ ’ : L 72 l " =l ol
Af%D = ga — ,yga a £a + (7'1 — To)fa:| — / d7'2/ dT3 ’yga al <ga a///"—ya — ’)/a ) s (47)
70 70

. — . ! e 11
where the points 2" and ", where the accelerations ¥ and 4% are measured, are defined by

" = ~(r3) and Z” = J(73). The quantities 7ga/a and g%, are so-called parallel propagators, and

x
will be defined in section 4.2.1.2. These quantities are bitensors, a generalization of tensor fields
that depend on two points, which are properly introduced in section 4.2.1. The curve deviation has
the property that it will vanish in flat spacetimes, even for arbitrarily accelerating curves, and so is
a persistent observable.

Our observable has, in general, a nonlinear dependence on the initial separation and relative

velocity, as well as the accelerations. For simplicity, we specialize to small separations, relative

velocities, and accelerations, and expand the curve deviation as

Aglp = [AKT, + L0 + N3 + 06,82 € + [(m = 1) AH", + M”38 + O(€, €)% €

v [ ane—mann e [ 0] - 1o 8] ) 06

0

(4.8)
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for some bitensors AK®,, L% ., N¥y., AHY ;. and M% ., and where we define 2/ = ~v(12). The
bitensors AKY ,, AH® ;, L% o, M., and N%p. vanish in flat spacetime and are determined by
the curve 7 (and therefore depend, implicitly, on the acceleration 4%). Here, as mentioned above, we
are using O(&, 5)2 as shorthand for O(&2, ¢ - £, 52) The fact that this observable has an expansion
in the form of equation (4.8) is non-trivial; a derivation of this result is given in section 4.2.3.1, and
explicit expressions for all of the bitensors that this expression defines are given in equation (4.143).

We now make a note about comparing the definitions in this section with those that occur in
section 4.1.1. In order to define the separation vector, one needs to choose which points on the
two worldlines correspond to one another: such a choice is known as a correspondence [173]. In
section 4.1.1, the separation vector was defined using the unique geodesic which connected the two
worldlines of the observers and was orthogonal to one of the worldlines; this choice is the normal
correspondence. On the other hand, in this section, the separation vector is defined using the unique
geodesic that connects the two worldlines at equal proper times; this choice is the isochronous
correspondence. This latter correspondence is only unique up to initial synchronization. As we will
review in section 4.2.2.1, computations in the isochronous correspondence are far easier, and so from
this point forward we will be using this correspondence exclusively. For further discussion, see [173].

At first glance, it does not seem possible for an observable defined using the isochronous cor-
respondence to contain any information about the relative proper time observable of section 4.1.1,
since the proper times of the two observers are always synchronized. This, however, is not correct:
while the proper time difference vanishes in the isochronous correspondence, the final separation is
no longer orthogonal to 7y, as it was in the case of the normal correspondence. In fact, one can show
that (in the case of vanishing acceleration after the burst)

Yt el
1—Ap€ 11— 4yA&h,’

AT(T1,70) = (4.9)

where A7(71,79) is the proper time delay in section 4.1.1, and AE%/D is the time derivative of the
curve deviation observable. As such, "yangng [which, as one can show, is O(&,£)?] is, to leading
order, the proper time observable.

As with the previous examples in the literature, we also present the following results that are

valid to linear order in the Riemann tensor. To this order, the bitensors in equation (4.8) are given
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by

AK®5(r1,70) = / dry / dry R 55(75)77 (73)3° (73) + O(R?). (4.10a)
AH 3(r1,70) = _71 - / " dn, / drs / A4 R®  55(m1)3 (72)3 (1) + O(R), (4.10D)
L () = =5 [ dre [ a8 s ) () + O(R2), (4100

Ny (ry 7o) = /d@/&ﬂ/&wwmmﬂme+mwwm%ﬂ+mmm

(4.10d)
T1 T2 T2 1 T4 5 s
M (r1,10) = / dry / drs / dry [2 / 4755 305733 (73)3(75) — 2R ( gy (1) (74)}
(;- T1 ’ T1 ’ T3 37-3 o ‘5 e 9
— 2/ dTQ/ dTg/ d7'4/ dr55% 85 (75) }4° (75) 7 (15) + O(R*), (4.10e)
70 T2 70 T4

where

S%ede = V(e R%)ca + V(R cppa- (4.11)

Note that the first of these expressions is very similar to equation (4.2), and the second is very similar
to equation (4.3). In these expressions, the parallel-transported components of the four-velocity are

not constant functions of proper time, as « is not necessarily geodesic.

4.1.3 | Holonomy observables and angular momentum transport

The next set of observables that we introduce are a type of holonomy observable; that is, observables
that arise due to solving an ordinary differential equation around a closed curve. An observable of
this type was already introduced above, in the form of the relative Lorentz transformation observable
in section 4.1.1. There, the differential equation that was being solved was that of parallel transport.
In this section, we first review a more general type of holonomy introduced in [68] that is known
as the generalized holonomy, and then show that it is related to another type of holonomy that is

related to the transport of angular momentum in curved spacetimes.

4.1.3.1 Generalized holonomy

We start with the generalized holonomy of [68], which is a covariant observable that encodes the

four persistent gravitational wave observables of section 4.1.1 (displacement, velocity, proper time,
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and rotation) in a single quantity. Consider a solution x* of an affine transport law along a curve

with tangent vector k“:

KOV oxb = —kP. (4.12)

If one solves equation (4.12) with a given initial x® at some point z, then the final X“, at some point

z’ along the curve can be written as follows:

XY = g% X + Ax? (2). (4.13)

Note the dependence on the initial position in Ax® (z). The homogeneous solution g% ox® corre-
sponds to parallel transport of the given initial vector x%, in terms of the parallel propagator ¢% ,
(see section 4.2.1.2 for more details). The inhomogeneous solution Ay® (x) generalizes the notion
of a separation vector between two points in flat spacetime. In a curved spacetime, Ax"/ (z) and
g%, depend on the curve connecting the points z and .

Consider now a closed curve composed of two initially comoving timelike geodesics v and %,
along with two spatial geodesics connecting v and 4 at the initial and final points of v and 7. Solve
equation (4.12) around this curve by starting at the initial point of v, evolving forwards along +,
then along the geodesic connecting the final points, then backwards along 4, and then finally along
the geodesic between the initial points (this is the same orientation as given in figure 4.2, which is

introduced in section 4.1.3.2). The solution (4.13) defines a mapping

X = A%, 7 1)X + AX (7, 7 T)- (4.14)

The two observables on the right-hand side of this equation form the generalized holonomy of [08].
Here, A%(v,7;71) is the usual holonomy around this curve with respect to parallel transport.

It was shown in [68] that this generalized holonomy encodes the displacement memory, in ad-
dition to the persistent relative velocity, rotation, and proper time observables. Using the same

normal correspondence as was used to define those observables in section 4.1.1, one finds (on a
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parallel-transported basis) 2

AL (v, 4511, 10) = 61 + AQK, (11, 70), (4.15a)
AxH (v, 7311, m0) = —AQE (11, 70) [€7(70) + (11 — 70)V] + AT(71, 70) 7"

— A (7, 9371, 10) ALY (11, 7). (4.15b)

The latter of these two equations, in the isochronous correspondence and assuming that v and %

are geodesic, takes the form
A (7,3 m1) = € = A% (3, Tim) 40" [€7 = (1 — 7)€" (4.16)

This equation is a fully non-perturbative relationship between the inhomogeneous and homogeneous

pieces of the generalized holonomy.

4.1.3.2 Angular momentum transport

Our next observable is motivated by the rough argument that we gave at the end of section 1.3.3.2
that relates angular momentum in flat spacetime to the displacement memory observable. Another
motivation comes from the fact that the affine transport law introduced in section 4.1.3.1 also defines
a means of relating linear and angular momenta at different points [65]. Here, we mean either the
linear and angular momentum of some extended body, or the linear and angular momentum of the
spacetime itself. There are a variety of prescriptions by which an observer could define linear and
angular momentum, but what is important here is how such an observer would sensibly transport
these quantities from point to point.

As a motivating example, consider a freely falling body in flat spacetime. Stated in terms of the
solutions to the affine transport law in equation (4.12), an observer at some point  would measure

the total linear and angular momentum of the body (about their location) to be

P% = g% P, (4.17a)
J% = g% g% ST + 2Ax 1 (2 PY, (4.17D)
2Note that this result is not the same equation as that given in [68] [their equation (3.20)], because we are using

a different initial point and direction for traversing the loop. The two results are consistent.
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where 2/ is a point on the body’s center of mass worldline that intersects a geodesic orthogonal
to the observer’s worldline at z, and S** and P are the intrinsic angular momentum and linear
momentum of the body at a’. The first term in equation (4.17b) is the intrinsic angular momentum,
and the second term is the orbital angular momentum, as it depends on the separation of the observer
relative to the body. Parallel propagators appear in this expression to reflect the fact that P* and
54V as tensor fields, are only defined on the center of mass worldline of the body—in flat spacetime,
these propagators are trivial, but it is useful to have them explicitly in these expressions.

A crucial feature of this example is that (when the intrinsic linear and angular momentum of the
body are conserved) the constructed P® and J obey the following coupled differential equations

along an arbitrary curve with tangent vector k%:
KV P’ =0, (4.18a)
KOV 4 0% = 2Pk, (4.18b)

These differential equations capture the “origin dependence” of angular momentum in special rela-
tivity: shifting the origin about which we are measuring the angular momentum along some curve
with tangent vector k%, equation (4.18) tells us how the linear and angular momentum change.
This origin dependence is a crucial feature of angular momentum, and so one could consider equa-
tion (4.18) as the definition of how linear and angular momentum should be transported in curved
spacetimes. Unlike in flat spacetime, this transport depends on the curve that is used between the
two points.

This is just one method of angular momentum transport, and is the example with minimal

coupling to gravity. Reference [69] introduced a more general version of this transport law, which
we later extended in [07]. Instead of equation (4.18), we consider the following differential equation:
KOV, P = — K% kb T, (4.192)
kY J® = 2ploghl, (4.19b)

Here s = (511, 50, 523, 524) is a collection of constant transport parameters, and the tensor K ab . is
defined by
I}%abcd = %1Rabcd + %Qéa[cRbd] + %35b[cRad} + %4R5a[c(5bd]. (4.20)
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Before [67], two special cases of this transport law had been considered: s = (0,0, 0,0), which was
studied in [68], and » = (k,0,0,0), which was studied in [69].

Before describing the holonomy observable for angular momentum transport, we first make our
notation more compact. The idea is that the transport law described in equation (4.19) can be
written as parallel transport of a connection defined on a ten dimensional vector bundle, which we
call the linear and angular momentum bundle. This vector bundle is constructed by taking, at each
point, the direct sum of two vector spaces, one from the tangent bundle, and the other of bivectors,

or antisymmetric rank (2,0) tensors:
A=TM® NTM. (4.21)

This obscure mathematical definition just means that the objects that we are considering are ten-

dimensional vectors of the form

XA = , (4.22)

for a vector P% and an antisymmetric tensor J%. For any matrix on this vector bundle, we denote

the various components as follows:

Aac Aacd
A PP PJ
Al = . (4.23)
Aabc Aabcd
JP JJ

We discuss a useful way to perform algebraic decompositions of these matrices in appendix 4.B.
The above notation clearly makes any equations involving both linear and angular momentum
far more compact. Moreover, there is a natural notion of a connection on this bundle that is

associated with the transport law in equation (4.19). This equation can be rewritten as
0=k*V,XB = k"VoXP + k*CP, XC, (4.24)
where V, denotes the natural extension of the metric-compatible connection to this bundle, and

P O I}%aec
Clee = 1. (4.25)
26le 8, 0

This one-form-valued matrix on the linear and angular momentum bundle forms the connection

coefficients between V, and V,. Equation (4.24) makes it clear that solving equation (4.19) is the
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‘/—i—) C—LQ?? - 170
Jab’ ﬁab

Figure 4.2: A loop about which observers can compute a holonomy that measures the effect
of a burst of gravitational waves. The quantities P* and J* are transported around this loop
using equation (4.19) (with some set of parameters ») in the directions shown, thereby yielding the

observables ];5“ and j ab,

same as parallel-transporting X“ along the curve with tangent vector k%. In particular, this means
that one can solve this equation around a loop using tools for computing holonomies for arbitrary
connections on vector bundles.

At this point, we introduce the angular momentum holonomy observable KAB(’y, 7; 71) by solving
equation (4.19) around the closed, narrow loop in figure 4.2 defined for observers following v and
~. This gives us a curve-dependent observable (in the form of a matrix at a given point) describing
how the final linear and angular momentum, which we denote by P and J @ depend on the initial

linear and angular momentum, which we denote by P% and J:

P4

52‘4 = AAB(’Ya’V; Tl)XA7 (426)
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where X4 is defined analogously to equation (4.22). This observable depends on the curve used
in its definition; we note that in [69], this holonomy was instead computed for infinitesimal square
loops.

The observable in equation (4.26) is not truly a persistent observable in the context described
in this chapter, as it is nonzero even in the absence of gravitational waves. However, it is trivial,
acting simply as the identity matrix on the linear and angular momentum bundle. As such, we find
it convenient to define

3 3

O p(v,3m) = AMp(v,7m) — 6B, (4.27)

as the persistent observable associated with the holonomy. As we will show in section 4.2.2.2, the
holonomy depends on the separation vector £ throughout the curved region, so it depends on the
initial separation, relative velocity, and the accelerations of the curves. The particular dependence

is of the following form, to leading order:

pad 1 <3 /! 11 *
OV p(7,7:m) = / dry [ peran (1)1 + 0(€",€"1?] (4.28)

0

for a new bitensor Q4 p.gr(y) which vanishes in flat regions. As such, Q4g(v,7; 1) is clearly an
integrated measure of curvature.
For a general set of parameters s, our results are given in equation (4.152). For convenience,

we list our results in the weak curvature limit below for general s

QFA(%W;H):/ d7'2{‘1>FAn(7;7'1,7'2)55+/ drs @ A (v 71, 73)E"

0

B -] [ dn [ and s 02

2

+0(£,6)? + O(R, VR)?,

where

T1

%auﬁ(71772) = {Raw{)\(Tg) +4Ka(u‘)\|,{)(7'2) + 2/

P
T2

drg,[v,ﬁf’%aw]@g)fw(m)}Wm), (4.30a)
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DB (1, 72) = 2V K ) ()7 (72), (4.30b)

1 B P B
J(I;Da'B,un(le'Q) = 8/ drs <5[ap‘yﬁ] (T2){[V[5pr]ud(73)/ drayS (14) = KP (e (73)

T2 70

1 m 7 ¥
—2/ dT4[V,¢Kpoy)\](7—4)’Y (7—4)}
T3
1,J a a 7 |
+7 (72)[5[ (RO (73) + 461 [KK’B],\]W(TS)D’Y’\(T?)), (4.30c)

T .
CI)QB;U/H(TL 7_2) = 2;)/[a(7_2)/ dTB[vnKﬁ]AuV](T?));}/\(T?))

JJ
T2

) [5[%”3/31%(72) n 5[%1"(%“”(72)] A (7). (4.30d)

These expressions are quite complicated for the case of general s, even in this weak curvature
limit. In appendix 4.B, we will consider a way of decomposing the holonomy into different parts,

which may aid in understanding the meaning of the large number of components in the holonomy.

4.1.3.3 Specific values of the transport parameters

We now consider particular values of ». As mentioned above, the holonomy for » = (0,0,0,0),
which we will refer to as affine transport, can be written in terms of the generalized holonomy.
Denoting by %a the connection on the linear and angular momentum bundle that is used for affine

transport, and using a “0” diacritic for all quantities related to this connection, we have that

9 Aa6(77 '_}/S Tl) 0
Me(v,7m) = : (4.31)
28X (v, 3 m) A (v, 35 m1) Aoy, 3 ) A (v, 7 1)

Thus, the value of this holonomy has already been effectively computed in [65], and (as noted
in section 4.1.3.1) the components of this holonomy describe various observables of section 4.1.1.
This form of the affine transport holonomy can be thought of as a Poincaré transformation, as
Ax*(,7;71) is a vector and A%(v,7;71) a Lorentz transformation [68]. While equation (4.31)
is convenient for non-perturbative calculations (such as those in section 4.3.3.2), this method of
computing our holonomy observable does not extend readily to other values of ». As such, in
section 4.2.3.2, we will calculate this holonomy in a framework which works for all values of s,

obtaining our final answer in equation (4.156).
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We also consider the case » = (1/2,0,0,0), which we will refer to as dual Killing transport; our
final answer for the holonomy for this particular value of s is given in (4.168). The connection for
this transport law will be denoted by %a, and quantities relying on this particular value of s will
have a “1/2” diacritic placed above them. The holonomy of dual Killing transport describes how
the space of symmetries changes because of the burst of gravitational waves. This is due to the
relationship between the transport law in equation (4.19) with » = (1/2,0,0,0) and the Killing
transport equations which determine how Killing vector fields can be determined from initial data
at a point. This can be seen as follows: for any Killing vector field £%, define wap = V(,&. The

Killing transport equations can then be written as

Va&p = Wab, (4.32a)

va‘*-’bc = Rdabcgd' (432b)

Defining a covector Y4 on the linear and angular momentum bundle by

m;&a%@, (4.33)

one can easily see that the Killing transport equations are equivalent to
V.Y =0. (4.34)

As such, dual Killing transport is dual to Killing transport. A consequence of this is that, for P

and J transported along a curve by dual Killing transport,
1
QzXﬁQ:F@+§ﬁ%@ (4.35)

is a constant (see, for example, [37]).

This association between linear and angular momentum and Killing vector fields allows one to
think of the holonomy of dual Killing transport in a slightly different way. Consider a Killing vector
field £* in the initial flat region I. The value of this vector field and its derivative at y(79) can be
used as initial data for Killing transport along ~, through region II, and into the final flat region III.
The result of this Killing transport at «(71) can be used to construct another Killing vector field

€% in region III. The value of £ and its derivative at 7(7) can likewise be used as initial data for
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Killing transport along 7, and the result of this Killing transport can be used to construct a Killing
vector field §~“ in region I. One can show that this Killing vector field is related to &% at y(7p) by

the same holonomy observable:

- 12 c 3 1 IZC 3
§a= A (T8 + 5 A“a(r, 7 1) Veba, (4.36a)
vaéb = 2A]cab(’7, Y3 Tl)fc + ‘{‘X]Cdab(qﬂ ok Tl)vcgd- (4'36b)

As such, this holonomy observable can be thought of as measuring how the spaces of Killing vector
fields in regions I and III are related. It can also be thought of as the final linear and angular
momentum that would arise from using the Mathisson-Papapetrou equations (discussed below in
section 4.1.4) to transport these momenta around a closed curve.

Finally, there is a third relevant value of >, namely s = (—1/4,1/2,0,0). This is the value of s
that is most interesting near null infinity, as discussed in [09], since it turns out that the holonomy
with this value of s is trivial in an asymptotic sense in stationary regions. We will be discussing
this in more detail in future work, but an interesting property of this value of s is that this is the

only value of s that is allowed to have solutions of the form
VoXB =0. (4.37)

To see this, we start by supposing that equation (4.37) holds, and consider an antisymmetrized

second derivative of J:

2V, Vi J = —2RI ] ¢ = 4V, P57, (4.38)
Contracting a and c yields
_ da d ac __ gd a d
RopJ + R cp I = 0%V P + 2V P (4.39)

(after relabeling), and contracting again on b and d yields

2R = 6V, P (4.40)

Since Rgp is symmetric and J% antisymmetric, this shows that V,P?® = 0. As such, we find that

1 1
VP = — <2Ra[cd]b + 25a[CR|b|d]) Jed, (4.41)
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Now,

1 1
Rteap = 5 (B + Rave) = =5 R%ca; (4.42)

2
using the algebraic Bianchi identity, and so we find that
a 1 a 1 a cd
Vo Pt = = | = B%ea + 50% e Rppja) | J
(4.43)
= —K%cqJ.
These are, incidentally, the same integrability conditions that occur for closed, conformal Killing-
Yano tensors [160], and so this transport law can be referred to as closed, conformal Killing-Yano

(CCKY) transport.

4.1.4 | Spinning particles

The holonomy given in the previous section is a powerful mathematical map for determining how
a radiative region has affected how an observer keeps track of some angular momentum that they
have measured. It is, however, a very abstract quantity, and rather difficult to measure in general.
The curve deviation observable given in section 4.1.2 is a more realistically observable quantity, but
it also requires the observers to measure their acceleration at all times. A more ideal observable
would be one that would only require measurements before and after a burst of gravitational waves.

An example of such an observable is given by the following procedure: a freely falling observer
measures the linear momentum and intrinsic spin of a comoving test particle, in addition to its sep-
aration from the observer. The observer and the test particle then travel along their own worldlines,
and after the burst of gravitational waves, the separation, linear momentum, and intrinsic spin of
the test particle are measured again. The procedure is depicted in figure 4.3, where we denote
the worldlines of the observer and spinning test particle by v and %, respectively. The differences
between the initial and final separations, linear momenta, and spins per unit mass are the natural
observables in this procedure.

We note that both the linear momentum and the intrinsic spin are tensors, and therefore, unless
the initial and final separations are zero, we must specify a prescription for transporting these
tensors away from the worldline of the spinning particle. The convention which we use is that both

are parallel-transported along a curve connecting the two worldlines. Since the regions before and
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Figure 4.3:  An observer (left curve, 7) measuring properties of a spinning test particle (right curve,
7). The test particle has some measured separation £%, linear momentum p®, and intrinsic spin s*
before a burst of gravitational waves. After the burst, these quantities are all measured again and
compared with their values before the burst, yielding A&, Ap®, and As®.

after the burst are flat, this procedure is independent of the particular curves used. Moreover,
the measurements of linear momentum, intrinsic spin, and the separation are all tensors at specific
points along the observer’s worldline, so they must be parallel-transported along the observer’s
worldline to some common point in order to be compared.

This procedure is qualitatively similar to the holonomy for dual Killing transport, for the follow-

ing reason: the linear and angular momentum of the spinning test particle evolve along its worldline
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according to the Mathisson-Papapetrou equations [118, |:

V'V = =5 Rpeg?'i™, (4.44a)
36V 4500 = oplazl, (4.44D)

Here p® and j® are the linear and angular momentum, respectively, of the spinning particle when
measured about ¥(7). These equations are precisely the transport law for p® and jai’ using dual
Killing transport. However, note that p® and ja?’ are both parallel-transported along the geodesics
connecting the two worldlines during the measurement process, and when the observer compares
her initial and final measurements. As such, this observable is not a holonomy, as different transport
laws are used along different portions of the loop.

The second difference between this procedure and the holonomy is that the holonomy can be
computed around an arbitrary loop, whereas in this procedure the worldlines v and %4 are more
constrained. The curve % here refers to a “reference worldline” for the spinning test particle. This
is the center of mass worldline of the particle, and is fixed by certain spin-supplementary conditions
(for a review, see [111] and the references therein). We will discuss our choice of spin-supplementary
condition further in section 4.2.2.3, as it is crucial for determining the acceleration of the spinning
particle and therefore the exact shape of the loop. Related to our choice of spin supplementary
condition is our definition of the intrinsic spin per unit mass, which we discuss in the same section.

Explicitly, our observables are A{‘S‘/, Ap®, and As”, which are (respectively) the differences
between initial and final separation, measured linear momenta, and measured intrinsic spins per
unit mass of the test particle. These are functions of the initially measured four-momentum p?®,
initial intrinsic spin per unit mass s®, and initial separation £*. We expand both in the separation
and in the intrinsic spin, assuming that the size of the body, which is characterized by the spin per

unit mass, is small as well. That is, our approximation is that
€] 2 s[> m, (4.45)

where m is the mass of the particle. The assumption that the spin per unit mass is much larger than
the mass is necessary in order to neglect the effects of self-force on the test particle; this condition

holds for extended bodies such as the earth, but not for black holes.
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To second order in separation, but first order in intrinsic spin, we can write

AGY = [AK", + L€ + O(€)] € + [T+ 070" + 0(€)| s + O, (4.460)
Ap® = deAflg +0(s)?, (4.46b)
As” = = [Lg7a 00,7 m) + (& €] 5 + O(s?). (4.46¢)

The first of these expressions can be considered as definitions of T4, and U?',.. These are bitensors
determined by the curve v whose explicit forms will be calculated in section 4.2.3.3. The quantities
AK a/b and La/bc are the same as those introduced in section 4.1.2, and their values are given in
section 4.2.3.1. Equations (4.46b) and (4.46¢) are results that will be proven in section 4.2.3.3.
Our final expressions for these observables are given in equation (4.177); assuming weak curva-

ture, we find that these expressions are given by

T1 T2

T = — / dry / dr3(R*)%,55(13)%74° + O(R?), (4.47a)
T0 70
T1 T2

T / dry / Ars[ V. (R*) 53] (r3)3°3° + O(R). (4.47b)
T0 T0

These expressions are much simpler than the corresponding expressions for the holonomy, or for
curve deviation. This is primarily because the motion of the spinning body is already specified, and

so the relative velocity and accelerations take on very particular forms.

4.1.5 | Feasibility of measurement

All of the persistent observables in this section are (in principle) measurable by some detector, by
design. For curve deviation and our observable involving a spinning test particle, the procedures
involved in their definitions are relatively straightforward to perform. The former requires that the
observers be able to measure separations and to keep track of their respective accelerations, while
the latter requires a method by which an observer can measure the momentum and spin of a particle,
in addition to separation. The holonomy observable is much more complex, as it requires the two
observers to measure the local curvature of spacetime, potentially by carrying around miniature
gravitational wave detectors themselves. The observers could then use the measured curvature to
evolve the quantities P* and J* according to equation (4.19), and finally compare their results at

the end.
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A far simpler method that one could use to measure these observables, without constructing
new types of detectors, would be to take advantage of the fact that the values of these persistent
observables can be written, in the weak curvature limit, in terms of integrals of the Riemann
tensor (and its derivatives) along the worldline of one of the observers. This weak curvature limit is
expected to be valid for observers far from an astrophysical source of gravitational waves. Moreover,
when the observer is far enough from the source, the gravitational waves can be well approximated
by plane waves. This implies that the derivatives of the Riemann tensor can be expressed solely
in terms of derivatives with respect to retarded time. Since retarded time is an affine parameter
for the worldline of an observer at fixed radius, terms involving integrals of the derivatives of the
Riemann tensor can be drastically simplified.

In this regime, and in the case where there is no acceleration, the weak curvature results in the
preceding sections, that is, equations (4.10), (4.47), and (4.29) [when combined with equation (4.30)]
involve only one, two, and three time integrals of the Riemann tensor along the worldline of the
detector (allowing for acceleration terms, these results include higher time integrals). Gravitational
wave detectors measure the components of the Riemann tensor, and these components can be
integrated in time while the gravitational waves are passing by. As such, gravitational wave detectors
could use these measurements and our weak curvature results to deduce the value of any of the
persistent observables we have discussed in this section, had the detector been carrying out the
operations by which these observables are defined.

Coincidentally, these numbers of time integrals of the Riemann tensor have appeared in previous
discussions of persistent gravitational wave observables: one time integral for the relative proper
time, velocity, and rotation observables [equations (4.6), (4.4), and (4.5), respectively]|, two for the
displacement memory [equation (4.2)], and three for the subleading displacement memory [equa-
tion (4.3)]. As such, in the limit discussed in this section, the only new information contained in
these observables is the higher time integrals of the Riemann tensor that arise in the holonomy and
curve deviation when there are acceleration terms. In situations where this limit is not appropriate,
the observables presented in this section are not expected to be degenerate with those previously
discussed in the literature. However, as we will show in section 4.3.3, in the case of nonlinear plane

waves, there are still degeneracies that are present.
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4.2 | Arbitrary Flat-to-Flat Transitions

In this section, we consider persistent observables in the context of arbitrary flat-to-flat transitions,
deriving results using the theory of covariant bitensors. The results in this section are necessarily
perturbative.

The structure of this section is as follows. We first review the formalism of covariant bitensors
in section 4.2.1, and in section 4.2.2 we give various applications to computations of the holonomy,
generalizations of geodesic deviation, and solving the Mathisson-Papapetrou equations (4.44). In

section 4.2.3, we provide results for the specific persistent observables introduced in section 4.1.

4.2.1 | Review of covariant bitensors

In this section, we provide a review of techniques that can be used in arbitrary spacetimes to derive
results for persistent observables, particularly ones that are associated with flat-to-flat transitions.

To define a bitensor, consider two vector spaces V and V' at x and 2/, respectively. A tensor
at x, for example, is simply defined by being a multilinear map from V and V* (its dual space),
to R. However, one can also consider multilinear maps from V', V* V' and (V')* to R—these are
bitensors. A bitensor field is, then, simply an assignment of a bitensor to each pair of points in
a manifold. In the usual abstract index notation, whereas a tensor is denoted by T%'""% .., a
bitensor has two sets of indices, corresponding to the action of the multilinear map on both sets
of vector spaces and dual spaces; for example, T araray bbbl b, represents a bitensor of rank
(r,s) at z, and rank (r/;s") at 2/. Note that a bitensor field may be a scalar at some point, and in
that case we will denote the dependence of such a bitensor field on that point explicitly, as there
are no indices to indicate its scalar dependence.

With the basic idea of a bitensor introduced, in the rest of this section, we review examples
of bitensors, such as Synge’s world function and parallel and Jacobi propagators. We then review
coincidence limits, which form the basis of many of the computations in the next section, where we
give applications of covariant bitensors.

At this point, we make a brief remark about notation. Although we will primarily be consid-

ering only the tangent bundle and the linear and angular momentum bundle in this chapter (see
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section 4.1.3), most of what follows in this section can be applied to any connection on any vector
bundle. As such, we will use Vo and V, as arbitrary connections. We will also use capital Latin
letters for indices on a generic bundle, not just the linear and angular momentum bundle. Through-
out this section, we add a diacritical mark above the core symbol of any tensor that depends on a
given connection with the same diacritic above the connection, for example with the parallel propa-
gator g4 4 [equation (4.53)], which is defined with respect to V,. Furthermore, for quantities that
depend on two connections, we add both diacritics above the core symbol for the diacritical marks
associated with the two connections; for example, the connection coefficient A Be |equation (4.61)]

is defined with respect to V, and V,.

4.2.1.1 Synge’s world function

The first bitensor which we consider is, in fact, a biscalar: a scalar function of two points on a
manifold. We start by considering a so-called convexr normal neighborhood. This is a subset of a
manifold small enough that, for all points x and z’ in this neighborhood, there is a unique geodesic
['(z,2r) satisfying

[z, (0) =, Lo (1) = x. (4.48)

In such a neighborhood, we can define Synge’s world function o(x,z’), as half of the squared
distance along I'(; ;)

1 1 c 1 Ly N
U(.’IZ‘,ZE/) — 2/0 d\ ga”b”r((lx,x’)rl()x,m’)v (449)

where 7"/ = [ (z,2)(A). The derivatives of Synge’s world function are denoted by appending indices
onto o(x,x'):

Val R vanva’l cee Vagla(a:, xl) =0al,-djan-—ar (4-5())

Covariant derivatives with respect to different points, of course, commute. Note that (as shown, for
example, in [131])

o) = 1% . 0%(2) =T . (4.51)

This shall be our primary use for Synge’s world function, since it provides a notion of separation

vector between two closely-separated points.
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4.2.1.2 Parallel propagators

In this section we define the parallel propagators WQA/ 4 and WQA A7, which are bitensors at x = ~y(7)
and 2’ = y(7'), and are defined with respect to a connection V. on some arbitrary vector bundle on
our manifold. We then find expressions to relate parallel propagators that are defined with respect
two different connections V, and V,.

To construct the parallel propagator on an arbitrary d-dimensional bundle, consider a basis of
vectors at = (1) denoted by {(ér)? |T' = 1,...,d} and the basis of one-forms dual to this basis
denoted by {(&T)4 | T =1,...,d}. Now, parallel transport (ér)? along v from (1) to 2’ = v(7'),
with respect to the connection Vg, to yield (ér)?’, with dual basis (') 4:

D(eér)?

dr 0, (4.52)

where D Jdr’ = 4%V, From these tetrads, we can define the parallel propagators by

d d
A=) @M @Na gt =D ()@ )ar (4.53)
I'=1 I'=1
Note that this is not the usual parallel propagator defined in, say, [131], as the bases are parallel-

transported along a specific curve. This is the significance of the subscripted ~ that is added to the
left of the g. Moreover, this definition allows for connections that are not metric compatible, and
does not require these bases to be either orthogonal or normalized with respect to any metric.

As the bases were parallel-transported with respect to @a, the parallel propagators satisfy

f) ~ Al D ~A!
P 294 =0, a7 vgMa=0. (4.54)
A similar result holds for WQA 4. These equations can be considered to be the definitions of the

parallel propagators. Note that this means that
XY(r) = gMaX?, Ya(r) =Yagta (4.55)

are the unique solutions to the differential equations

~ A~

D D
@X (T) = 0, @YA/ (7_) = 0, (456)
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with initial values X4 and Yy, respectively. Moreover, one can show that
Vi a9 B =68 (4.57)

as well as

/

Vi a9 = 19 4 (4.58)

We remarked earlier that this parallel propagator is defined with respect to a specific curve
~. This specification can be relaxed in a convex normal neighborhood, yielding the usual parallel

propagator ¢ 4, which is defined by

This bitensor satisfies

A@WVeg 4 =0, o (@)Vygta=0, (4.60)

with again a similar result holding for §*4/. Note that, even when ~ is geodesic, we still prefer
VQA/ 4 to QA/ A, since v may not be the only geodesic between x and 2/, when 7/ — 7 is sufficiently
large. Therefore, unless we are considering the parallel propagators between two points that are
defined to be always within a convex normal neighborhood, we will explicitly specify the curve ~.
Next, we consider the case where we have two connections, V. and V,, defined on this vector

bundle. The connection coeflicient é’A Be 1s defined by

(V= Vi) X4 = 040 X €, (4.61)
where clearly é’A Be = —é’A Be. Note that VQA/ A satisfies
d SA A A AA cd AC!
dar' (79 A'vY B) = =19 2 C" ca¥" 447 B (4.62)

Thus, 7§A/ 4 is a solution to the following integral equation:

T’ .
LY = 0" a <5AB —/ ar” . At gy P B) : (4.63)

T

where 2" = v(7") and

LA = g CY piaAE (4.64)
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By the same logic, one can show that

T/ R
'ygAB’ — 'yf]AA’ <5A B’ —|—/ dT// ,YAA B ’YQB B/> s (465)

-
We typically solve equations (4.63) and (4.65) iteratively, either by truncating the expansion based
on a particular approximation scheme, or by exploiting the fact that (for certain connections) ,VAA B

is nilpotent.

4.2.1.3 Jacobi propagators

As remarked in the previous section, the parallel propagators provide a way to define solutions to

the differential equation

A~

D _u
— X" =0 4.66
XY =0, (466)
with the initial value X“. In this section, we consider a different differential equation, which we
will also be solving for given initial values £&* and D&®/dr:

D2
dr'?

¢ = —R" ayay 4" (4.67)

To construct the solutions to this differential equation, start with two sets of bases {( geq)® | @ =
0,...,3} and {(gea)* | a=0,...,3} at z = (7), and propagate them along by supposing that,

at all 2’ = ~(7'),

D2 o of o ,

W(Kea) =—R" opary 7d (Kea)b7 (4.68a)
D’ ! _ a| _ a’ < b’
o |7 = Dmea)” | = =" = )R oya ¥4 (mea)” (4.68b)

At each 7/, there exist dual bases {( gxw®)y | @ =0,...,3} and {( gw*)y | @ = 0,...,3}, and we

use them to construct the Jacobi propagators VK“/a and ﬂ/Hala:

K= (kea) (ke AHYa = (Hea)” (H9™)a- (4.69)

In terms of the Jacobi propagators,

D

£ = KV + (1 —70) ,HY 4 = (4.70)

It is conventional not to absorb the factor of 7 — ¢ into the definition of ,H a,a, as it is convenient

for defining the Jacobi propagators in terms of Synge’s world function [173].
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Much like VQA,A, one can show that VK“/a and (7" —7) VHa/a are both solutions A%, to the

differential equation
D?

T A”a = —R" oyai” ¥ A%, (4.71)
with the initial conditions
y K% = H% = 0%, (4.72a)
, D.K%, , D.HY,
a Y _ a , Y —

This is an equivalent way of defining the Jacobi propagators.
We now wish to solve a slightly different differential equation,

D2£a/ / / d/ b/ /
= R iy 5 (4.73)
To do so, it is useful to consider equation (4.67) as a differential operator, which we denote by 7,

acting on a vector X* that exists in a bundle that is a direct sum of two copies of the tangent space,

which we call the Jacobi bundle:

a_ ¢
xA=|" (4.74)
ga
Equation (4.67) can be written as
]?15“ _ ga
X4 = 7 = 0. 4.75
jT D¢ a cidea ( )
o + R%a¥7¢
It follows that equation (4.73) becomes
T XA =84, (4.76)
where
0
54 = wl (4.77)
a
At this point, define WWA/ A by
) K@ (' — 1) HY
WA= U (4.78)
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This is matrix on the Jacobi bundle that clearly satisfies
T WA 4 =0 (4.79)

and

WA WA = WA (4.80)
The latter of these two equations implies that
WAL WA g =645, (4.81)

from which the former implies that, assuming that 7, is extended to covectors in the Jacobi bundle
such that the Leibniz rule holds,

Tr WA 4 =0. (4.82)
To solve equation (4.73), note that by equations (4.82) and (4.76),
d / /
@(VWAA/XA ) = WA LSY, (4.83)

and so by an integration and equations (4.81) and (4.80), it follows that

/

XAI — ,YWA/AXA + / dT” ,YWAIA//SA”. (484)
This implies that
/ / / Déa 7—/ ’ "
& = KL (T =) HY 0 +/ A" (7" = 7") JH @ S“. (4.85)
T

As equation (4.73) arises in the study of generalizations of geodesic deviation, its solution in equa-
tion (4.85) is quite important.
There are a few additional identities that are useful in studying the Jacobi propagators (see, for

example, [38]). The first is that, for any solutions A*, and B%, to equation (4.71), one can show

ga'b! (Bb/bDAa/a — Aa’ DBb/b)

the following:
D

dr’

a = 0. 4.86
dr’ dr’ ( )

Setting A%, = (" —7) WHa/a and BY, = (7' =71") 7H“lau 7g“”a, one can show that

'\/Ha/a = gabga/b, 'ybe’- (4'87)
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. . . / ! ! ! 1
Similarly, using A%, = K%, and B, = K% ;7 ,g% 4, one can show that

!
D, K", wy DA Ky

L = g (439)

Another useful identity comes from noting that D, K% ,/dr and D[(7' — 1) ,H% ;] /dT obey equa-

tion (4.71); by comparing boundary conditions at 7 = 7/, one can show that

DK%,
dr

D[(7' — ) ,YHa'a]
dr

= (7 = 1) H bR cad ¥4, = — K% (4.89)

Finally, as with the parallel propagator, one can define versions of the Jacobi propagators in a

convex normal neighborhood:

’

K, = F(x,x/)Kalaa Hala = F(x,m/)Ha/a- (490)

These bitensors, as it turns out, are related to derivatives of Synge’s world function (see, for exam-

ple, [173]):

/

Ha/ba’bb/ = —(Sa/b/, K° b = Halaaab($l). (4.91)

4.2.1.4 Coincidence limits

In this section, we briefly review coincidence limits and give expressions for the coincidence limits
that we will need for the rest of this chapter. The coincidence limit of a bitensor T',...4,p;...5; 18
given by

= lim éBln ...aBs
Tamom], = Jm 0% % 6 T (192

using the parallel propagator with respect to the connection @a; it is trivial to show that this is
independent of the particular connection used, which is why there is no dependence on V, on the
left-hand side. By convention, the indices inside the coincidence limit that are associated with the
point whose limit is being taken (in this case z’) are treated as if they were at the limiting point
(in this case x) for expressions outside of the brackets. We use this notation throughout, following
Poisson’s review article [131]; simple examples can be seen below in equations (4.93) and (4.94).
We now list the coincidence limits which we will need in the rest of this chapter. A general

procedure for computing these coincidence limits is outlined in [131]. These expressions can also be
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found in [174]. For Synge’s world function, the relevant coincidence limits are

5(lb = [O-ab]z’—m = — [Uab’]g;’—>$’ (493&)
O = [O-abcl]a:’%x = [Gab’c’]x’—m’ (493b>
2 a a a
—3 B eplay = [0 el e = 2 [0 i), s (4.93¢)
while for the parallel propagator, they are
0= {@CQA/B} = [@c’gAlB} ; (4.94a)
=z =z
1. A , f e
R P I L
' —x Tr—x T —x
=- [@c@dﬁ /B} ; (4.94b)
' —x
gﬁ(szA|B|d)e — [vc’Vd’ve’gA/B} =2 [V(C/Vd/)VEQA/B} ; (4940)
3 ' —w ' —x

where R4,y is the curvature tensor defined with respect to the connection V. and is defined by
2V Vg X? = R X5, (4.95)

For two connections @a and V,, their curvature tensors are related by

R g = R pea+ 2V .0 gla + 20" 5. CF 5. (4.96)
Moreover, for any bitensor T4, .., B;...B, [174],
|:TA1“'A7~B1'~~BL’;:| L= [TA;...A;BIMBS] L (4.97)
r'—x ' —x

All of the coincidence limits which are needed in this chapter can be derived from using this property

of coincidence limits, along with equations (4.93) and (4.94).

4.2.2 | Applications of bitensors

We now turn to applications of the theory of covariant bitensors in three areas that are crucial
for deriving results about persistent observables: geodesic deviation and its generalizations, the

holonomies of transport laws, and the solutions to the Mathisson-Papapetrou equations.
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4.2.2.1 Non-geodesic deviation

In this section, we review the computation of the separation vector in terms of the initial separation
and its derivative, as well as the accelerations of the worldlines. This forms the basis of the curve
deviation observable introduced in section 4.1.2. By equation (4.122), this is also necessary to
calculate the holonomy, as well as the persistent observable involving a spinning particle (as is
apparent from the definition in section 4.1.4). We carry out this calculation to second order in £*
and £

We start with considering by two closely-separated, timelike, and affinely parametrized curves

~v and 4. In terms of Synge’s world function, the separation vector £¢ is given by

£ =—o"[y(7)], (4.98)

for any 7. As such, we are explicitly using the isochronous correspondence mentioned in section 4.1.2
above, where the separation vector connects points with equal values of affine parameter. For
convenience, we assume that this shared affine parameter is the proper time of both worldlines,
and thus is fixed up to an additive constant, which can be set initially by requiring {4, = 0 (for
example).

We further define the relative velocity

. Dee -
=08 (v 3Py € (1.99)

where the second equality follows from the fact that £% is a function of 7 due to its dependence on
both v(7) and 4(7). As such, using equation (4.93), we find that

. L 1 -5 .

€0 =0"7" = 4" + SRS (g5 +23") + O(€Y). (4.100)
One can iteratively invert this equation order by order, yielding

3= g |3 € — S Ra® (35° +€°) fd] +0(€%). (4.101)

This equation will prove useful in section 4.2.2.2 as well.
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We now take another derivative of equation (4.101) with respect to 7:
= (40460 SR E) (V. 45V
waa| (07 GROsaeee ) 304 (9% - f ROt ) € (4102)
- % (SdﬁeveRade + 2édRa(b|c|d)> fb"Yc] +0(¢,€)°

Using the coincidence limits of derivatives of the parallel propagators in equation (4.94), we find

that
: =b a a c : Y. L. dee c ;
(’Ybe + ’be,;) 9% = g% [R abd (’Yd + Qﬁd) + §7df VeR abd] &+0(¢,8)° (4.103)
Thus, equation (4.102) can be written as

.= ]. . a 1 a C F
gV = <5ab - 2Racbdfcfd> 5+ (5 b~ ER cbd§ §d) &

LCcq l-c' e cCé¢ a l-c' e a l-c .e a
+ [Racbd <7 ¥+ 57 §h+¢ 7d> — € R pjejay + 57 IV R g — 57 EI Ve R%eq | £
+0(¢,8)°.
(4.104)

This equation can be solved for éa, and then simplified using the (algebraic) Bianchi identity:

ga — Racbd,-yc;ydé—b _ 2Racbd£béc cd V(eRac)bdé—bé-c;yd;ye

1 1 ) .
+ <5ab + GRacbd§C§d> 9" — <5ab - 3Racbd§c§d> P+ 08, €)%

(4.105)

We now solve equation (4.105) order by order in &% and €%, The linear solution, neglecting

acceleration terms, is given simply by equation (4.70), and so we find that
£V = K89+ (7' = 7)  HY o8+ O(3,5) + O(&, )2 (4.106)

Now, insert this linear solution into the second-order equation (4.105); this equation then becomes

an inhomogeneous, linear differential equation with a source term:

£ = — R yya® A7 Y + 5V (€, €,4, 7] + O(&, €)°. (4.107)

where S%[¢,£€,4,4] is a function of the initial £% and £%, as well as the accelerations 5% and 5.

Using equation (4.85), we therefore find that

T/

fal = yKa/afa + (T/ - T) 'yHa/aéa + / dT//(T/ - T/I) ’yHala”SaN [57 éa ;)./7 7}/] + 0(57 E)B (4108)

T
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4.2.2.2 Holonomies of transport laws

In terms of bitensors, the holonomy of a connection V, around some closed curve C is given by

cAp = ci’s. (4.109)

If the closed curve is only piecewise smooth, composed of smooth paths Py, ..., P, with end points
Z,..., 2™ we instead write

A'p = p i g P07 B (4.110)

In this section, we will find expressions for the holonomies for various shapes, for an arbitrary
connection V4. We follow [1741] in terms of general ideas, but the shapes that we consider are not
assumed to be composed of geodesic segments, nor do we limit our results to the metric-compatible
connection on the tangent bundle.

First, we show that the holonomy around a (nongeodesic) triangle is given by expressions involv-
ing the Riemann tensor associated with the connection on the vector bundle. Explicitly, consider
the triangle depicted in figure 4.4, where two edges are segments of arbitrary curves v and 7 that
meet at a point z = v(0) = 5(0). Join 2’ = ~(e) and ¥ = F(€) by the unique geodesic between
them.

The holonomy around this triangle is given by

A~

/

2By 7566 = 10" 20" 5167 B. (4.111)

Expanding the holonomy (which is assumed to be smooth in € and €) in a Taylor series, one finds

that

A o emgﬂ 8m+n A
A Ve =Y I A Tie, €
VAN B(P}/a Vi € 6) e min! e,égo |:86ma€n B(77 756 6):|

= > [0 (9. o]

m,n=

(4.112)

o'z

where this coincidence limit is obtained by first taking the limit € — 0, followed by € — 0. Assuming
that our spacetime is sufficiently smooth, this reordering of limits is allowed. Keeping terms to only
quadratic order yields [using the expressions for the coincidence limits of parallel propagators from
equation (4.94)]

1 PN
AAAB(’% ;€ E) = (5AB - §€E’y6/7dRABcd + 0(6’ 6)3‘ (4113)
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€T @ ® T

0 €

Figure 4.4: A nongeodesic triangle (generalizing figure 3 of [174]), where the two sides v and ¥
are arbitrary curves (with affine parameter lengths € and €), and where the third side is formed by
joining the two end points by the unique geodesic extending between them.

Note that equation (4.113) does not contain any acceleration terms at this order; moreover, it
reduces to the results of [174] for the metric-compatible connection on the tangent bundle.

We next consider the holonomy around a square, such as that given in figure 4.5: this square is
determined by two arbitrary curves v and %, with the pairs of initial and final points, respectively,
connected by the unique geodesics between them. The initial points are labeled x = (0) and
z = %(0), and the final points are labeled 2’ = 7(¢) and ' = (€), and we assume that € is small.

We define two “separation vectors”

—o%@) = ¢%0™(x), ¥z, e) = —oX(F). (4.114)

£(z)

In terms of these quantities, the holonomy around this square is given by

DAAB(77 v 6) = QAA A (A_l) AC‘(W? F(E,z); €, 1)gCC AACB(V’ F(z,;ﬁ’); €, 1)
€licidro ~n A B e d ed/ DA
=55 [7 VU@, )R pea + 97 297 57 90t (1) R pog + O, 9)° | + O(2).
(4.115)

Note that we have traversed this loop in a way such that we can use equation (4.113), which was

only established with two of the sides of the triangle being nongeodesic. First, note that, expanding
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0= ¢ ¢

Figure 4.5: A nongeodesic square, with two sides v and % that are arbitrary curves (with equal
affine parameter length ¢), and where the other two sides are the unique geodesics between the two
initial and final points, respectively. A third unique geodesic forms the diagonal. We denote the
tangents (normalized such that the total affine parameter lengths are 1) to these unique geodesics
at = by £ and ¥°.

|
8

the second term within square brackets in equation (4.115), one finds that
9" 20" BR pog = 929" 4R Bea + O(€). (4.116)

Moreover, the expansion for ¥%(Z, ) to lowest order in € can be derived by noting that ¢*(z,0) =
§4(z):
(T, e) = E4T) + O(e). (4.117)

Plugging these expressions into equation (4.115) gives
_ €. . .
oA B(7, 7€) = 65 — 5 (37 + %) E4T) R pea + O(%, €2). (4.118)

Finally, consider the holonomy about the narrow loop in figure 4.6, which we will denote by
A4 gB(~,5; 7)), as in section 4.1.3. The curves v and 7 are connected at the points y(7) and (1), as
well as the points v(7') and ¥(7'), by the unique geodesics passing between these points. In terms

of the holonomy for an infinitesimal square loop, and for any 7/, and a given ¢, we have that

My, 77 +€) = Moy, 3% 7) 1% oA b (7,7 €) 157 B (4.119)
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Figure 4.6: Two closely-separated worldlines v and 74, joined by unique geodesics between the
start and end points of v and ¥, respectively. The separation vector between the two worldlines is
denoted by £%.

Taking the limit ¢ — 0, we find the following differential equation for the holonomy of a narrow
loop:

dAAB 7_;7—, N — N ~R’ Ny Y ’ogt ./

((1:,7) = A (v, 7 7) 9% 5 4% BRE proat” 4T +O(E,€)?, (4.120)
where we have used the fact that the separation vector £%(Z) in equation (4.114) has been replaced
by &%, as well as equation (4.101). This differential equation can be solved iteratively. As in

section 4.1.3.2, we consider the quantity

N ~

Wy, 7) = Mp(y, %7 — 65 (4.121)

|as a generalization of equation (4.27)|. Keeping terms at first order in £* and £, we find that

/

Op(y, 37 = / dr" g4 4 R granan€ 4% 68" 5 + O(€, €)2. (4.122)

T
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This confirms equation (4.28), and we find that

N

O poa(v) = 5 A RY proa 165 B (4.123)

This discussion shows how the holonomy for narrow loops depends on the separation vector
€%, for arbitrary 77 € [r,7/]. As one final note, we discuss how the holonomy depends on the
initial separation £ and relative velocity é“, assuming that v and 4 are both geodesic. First, we

parametrize this dependence by defining the following expansion:

c© m
5,7 7) = 303 ehim e Bty (i TN E0RE o (4122)
m=1 k=0

As such, we find that [by equation (4.108)]

!

N

.
Qg (y; 1) = / A" QA gengn (1) K A (4.125)

-
It is apparent that éQA Be(7;7') is given by the same expression as in equation (4.125), but with
(7" — 1), H . replacing K¢ .. However, there is another way to determine éQAB(’y; 7'): using

equation (4.89), one has that

~ T’ ~ . //D T,/—T Hc//c
QW pe(y; ) = —/ A" QA genan ()74 ( )3 ]

d

oy / ! (4.126)

D pe(y;7)

N dr '

Thus, we find that
7_/
el ) :/ A7’ g an QY pren (v 7) 48" B9 e (4.127)
T

That is, given knowledge of 5QA” prer(7;7') and the parallel propagators for all 7”7 € [r, 7/], one can
determine 5QABC(7;T/)- Moreover, it contains one more time integral along v than 5@‘430(7;7”),

as expected based on our results in section 4.1.3.

4.2.2.3 Solution to the Mathisson-Papapetrou equations

In this section, we review the solution to the Mathisson-Papapetrou equations, to linear order in
the spin, by adapting a proof from [148]. Throughout this derivation, for convenience, we consider

the worldline of an arbitrary spinning particle, which we denote by I', and use unadorned indices
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at I'(7) (where 7 is arbitrary). As such, unlike in equation (4.44), we do not place bars on any of
the indices.

First, note that the Mathisson-Papapetrou equations [equation (4.44)| do not form a fully de-
termined system of equations, as they contain 13 variables (four in p?, six in j%, and three in I'?),
but only 10 equations. To solve for all of these variables (in particular r @), we would need three
more equations, which are given by so-called spin-supplementary conditions. A commonly used spin

supplementary condition is the Tulczyjew condition |168], which is given by enforcing
3%, =0 (4.128)

along the worldline, for all 7. This says that the mass dipole moment, measured in the rest frame
determined by p?, is zero. The intrinsic spin per unit mass is then defined with respect to this rest

frame as well:
1 )
¢ = _ % €l deg. (4.129)
e

S

We now seek to solve for s* and I'”', to leading order in the initial intrinsic spin per unit mass

s®. To begin, define the following notions of mass and mass ratio,

M(7) = —pTa,  m(r) =vV/=p"pa,  p(r) = M(r)/m(7), (4.130)
as well as a “dynamical” four-velocity
U* = p*/m(r). (4.131)
Next, note that the definition of intrinsic spin per unit mass in equation (4.129) obeys the equation
5%pg = 0. (4.132)
As such, by equation (4.128), s* and p® can be used to find j%:

1
eadepcsd = —§ed“bcucede FgU” jf 9 = gyle jbcluc
(4.133)

— _jilb

We can therefore rewrite the Mathisson-Papapetrou equations (4.44) in terms of U* and s*:
U* = —[m(7)/m(7)U* + (R*)“bcdfbucsd, (4.134a)

§% = — (1) /m(7)]s* + U (R )peaes’T U, (4.134b)
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where we have used equation (4.133) and the orthogonality of A* and U®. On contracting the first

equation with p,, we obtain

(1) = —(R*)abeap T"U s, (4.135)

so the second equation reads
§% = 25 (R")peqedOT U = O(s?). (4.136)

We now solve equation (4.136) iteratively, assuming that the initial s® is small. As such, we find
that

s =g 48, (4.137)

This is the first quantity which we need.
For I'% we start with taking a derivative of the Tulczyjew condition (4.128), using equa-
tion (4.44b):
0 = p"jap — [m(T)]’T* + M(7)p", (4.138)

which yields

% = u(r)U* + e®pylsy = p(T)U* + O(s?)
(4.139)

= U+ O(s?),
where in the second equality we have used equation (4.44a) and in the third equality we have used
the fact that u(7) is set by normalizing I'°T', = U*U, = —1. From equation (4.135), we therefore
have that
(1) = —m(7) (R*) apead U U5 + O(5%) = O(s?). (4.140)

Thus, we find that

/

p¥ = m(r)I" + O(s?). (4.141)

This gives us another equation which we will find useful in section 4.2.3.3.
Finally, putting together equations (4.134a), (4.139), and (4.140), we find that the acceleration

of the spinning particle is given by

fa/ _ _(R*)a/db/d,r“clfd/gb/bsb + 0(82). (4.142)
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Although it is by no means necessary in this chapter, one could easily have performed all of these
computations to O(s)? in order to get the next-to-leading-order behavior. At that order, the use of

covariant bitensors, in particular the parallel propagator, becomes much more apparent.

4.2.3 | Results

In this section, we provide explicit expressions for all of the persistent observables in section 4.1,
which we give using the formalism of covariant bitensors reviewed in section 4.2.1, and based on the
applications of covariant bitensors that we reviewed in section 4.2.2. These results hold in arbitrary
spacetimes which transition from a flat region, to a curved region, and then another flat region.
They are also necessarily perturbative in the separation, relative velocities, and accelerations of the
observers. Later in this chapter, in section 4.3, we will give expressions that are valid in plane
wave spacetimes, and there, we will be able to obtain nonperturbative results. Results that are
valid, assuming weak curvature, were given in section 4.1. These results are particularly useful for
discussing the feasibility of measuring these observables.

Before diving into these results, we make a brief note on notation. First, as persistent observables
are defined with respect to an interval of proper time, we denote the initial time by 7y and the final
time by 71; intermediate times are denoted by 79, 73, etc. For a curve ~, points y(7,) are denoted

" = y(1), etc. We also use

by ™, where (™ is z with n primes, so z = v(r), ' = v(r1), =
a similar notation for worldlines with other diacritics; for example, ' = J(7'). When considering

some arbitrary 7, we also use z and Z for convenience.

4.2.3.1 Curve deviation

The first observable that we consider is the curve deviation observable of section 4.1.2. Most of
the work has already been done in section 4.2.2.1, and so we simply put together the necessary
equations and present the results.

We start with the definition of the curve deviation observable in equation (4.7). This defini-
tion depends on {a/, and so we use the solution in equation (4.108). This solution depends on
the nonlinear (and acceleration-dependent) source term that arises due to inserting the first-order

solution (4.106) back into the nonlinear pieces of equation (4.105). Using the same notation as in
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equation (4.8), we find that

AKYy = K%y — g%, (4.143a)
AHY, = JHYy — g%, (4.143Db)

LY = —% /T: Ay (11 — 7o) L H ™ (S“”bucﬂd/'e"‘ye” K K
+ 4R nran A K dDTQ 7KC”C)), (4.143¢)

’ 71 r.
N bc:_/ dra (11 — 72)  H® gy
T

0

1

" Lol " 7
X {(7’2 —TO)Sa b”c”d”e”fye ,yKb b/yHc c

1" i d /! 11 d /!
b b
-+ 2Ra 'y gl (’YK bdiTz |:(TQ - 7'0) /YHC c] + (7'2 - 7'()) ’YH cdiTQ 'YKC b> }7
(4.143d)
a 1 1 a .d a' el b’ "
My, = —3 dro(m1 — 12) (12 — 70) v H" 0" S (12 — 10)S prerareny® vH 5 HE ¢
70

1/ d

AR s HPY
+ o d T (g dry

(72 — 70) 'ychlc)} }7
(4.143¢)

where S%.4e was defined in equation (4.11). This procedure also confirms the second line of equa-
tion (4.8), where a very specific dependence on the accelerations of the two worldlines was presented.
Finally, we note that equations (4.143a) and (4.143b) provide justification for the names “AK®

’
and “AH® ;"

4.2.3.2 Holonomies

We now consider the various holonomy observables that were defined in this chapter. For simplicity,
we start with the holonomy A% (v,7; 71) of the metric-compatible connection. Most of the work has

already been done in section 4.2.2.2 above, and we simply find that the relevant quantity is
Ve (V) = 190 R verd 19" - (4.144)

Next, we consider the computation of the holonomy of transport of linear and angular momentum

using equation (4.19). As in section 4.1.3, we denote by 6(1 the connection on the linear and angular
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momentum bundle for arbitrary sc. Similarly, as was introduced in section 4.1.3.3, for s = (0,0, 0, 0),
we use %a, and for s = (1/2,0,0,0), we use V,.
First, we calculate RA Bed, Starting from equation (4.95). However, we first note a minor simpli-

fication. Let

Zabed = Va[ch]In (4145)

where Vg, and Wy, are symmetric. Note that, in equation (4.20), K % cd 18 a sum of four terms, the
first of which is just proportional to the Riemann tensor, and the latter three of which are of the
form of Z,peq. Now, it happens that Z,;.q can be written as two separate expressions, the first of
which is the difference of two cyclic permutations of bed, and the second of which is the difference

of two cyclic permutations of acd:
1 1
Zaved = 5 (VacWap = VaaWae) = 5 (VacWap = VaaWep)- (4.146)

As such, Zp.q must vanish under cyclic permutations of bed and acd, and so we find that

1

Za[bcd} = g(Zabcd + Zacay + Zadbc) =0, (4147)
1

Z[a|b|cd} = g(Zabcd + Zebda + Zdbac) =0. (4148)

Thus, we find that K abed satisfies the algebraic Bianchi identity:

E3

K ajpea) = K pafpjea) = 0 (4.149)

(note that this is true even though K abed K K bacds Since s and zr3 are arbitrary). A simple

consequence of equation (4.149) is that
2Ka[cd}b = Kacab + Kadbe = — K abed; (4150)
and so we find

E3

]%%Acef _ Racef - 2Kacef 2V[3Kaf]cd ) . (4151>
0 261 R o + 4019 K% g
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Given the parallel propagators with respect to 66“ the values of Q4 Bea () are therefore given

by equations (4.123) and (4.151):

Ig}jace/f/ (’y) = 5 5 aa/ (Ra celfl — 2Ka c’e’f’) % .)g{ ¢ c + QVS/KG fled ~ .)g{ c'd C:|
PP PP JP

+ 2 ¥ § aa’b’ |:5alc/Rb/d/e/f/ + 25a/ell}%b/f/c/d/:| y .)g{ Cldlc’ (4152&)
PJ JP
Qacde’f’ (7) = v .5 aa’ Ra/c’e’f’ - 2Ka/c’e’f’ ¥ .6 CICd + 2ve’Ka fidd ~ .6 cd cd
PJ
. PP L PJ JJ
+ 271§Jaa’b’ |:5alcle/d/e/fl + 26a/e/Kb/f/C/d/:| ,Y;g;c,dlcd, (4152b)

Qabce'f, (7) = v .5 aba’ |:<Ra/c’e’f’ — 2Ka/c’e’f’) ’Y ﬁ C/c + QVGIKa/f’C'd’ . ﬁ dd/c:|
JP PP JP
+ 2 vy E aba’b’ |:5a,cle/d/e/f/ + 2(5a/6/[?b/f/cld/:| ’y;g;c/d/cj (4152C>
Qade@'f/ (7) =~ g aba/ |:<Ra/6’e’f/ - 2K—a/c’e’f/) v g C,cd + 2V6/Ka/f/c/d/ ¥ g C,d/cd:|
JpP PJ JJ
+2,§ ab ., [5“’0,36’ verpr + 267 o KV f,c/d,} ] ad (4.152d)

In most cases, we cannot analytically solve for these parallel propagators nonperturbatively in the
Riemann tensor. The results presented in section 4.1.3 are perturbative, assuming the curvature is
weak along the worldline. In such a case, solutions to equation (4.63) can be truncated at a low

order in the Riemann tensor, and one has that
Y 4= 0" A+ O(R). (4.153)

Since ,YAA B¢ is nilpotent, one can show that

/

a
o A/ ,Yg a 0
«/gA 4= Ty o’ V] sa o ] , (4.154&)
-2 dre ~9" " ~9 “a” 9" a~v9 b
70
a
. 79 o’ 0
»YgAAI = T1 [a b] . a” [a b] . (4.154b)
2 dm2 19" ar 49" &Y ~9" a v9 Y
70

This gives the expressions in equations (4.29) and (4.30).

We now specialize to the case of affine transport. Equation (4.152) simplifies to
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(o) Q%ear (7) 0 (4.155)
ce V) = , T1 b R .
25[ac ’ygb] b/Rb g'e' f’ / dmy 'ygg g”'yg 25[a[ch]d]e’f’(’7)
70

which yields, by equations (4.28) and (4.154), followed by an integration by parts,

/“\A ( _ ) Aac(ﬁ)/:;ﬂ Tl) 0
C ’77 Py; 7_1 - 1 1 11 111 11 mr 1’
2/ dTQ/ dTgé[ac ’ng}meb g'e" f11! ,ygg g//"')/g ’.}/e ff 2(5[a[CAb}d} (’}/,’7, 7'1)
70 2
+0(€,6)".
(4.156)
At this point, let us assume that v is geodesic; in this case, one has that
’Y'galllall’j/a// _ ,ya///’ (4.157)
and so |using equation (4.105)] one finds that
Aru(r5m) = A%, 55m) + O(€. &2, (4.1580)
Ate(r,3im) = 200" { gt [(m = m0)é” — €] + 6} + O(€, &), (4.158b)
(%abcd(wy v Tl) - 26[a[cAb]d] (77 v Tl) + O(Ea 5)2 (4158C)

Note that the expression for }“}3 @ (v,7;711) is related to the displacement memory and relative
velocity observables, as it is written in terms of £% and éa,. There are additional complications
in this expression in the presence of acceleration. Both lz}Dac(%ﬁ; 71) and %abcd(%ﬁ;ﬁ) depend
upon just the usual holonomy, and therefore they contain the same information as the Lorentz
transformation observable.

The holonomy for dual Killing transport similarly has a solution that is nonperturbative in the
Riemann tensor, since the parallel propagators with respect to this connection are related to the
Jacobi propagators, assuming that v is geodesic. This is shown as follows: suppose that we have

some &, and wg defined as tensor fields along ~ such that

Yy = <5a ;wab> . AVYa =0 (4.159)
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Note that this is wery reminiscent of the discussion of the Killing transport equations in sec-

tion 4.1.3.3. This implies &, and wy;, satisfy

Ve = APwpa, (4.160a)
AV ewap = R eap€ayC. (4.160b)
Then we have that (as 7 is geodesic)
D2
d'réa = cad'y Vdgb (4161)

Note that by raising a (which commutes with D/D7), we obtain equation (4.67). The Jacobi

propagators therefore give the solution to equation (4.161):
b = 1 Ko"a + (11 — 70)4" s Ho''wap (4.162)

(this follows from the fact that g%y = ga» g% g?y. a consequence of the metric-compatibility of Va).

Integrating equation (4.160b), we find that

e " 7 7 g
Wa'y! = ,Ygaa, ,ngb/wab + / dT2 ’Yga a ’ng b,RC d”a"b”’Yd gcﬁ
s (4.163)
b o’
= '79(10«' 79 b Wab +/ dTQQa/b/ ( )fc”’)’d"

0
Equations (4.162) and (4.163) give & and wyp as linear functions of &, and wyp, and we can use
them to write the parallel propagator as follows:
a 1 a c d
- Ko 3 £Qed (’7;7'1)79 a v9Y
’Yg A = . (4164)
2(7'1 — 7'0);}’[& wHa’b] Vg[aa’ 'ygb]b’ + ':Y[a échb] ('7; 7'1) vgca’ wgdb’
It is possible to invert this matrix, but a simpler approach is to switch 7y with 7, which yields
a/ ]. a/ c/ d/
12 A/ ’YKCL isﬂcld/ (777—0) ~9 a’Yg b
~gh A= . (4.165)
_2(7-1 — 7—0);7[(1/ fyHab/] ,Yg[a/a »\/gbl]b + ,-'y[a’ £Q od }(77 7-0) ,Yg a ,yg b
Note that, to zeroth order in the Riemann tensor, these two equations agree with equation (4.154).

Moreover, these expressions appear to be connected to the holonomy with respect to the metric-

compatible connection, through the functions ¢Q%.(y;7’) and éQ“bc('y; 7') that appear. This fact
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will be crucial in section 4.3.3.2, where we use this to determine the dual Killing transport holonomy

in plane wave spacetimes.
To complete the calculation of the holonomy for dual Killing transport, we further simplify our

expression for ]]éA Bed- Note that Ié %eey =0, and
2V[6R|a|f]Cd = veRade + vaeacd = VaRefcd, (4166)

by the differential Bianchi identity, so 5} Yedef = %V“Re fed = %V“Rcde 7. Using the same notation
as in equation (4.28), we obtain our final result in terms of the parallel and Jacobi propagators and

the curvature along the worldline. First, we define

1 ’ ’
’yAae’f’C’d’ = Z ,yKa/ava Re’f’c’d’ — gQCda(’}/; 7'1) ,ygcb/ ,ygd[C/Rb d’]e’f’ + ([C/d/] <> [e/f/]), (4167&)
1 . ’ . /
’yBabe/f’c’d’ = 5(7'1 — To)fy[a ,yHa/b]va Re/flcld/ — 2 5[ac(5b}d +’7[a£chb](fy7T1) ygcb’ ,ygd[c/Rb d/]e’f/

(] 1)), (1.167))
where “+([dd'] > [¢/f'])” means “add all the previous terms in the sum, but with [¢'d’] and [¢’ f']

switched.” In terms of these two bitensors, we have that

1/2

Q% (v) = =2(r1 = 70) 4 A% proa’y’ v HL (4.168a)
Q%aerpr(7) = A A e proa [50/9/5d/h/ + Al E.Qgrh/d/](%To)} 297 cg" 4, (4.168b)
Jf})“bceff' (7) = —2(r1 — 70) /B waper pri H? (4.168c¢)
Qe — B 5 % 1 + A Qg (; v g 4.168d
34 cde/f’('Y) = v cdef! g0 n T £5g'n (’Ya TO) 97 ¢c~9 d- ( . )

4.2.3.3 Spinning particles

We now consider the procedure outlined in section 4.1.4: an observer measures the separation £
from an initially comoving spinning test particle, as well as its linear momentum p® and spin per
unit mass s*. At some later point in time, the observer performs these measurements again. The
persistent observables in this case are the differences between the initial and final measurements.
Given the results of section 4.2.2.3, along with sections 4.2.2.1 and 4.2.2.2, we can compute

the observables in a relatively straightforward manner. First, we note that the initially measured
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momentum p® and intrinsic spin s* are given by

a_Za a a_ .a

p* =mgayt =my, s = g%s", (4.169)

where the first equation assumes that the observer and spinning particle are initially comoving. The

initial mass m is defined by m? = —p®p,. Similarly,
pa/ = mga(—l’;ya, + 0(52), s = ga/a/galasa +0(s?), (4.170)

where we have used the fact that, ignoring terms of O(s?), m is constant and s% is parallel-
transported.

The differences between the initial and final measurements are likewise defined by parallel trans-

port:
A =¢" — g7 ag", (4.171a)
Ap® = pa/ — 7ga,ap“, (4.171Db)
As® = % — ,Yga/asa’. (4.171c)

For the intrinsic spin, this last equation implies that

/

As" = (Qa/a' wga/agaa - wgala)sa + 0(3)2
= 9% [(A) %(3, 73 m) = 6%) 8” + O(s)? (4.172)
= =g |21 3im) + 0(€.€)%| s + O(s)2
This proves equation (4.46¢), and shows that As“/, to leading order in spin, contains the same

information as the holonomy with respect to the metric-compatible connection. Furthermore, for

the momentum, equation (4.101) implies that

Ap” =m (S“' + ﬁ“/) — 9% ap? + O(s?)
DAEY
d7'1

(4.173)

=mé” +0(s*) =m O(s?),

which proves equation (4.46b); therefore, the computation of Ap® is trivial once Afg, is known.
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The separation evolves using equation (4.105). To compute Agg’, we first need to calculate the
acceleration of the spinning test particle to the relevant order:

a =a a

"7 = =" (R apad” " 29" 19"s" + O(s)”
= (B s+ €T (B ] [3757 + 250 0¥ (A plr Tim)sb (4174)
+0(s,€%)%.
To derive equation (4.174), we have used the definition of the holonomy, equation (4.101), and an

expansion of the Riemann tensor off of 7. Now, we use equation (4.122) and the solution to the

geodesic equation in equation (4.108) to write equation (4.174) in terms of £% and s%:

v " = _{(R*>alc’b’d’ 9% 5

+ | K V(R i 16"
T1
— (B @ /T AR gy 1 G AT KT fc+0(52)}8b;ydl
+0(s)?,
(4.175)
where
VG = g A g e+ 24 1 e g (4.176)

Using equation (4.108), we find that our observables [using the notation in equation (4.46)| are
given by

/7 /! s b//

! 71 / !’ . .
Ta b= —/ d7’2(7'1 — 7’2) 'yHa al (R*)a c”b”d”’yc ")/ ’Yg by (4177&)
T

0

1!

T1
1 !/ 1/ 1" . 1
Ty, = —/ Ara(11 — 12) A H” g | K NVt (R e g%
T

0

1

- (R*)a (c/l‘bllld//)
//C”b/” g

7—2 117 1 i
X/ dTgRC bl g ,beb C///"yg ,YKf c "'yd . (4.177b)
T

0

As these results are given in terms of the Riemann tensor and the fundamental bitensors (parallel
and Jacobi propagators), they can be computed with relative ease in spacetimes in which these

bitensors are known.
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4.2.3.4 Modifications Due to Acceleration

Many results in the previous sections, except for our spinning test particle observable, we been
specialized to the case where all curves used to define the observables are geodesic. We now consider
the effects of acceleration by determining how to write observables involving acceleration in terms
of observables with no acceleration. To do so, note that, given a curve v and a proper time 79, there
is a unique geodesic 4 that intersects v at 7y that has the same four-velocity at that point. If an
observable is defined with respect to two accelerated curves v and 7, we show that this observable
can be written in terms of 4 and 4.

This process is most easily done for the holonomy observable, which we consider for an arbitrary
connection V, on some arbitrary vector bundle, as was done in section 4.2.2.2 (we do not denote
this connection with a hat, as was done in section 4.2.2.2, as we are using hats to denote something

else in this section). Using the fact that the initial and final regions are flat, we find that

Mp(riyim) = 7 aM e 3m)i oA b3 3im) (A7) Pe(yim). (4178)
The only pieces that occur here that nontrivially modify the holonomy AA B(¥,7;71) are given by
(Kﬂ> Y53 yn) =6 = 5063, 1) + O(F), (4.179)

where

_ ! _ _
Q3 7im) = / de{(To — 7o) 5 HC%n [gQABc(ﬁ;ﬁ) - gQABc(@;Tz)]
T0

~ ~ Al

D 2 2 C
+ 3 [(To — T2) s H o] [gQABc(’Y; ) — 59’43@(7; Tz)} }g

(4.180)
This result can shown using techniques very similar to those that derive equation (4.127), along
with the dependence of the separation on acceleration resulting from equation (4.108).

We now consider the curve deviation observable, starting with the various pieces that go into
the definition of the curve deviation in equation (4.7). Since it is crucial in this case, we make the
dependence on the curves of the separation and the curve deviation observable explicit. First, one

can show that, since the final region is flat,

(%,7) = € ()| - (4.181)
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Using the holonomy, we also find

(l/ ’ ~l

19" =9 59" (A1) %8, vim0), (4.182)

and moreover
79" e = 9% 59% 0 (A1) “e(5, 7 1) A5, 13 73) 59°am g% o (4.183)
Putting this all together, one finds that

~l

AEEL(1,7) = ¢% & {Af%’D (3,7) + g% 2,6

!

(fya ’7) - fal (’AY) ’Y)

Al

+ ’?ga a [(A_l) ab(’%’y; Tl) - 5ab] [gb + (7_1 - TO)éb]

. e T1 T2 o
+ 49% (A7) c(%%ﬁ)/ de/ dr3A%(,7;73)
70 70

b I;/N b 1 Ly
X fyg I;///g b (g E””Y - ) }

(4.184)

The terms with holonomies in this expression are given by equations (4.179) and (4.180). The

remaining terms are determined by noting that

N 1 Py Y]
& (%,7) = / dro(m — ) 5 HY 4ng®

70

i (4.185)

which can be proven using equation (4.108). An analogous statement holds for v 3, 7).

4.3 | Exact Plane Wave Spacetimes

Given results in arbitrary spacetimes with a flat-to-flat transition, we now consider our three per-
sistent gravitational wave observables in plane wave spacetimes. A flat-to-flat transition in such
spacetimes can be easily arranged by noting that these spacetimes possess a gravitational wave
amplitude that is a function of a coordinate u (representing the gravitational wave phase) and
proportional to the curvature of the spacetime. By simply requiring that this wave amplitude van-
ish outside of a given range of values of u, one obtains two regions where the curvature vanishes,
sandwiching a region that has nonzero curvature.

A key result of this section is that the curve deviation and holonomy observables, when consid-

ered for geodesic curves, can be determined ezactly in plane wave spacetimes, to all orders in initial
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separation and relative velocity. In particular, they can be written in terms of two sets of functions,
the transverse Jacobi propagators, and their first derivatives. As their name suggests, these functions
are the transverse components of the Jacobi propagators defined in section 4.2.1.3 above, which have
been extensively studied in these spacetimes [90, 88, 89]. The information needed to construct the
transverse Jacobi propagators can be obtained by measuring the displacement memory (leading and
subleading [67]) in these spacetimes. It is known that other quantities in plane wave spacetimes,
such as solutions to the geodesic equation, can be written in terms of the transverse Jacobi propa-
gators as well [90]. The transverse Jacobi propagators and their derivatives form a set of three (and
not four) independent matrix functions, due to a constraint arising from equation (4.86).

Some of our observables we consider only perturbatively, and not exactly. The first of these
are our curve deviation and holonomy observables for nongeodesic curves. We find that these
observables can be expressed as time integrals involving the transverse Jacobi propagators, but
cannot be expressed locally in time in terms of these propagators and their time derivatives, as
they can be for geodesic curves. A rough argument for this is that these observables can be written
as integrals involving the product of the transverse Jacobi propagators and a given, but arbitrary
acceleration vector. The other observable we calculate perturbatively is the persistent observable
arising from a spinning test particle. Here again, it does not seem possible to express this observable
locally in time in terms of products and derivatives of transverse Jacobi propagators, likely because
this observable is also defined in terms of an accelerating curve. Observables which cannot be written
locally in time in terms of products and derivatives of transverse Jacobi propagators measure features
of the gravitational waves that are independent of the leading and subleading displacement memory
and the relative velocity observables.

The layout of this section is as follows. First, we consider how nonlinear corrections are qual-
itatively different from first-order results, motivating the study of persistent observables in exact,
as opposed to linearized, plane waves. To do so, we consider a toy model that shares some features
with geodesic deviation in plane wave spacetimes. We then review exact plane wave spacetimes,
studying in particular the solutions to the geodesic equation, their five-dimensional space of isome-
tries, and the values of the various bitensors which we introduced in section 4.2.1. We conclude this

section with our results, namely the computation of the curve deviation, holonomy, and spinning
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test particle observables.

4.3.1 | Motivation

The effects we will compute in this section will be nonlinear in the amplitude of the gravitational
waves. Gravitational waves produced by astrophysical sources, however, will be weak when the waves
have reached any detector, so effects that are nonlinear in the amplitude of the gravitational wave
are not expected to be detectable by current detectors.” Nevertheless, these effects are qualitatively
different from linear effects, and therefore interesting in their own right. There may also be regimes
in which they are detectable by future detectors.

To illustrate the types of distinctive effects that can arise in persistent observables beyond the
linearized approximation, we now discuss a toy model of geodesic deviation. Consider the following

differential equation for a function &(u):

E(u) = ef (w)é(u), (4.186)

where € < 1, and dots denote derivatives with respect to u. This is a scalar version of the geodesic
deviation equation, where £ is the separation between two observers and ef is the equivalent of the
gravitational wave strain amplitude. Consider the analogue of a burst of gravitational waves that
occurs between u = 0 and v = U, where f (u) = 0 for all w < 0 and u > U. For simplicity, set
f(u) = 0 for u < 05 in general, this will imply that f(u) # 0 for u > U. The solution for £(u) at

some time u > 0 is then given by

§(u) = a(w)(0) + b(u)(0), (4.187)
where

a(0) =b(0) =1,  a(0) = b(0) = 0. (4.188)

Therefore, to second order in e,

_ 12 2_2u/UI M g0 1\12 3
a(u) =1+ ef(u) + 5¢ [f(u)]* —¢ du du”[f(u")]* + O(€’). (4.189)
0 0

3Note that the nonlinear memory effect [53] is not nonlinear in the amplitude of the gravitational wave at the

detector; rather, it arises from a nonlinearity in Einstein’s equations in asymptotically flat spacetimes. It is much
more likely to be detected by current and future gravitational wave detectors [112, , 97, 34].
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The counterpart of the first-order memory in this case is given by the term in (4.189) linear in e
[that is, f(u) after the burst]. This function is at most linear in u, since f(u) is zero at late times.
However, even if this first-order memory is zero [that is, if f(u) = 0 for u > U], the second-order

memory is nonzero, and would, in general, grow linearly with time:
a(u>U) = e(Cu+ D) + O(e), (4.190)

where

_ /OO AW/fW)2>0, D= /OOO du’ /Oo A [ (]2 > 0, (4.191)

0

since [f(u)]2 > 0, for all u; moreover, equality can only hold in equation (4.191) if f(u) = 0 for all u.
Since the coefficient C' is nonzero, observers in this simplified model would have a relative velocity
after the burst: at second order all nontrivial solutions must have a(u) # 0 after the burst. At first
order, there is no such restriction on the final relative velocity, so first- and second-order calculations
yield qualitatively different results. While equation (4.186) is only a simplified model of geodesic
deviation, the explicit discussion given in section 4.3.2.3 is qualitatively similar. For example,
nonlinear plane wave spacetimes always have a nonzero relative velocity after a burst |30, 89, |.

Another motivation for considering nonlinear plane wave spacetimes is as follows. Our persistent
observables are “degenerate” in the linearized, plane wave limit, in the sense that they can be written
in terms of only three functions (one, two, and three time integrals of the Riemann tensor) in the
case where the observers are unaccelerated (see table 4.1), even though the form of the observables
allows them to have more degrees of freedom than three functions possess. This implies that
while our observables can encode a wide range of qualitatively different physical effects, the effects
are all determined by the same, limited set of properties of the gravitational wave. One might
expect that at higher order these degeneracies are broken. However, we instead find that these
degeneracies (or linear relationships between observables) are replaced with nonlinear relationships
between observables.

An example of such a nonlinear relationship occurs in the toy model (4.186): it can be shown

from equation (4.186) that the Wronskian

W = a(u)b(u) — a(u)b(u) (4.192)
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must be conserved, and by equation (4.188), we have W = 1. This holds to all orders in €; however,

one can use equation (4.188) to show that
a(u) =0(e), a(u)=1+ /Ou du'a(u’), bu)=u+ O(e), (4.193)
from which equation (4.192) becomes
bu) =1 — /0 " dw o) — a(u)] + O(E). (4.194)

The quantity (4.194) is an example of a way of writing observables in terms of one another that
holds at first order in the curvature (corresponding to a degeneracy), but not at higher orders. This
example, moreover, shows that some relationships that hold at first order are approximations to
fully nonlinear relationships between observables. Much of this section focuses upon finding and

understanding these nonlinear relationships.

4.3.2 | Review of exact plane wave spacetimes

In this section, we review properties of exact, nonlinear plane wave spacetimes. These are spacetimes

with metrics that can be written, in Brinkmann coordinates (u, v, 2!, x?) [12], as
ds? = —2dudv + A;j(u)z'2! du® + dz'da? 6, (4.195)

where u is the phase of the gravitational wave, and A;;(u) is the wave profile. The particular
signs and constant factors that have been chosen in this metric are the same as those in [90]. Our
convention for tensor components in Brinkmann coordinates is that we use v and v as indices for
u and v components, and we use lowercase Latin letters from the middle of the alphabet (i, 7,
etc.) for the remaining two components, which we will call the transverse components. When
considering generic components in Brinkmann coordinates, we use lowercase Greek letters from the
middle of the alphabet (u, v, etc.).” For these component indices, we use the Einstein summation
convention. Tensors which are only nonzero in their transverse (i, j, etc.) components we denote

with underlines, and refer to as being transverse.

4 Another coordinate system, Rosen coordinates [140], is often used in these spacetimes. This coordinate system
is the nonlinear generalization of TT gauge for linearized gravity; see, for example, [389] for more details.

5Note that we have used Greek letters as other types of indices in sections 4.1 and 4.2. I apologize for any
notational confusion that may arise from this.
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We now list several basic features of these spacetimes which we will need (for a review, see [60]).

The first is the existence of a null vector field ¢* which is covariantly constant:
Val’ =0. (4.196)

In terms of Brinkmann coordinates, this vector field is given by

= —(8,)" (4.197)

(note that our convention for £ is that of [60], which differs from that of [90] by a sign). We also
define an antisymmetric tensor

€ap = 2(dat) o (da?)y. (4.198)

This tensor is transverse, and is a volume form on surfaces of constant v and v. Finally, the Riemann

tensor in plane wave spacetimes is given by
Rapea = 4o Apcla (4.199)

where

Ay = Aij(u)(da)q(da?)y. (4.200)

It then follows from A ¢® = 0 that the only constraint from Einstein’s equations is that
Top = _SWAccgaeb- (4201)

Therefore, in vacuum, A%, = 0.

4.3.2.1 Geodesics and symmetries

We now discuss the solution of the geodesic and Killing equations in plane wave spacetimes. Consider
a geodesic v that, as in previous sections, we affinely parametrize by 7. At a given value of 7, we
denote the coordinates of v(7) by u, v, and x%(7), and at 7/, we denote the coordinates by v/, v/,
and z%(7').0
We define the parameter
Y = 4%, (4.202)

5Note that 2*(7’) lacks a prime on the index 4; this notation will be justified in section 4.3.2.2.
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which is conserved along the geodesic v by equation (4.196). This implies that
' =u+x(r —71). (4.203)

Geodesics can be classified by whether or not x vanishes. For the case x = 0, the geodesic lies

entirely within a surface of constant u, and one can show that
#(r)=0, =0 (4.204)

therefore, the solutions of the geodesic equation are linear functions of 7. For the case x # 0, the

geodesic equation for x%(7) is given by
# (1) = X2 A (w)a (1), (4.205)

which has nontrivial solutions.
The solutions to equation (4.205) can be written in terms of two functions of u and u/, K';(u’, u)

and H' ij (u',u), that satisfy the differential equations

LK (v u) = Aik(u’)gkj(u', u), (4.206a)
ORI — w) H'5 (o) = (o — ) A%y () HE (o ), (4.206b)
with the boundary conditions
K'j(u,u) = H' j(u,u) = 8", (4.207a)
OwK' ()| ,_, = OwH';(u,u)|,_, =0 (4.207b)
(see, for example, [90]). We call these functions the transverse Jacobi propagators, since they are

related to the transverse components of the Jacobi propagators (as we will discuss in section 4.3.2.2).
When we say that something in plane wave spacetimes is known “exactly,” we mean that it can be
written in terms of K';(u’,u) and H';(u',u). The solution to equation (4.205), in terms of the

transverse Jacobi propagators, is
(') = K, w)ad (1) + (77 — 1) HY (o, u)dd (1), (4.208)

where on the right-hand side v’ and u are determined from 7 and 7’ by equation (4.203).



160 Persistent Observables and the Measurement of Angular Momentum

Next, to solve for v" when x # 0, for convenience we assume that + is timelike. Note that
Y = =200 + z4(9;)" (4.209)

is a proper homothety, satisfying £yg. = 2¢ap (see, for example, [115]). As a consequence of

this [128], it follows that 4%, +7 is conserved along 7, so one can write v’ in terms of the coordinate
v of y(7):
1 . .
vV =v— B [2" (7)) (7") — &' (7)) (1) + (7' — 7)] - (4.210)

In the above equation, one could use the values of 2*(7') and #%(7’) that were determined in equa-
tion (4.208) in order to write everything in terms of 7, 7/, transverse Jacobi propagators, and initial

data. This equation is, moreover, consistent with the normalization 4*¥, = —1, which implies that
A% = x(0u)* + :'Ei(T)(OZ-)"’ - — [1 + :CZ(T)I'Z(T) + Aij(u)xi(T)$j(T)] . (4.211)

The quantities K ij (v/',u) and H ij (u',u) are also useful for finding Killing vectors in plane wave
spacetimes |90]. Plane wave spacetimes possess a five-dimensional space of Killing vectors, which
is spanned by (% |[by equation (4.196)|, along with a four-parameter family of Killing vector fields

that are orthogonal to ¢* [60]. We denote a member of this family by
29 = —2'Z(u)l® + E(u)(9)?, (4.212)
where the function Z%(u) is any solution to
Eiu) = A () (). (4.213)
The value of this function at any initial phase ug determines its values at any other u:

E'(u) = K'j(u, u0)Z (uo) + (u — uo) H'j(u,u0)Z (uo). (4.214)

Since Z'(ug) and Z'(ug) are four numbers, the space of Killing vectors of the form (4.212) is four-
dimensional.

Finally, we list a few useful properties of the transverse Jacobi propagators Kij(u' ,u) and
H';(«,u) that are outlined in, for example, [38]. First, equation (4.206) implies 7

Kki(u',u)au/ (v — u)ﬂkj(u',u) — (v — u)ﬁkj(u', u)@u/Kki(u’,u) = 5ij. (4.215)

"For arbitrary solutions K*;(u’,u) and H';(u',u) to equations (4.206) (that is, ignoring boundary conditions),
we note that the quantity in equation (4.215) is independent of u and u’. One can think of this quantity as a
conserved symplectic form on the space of solutions to equations (4.206) [84], and equations (4.206) form a Hamiltonian
system [170].
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This relationship is an analogue of equation (4.192), and shows that there are only three independent
quantities amongst K';(u',u), H';(u',u), O K';(u',u), and 9, H';(u',u). One can also show the

following relationships hold when these two propagators’ arguments are switched:
H'(u' u) = Hj' (u,u), O K j(u' u) = —8qui(u,u’). (4.216)

Finally, using the fact that derivatives of the transverse Jacobi propagators with respect to their

second argument also must satisfy equation (4.206), one has that

DK (v u) = —(u — u)H (v, u) A% (u), (4.217a)

O [(W — W) H';(W,u)] = —K';(u/, u). (4.217Db)

These identities are quite useful for deriving the results in section 4.3.3.

4.3.2.2 Parallel and Jacobi propagators

In this section, we provide explicit expressions for the parallel and Jacobi propagators discussed in
sections 4.2.1.2 and 4.2.1.3. These bitensors are most naturally expressed in terms of the transverse
Jacobi propagators defined in section 4.3.2.1 above.

We first make the following remark: by computing the spin coefficients in these spacetimes, one
can show that

Va(dz')y = A" (w27 €., (4.218)

This implies that the transverse components of the parallel propagator is always trivial:
29" = (95)" (da?);. (4.219)

To simplify expressions in this chapter, we will no longer annotate the transverse indices i, j, etc.
with primes in our expressions in Brinkmann coordinates, since distinguishing between primed and
unprimed components is not necessary in view of equation (4.219). However, since these indices no
longer indicate the point at which the bitensor is being evaluated, we will explicitly indicate the
dependence on this point, which for many of the bitensors will be a dependence on proper time or

u. For example, instead of writing ,YKi/i, we will write ,YKij (7',7), and ,YKi/u will be written as
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4K, (7"). This notation is consistent with the fact that we referred to the z’ coordinates of v(7)
and (7") by 2(7) and 2°(7’), respectively, in section 4.3.2.1.

The values of the parallel and Jacobi propagators are different based on whether the parameter
X is zero or nonzero. In this chapter, we will only need the values of the parallel propagator either
when x = 0 and A;;(u) = 0, or when x # 0. The first of these two cases is trivial, as spacetime is
flat:

’ ’

10" 0= K0 = JHY o = (0,)" (dat)a, (4.220)

where, as mentioned above, z* refers to the puth Brinkmann coordinate.

We now find the values of the parallel and Jacobi propagators for the case x # 0 using a
method similar to that of [117], which was used to determine the parallel propagator in the Kerr
spacetime. This method is given by finding convenient choices of the bases (es)?, (Keq)?, and
(freq)® introduced in sections 4.2.1.2 and 4.2.1.3. Two of the basis elements are given by 4 and
0%, which automatically satisfy equations (4.52) and (4.68):

(e0)” = (Keo)” = (meo)” =4, (4.221a)

! i ! /

(e3)” = (ke3)” = (me3)® = (. (4.221b)

For the other two, we first define a projection operator

1
~P = 0% — ;6“%, (4.222)
and then write
()" = Py (8,)", (re))® = P¥y(9;)Y K9 (u' ), (ne))™ = P y(8;)" Hi;(u/,u).
(4.223)

At ~(7), all of these expressions agree, and moreover one can readily show that they obey equa-
tions (4.52) and (4.68). The dual basis at y(7) is given by
(@)a = —La, (4.224a)
3 .
weg=—|Ya+ fa> , 4.224b
e =1 (ot (1.221b)
(e = (dz')y P’ (4.224¢)
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Here, we only list the dual basis for (e;)%, since the bases agree at v(7).
When x # 0 and +y is timelike, the nonzero components of the parallel and Jacobi propagators

are therefore [90]

’ /

0w = Ky = HY =1, (4.225a)

29"y = Ky = JHY =1, (4.225b)

29 () =685, (4.225¢)

Gul() = )1( [#(r') — i(r)] , (4.225d)

0740 = < ) = ()] (4.225¢)

"= 3 { 1)~ 8] 1) ()

[y () ()27 () = Ay (w)a (1) (7)] (4.225f)

LK (' T) = K (), (4.225g)

L) = < () = K0 ()], (4.225h)

VKV i(7) = )1( a5 () K73 (', u) — d:(7)] (4.2251)
K = g () (7)) = 20 ) ()

+ XAy (W) () (7) = Ay (w)a (r)a! (7)] |, (4.225))

JHY (T 7)) = H (), (4.225k)

VH (1) = )1( [&'(r') — H'j (v, u)d (1)] (4.2251)

CHY (1) = )1( [ (7" H i (u', w) — (7)) (4.225m)
JHY = ;}(2{3':1‘(7’)@(7') @ (P)aa () — 2 (7 H Y (f, w) i (7)

[y () ()27 () = Ay (w)a (1) (7)] }. (4.225n)

As in equation (4.208), ' and u on the right-hand sides of these equations are functions of 7/ and 7
by equation (4.203). Note also that we have written the expressions in equations (4.225) in terms of
2%(7") and #%(7'), which can be expressed in terms of 2(7) and #*(7) using equation (4.208). One

can easily show that these results agree with [90], in which y = 1.
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4.3.2.3 Second-order transverse Jacobi propagators

We now compute general expressions for the transverse Jacobi propagators to second order in the
curvature, which have been previously computed in [39]. In the context of an arbitrary plane wave
spacetime, one can write down perturbative expansions of the transverse Jacobi propagators in

powers of A";(u):

Kij (ul7 u) = Z (n)Kij(ulv u): ﬂij (’U,/, u) = Z (n)ﬂij(ula u) (4'226)
n=0 n=0

At zeroth order, from the boundary conditions in equation (4.207), the transverse Jacobi propagators
are

OK (', u) = OH, (u,u) = 6. (4.227)

Higher-order terms in this expansion are then obtained by solving equations (4.206) and (4.207)

iteratively. At first order, the propagators are given by

(1)Kz‘j(ul’u) _ / du”/ du"’Aij(u”’), (4.228a)

W u) = : du” " du'”um Y4 (u") (4.228b)
H'j(wu) = | ’ A : :

We write all higher-order corrections in terms of these first-order terms and their derivatives, as
they provide a particularly convenient way of representing these results. Note, however, that there
is a certain amount of freedom in how we write second-order terms, because of the truncation of
the identity (4.215) at first order. As such, there are different ways of writing the first- and second-
order results in this section, depending upon whether one uses all four of V) K* (W, w), W g (W, w),
Oy (1)Kij (u',u), and Oy mﬁij (u’,u), or some subset of three. As it results in relatively compact

equations, we use all four.
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Continuing to second order, one can show (by an integration by parts) that
. 1
OE (' u) = 5 DK () VK ()

/ du/// dum{ e )Kz ( /// )3 " (I)Kk](u”/,u)

_ %[A(u///), (1)K(u”/,u)]ij}, (4.2292)

(0 = ) D (0 w) = 50— ) DE () D)
/ du”/ du///{ "o )3 ,, (1 )Hz (u///7 ’u,)auw (1)ij (u///7 u)

1
- 5(u"' —uw)[AW"), VH " u)] ]}, (4.229D)
where the commutator [A, B]?%, is given by
[A, B]ab = AaCBcb — BacAcb. (4.230)

Note that there are two types of terms that appear in equations (4.229) at second order. The first
are terms that are merely squares of the final values of the first-order terms; these are the first
terms in equations (4.229a) and (4.229b). The other two terms in both equations are qualitatively
different at second order. They are generically nonzero, even when the final values of the first-order
terms vanish, as they depend on integrals of squares of first-order quantities throughout the curved
region. These terms are analogous to the fourth term in the solution (4.189) of the toy model for
geodesic deviation in section 4.3.1.

The various terms at second order are also qualitatively different in the following sense. Assuming
a vacuum plane wave, one has that A%;(u) is traceless, and so WK% (v/,u) and M H;(u/,u) are
traceless as well. Thus, we find that the first two terms in (4.229a) and (4.229b) are pure trace, as
they are squares of 2 x 2 symmetric, trace-free matrices, and that the third terms are antisymmetric
(for a proof of these statements, see appendix 4.A to this chapter). Because of the existence of
pure trace terms at second order, gravitational waves possess an effective “breathing” polarization
mode [183] at this order [$9]. Note that the third (antisymmetric) term in equation (4.229a) vanishes

when the gravitational waves are linearly polarized; this effect was previously noted in [190].
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4.3.2.4 Example of a plane wave spacetime
We now illustrate the general results of section 4.3.2.3 by specializing to an explicit example of a
plane wave spacetime. We choose the following form of Aij (u): for positive w, let®

ew? |V1 — a?sin(wu) ye; + asin(wu + ¢) xeij| 0 <u < 2mn/w
Ajj(u) = : (4.231)

0 u <0, u>2mn/w
where n is a positive integer representing the number of periods over which the gravitational wave

is nonzero, and

1e= and e = (4.232)

are polarization matrices corresponding to + and X polarizations. Some special cases are linear
polarization, where ¢ = 0, and circular polarization, where ¢ = +7/2 and a = 1/4/2. This wave
pulse also satisfies [*° duA,;;(u) = 0, which (at first order) means vanishing relative velocity at
late times for observers that are initially comoving. Gravitational waves at null infinity are also
frequently assumed to satisfy a condition analogous to [ duA,;;(u) = 0.

Using the explicit wave profile in equation (4.231), we find that

K';(2mn/w,0) = 6'; + 2mne {ﬂJrQij + cos(¢)) ng‘]}

7Tn€2

{ [27n + 3sin(2¢)a’] §'; — 12sin(¢)ay/1 — a2§ij} + 0(€%),
(4.233a)

ﬁij(gﬂn/w’ ()) = 573]- — 2¢ sin(gb)a ><Qij

- [4%%2 + 9[cos(2¢) — 1] — 15
2 6

5ij — 47 sin(qﬁ)aﬂrwij] +O(e%),

(4.233Db)

8This wave profile is periodic, so in the fully nonlinear regime Floquet theory (see, for example, [116] and references
therein) applies to equation (4.206) and its solutions. Although it is outside the scope of this thesis, it would be
interesting to use this fact to determine regions in the parameter space of €, a, and ¢ where solutions are bounded
and regions in this parameter space where they are unbounded.
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DK j(u, O)‘u:%n/w = —wmne*{[cos(2¢) — 1]a* + 3}"; + O(€?), (4.233¢)
; — cos(¢) — si ;
8uﬂzj(u’o)‘u:27m/w = —we |: 1 —a? +§lj + a’ﬂ-n (gi_)n 1n(¢) Xelj:|

2 %'

we? [872n? — 9a?[27 sin(2¢)n — cos(2¢) + 1] + 15
127n

— 4sin(p)ay/1 — a%l'j] + O(€%). (4.233d)

Qualitatively, the results of section 4.3.2.3 agree with these equations: the symmetric trace-free
terms (proportional to +gij and gij) occur only at first order, and the pure trace terms (pro-
portional to 5ij) and antisymmetric terms (proportional to eij) occur only at second order. As
expected, equation (4.233c) implies that the final relative velocity for initially comoving observers
vanishes at first order. Finally, the antisymmetric pieces only occur when the polarization is not
linear (¢ # 0).

To study the long-time behavior of these solutions, consider the regime where n — oo as € — 0,

with

= (4.234)

We assume 0 < 7 < 1 so that the series (4.226) converges. In this regime, the antisymmetric terms

in equations (4.233) are subleading compared to the symmetric terms.

4.3.3 | Results

In this section, we compute the curve deviation, holonomy, and spinning test particle observables in
the context of plane wave spacetimes. For the first two of these observables, we make the assumption
that the curves v and 4 that occur in the definitions of these observables are geodesic. In this case,
we can take advantage of the fact that the geodesic equation has exact solutions in plane wave
spacetimes in terms of the transverse Jacobi propagators, as reviewed in section 4.3.2.1. Moreover,
we take advantage of the known values of the parallel and Jacobi propagators in these spacetimes
reviewed in section 4.3.2.2. This allows us to find expressions which are nonperturbative in the
initial separation and relative velocity. In the case where these two observables involve accelerated
curves, one can use these results, combined with those proven in section 4.2.3.4. The results in these

cases are necessarily perturbative in the acceleration.
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The spinning test particle observable, however, does not have a nonperturbative treatment, and
so we use the results of section 4.2.3.3 that are perturbative in separation, specialized to the class
of plane wave spacetimes. We could have used the same technique to derive perturbative results for
the first two observables in plane wave spacetimes, but we did not because we already have analytic,
nonperturbative results.

We now introduce two pieces of notation that are used extensively in this section. First, for given
points z(™) = ~(7,), we denote the coordinates of these points by tu,, v, and z*(7,,). This convention
also holds for curves denoted by v with some sort of diacritical marking above or below: we apply
the same diacritical mark to the point in question as well [for example, ', referring to J(71), has
coordinates 1, v1, and Z'(71)]. A figure showing the setup common to all persistent observables
discussed in this section, with appropriate annotation for plane waves, is given in figure 4.7.

Second, many of the results in this section depend not only upon A;;(u) and the propagators
K';(u',u) and H'j(u',u), which are only functions of u and «/, but also upon z'(79) and (7).
This dependence is at most polynomial for the observables which we consider. For some bitensor
component Q... in Brinkmann coordinates (for simplicity we suppress the indices) that depends
on z'(79) and #*(7p), we can write

Q7 =) arim [Q7 iy iy @ (70) -+ 2 (70) 7 (70) - - &7 (70). (4.235)

k,m
Examples of this notation occur throughout this section; for example, in equations (4.243Db)
and (4.243c) the quantities ,[AK";];(10) and ;[AKY;];(7) are coefficients in the expansion of

the component AKY ;(r5) of AK®, in powers of 2*(7) and i (7p):

AKYi(10) = [AKY];(70)a% (10) + +[AKY";);(70)d (70). (4.236)
There are often relationships between the coefficients that occur in these expansions, see for example
equation (4.266).
4.3.3.1 Curve deviation observable

In this section, we consider the curve deviation observable A{%ID defined in section 4.1.2. In plane

wave spacetimes, the geodesic equation has exact solutions in terms of transverse Jacobi propagators,
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Figure 4.7: The common setup for all persistent observables discussed in this section: two timelike
curves v and 4 that have some initial separation £% at time 79 and final separation €9 at time
71. Intersecting these two curves are two planes of constant u (the v coordinate in this diagram is
suppressed). The x! coordinates of the points v(79), (71), (7o), and F(71) are also shown in this
diagram.

and moreover the parallel propagators are known along geodesics. As such, curve deviation, at least
restricting to the case where there is no acceleration for either curve, will have an exact solution,
instead of a perturbative solution in the separation of the two particles.

In order to compute the observables in equation (4.8), we need the separation vector in the flat

regions of the plane wave spacetime in Brinkmann coordinates. Before the burst, this separation
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vector is given by
£ = (1o — u0)(8u)® + [&'(10) — 2" (10)](85)* — (o — vo )€™ (4.237)

A similar expression holds for €%, the separation vector after the burst. We also require the
relative velocity before the burst. In the flat regions, £ = ¢%;7* — 4%, and so we find that [from

equation (4.211)]
i

70) — &'(70)] (9:)°

[1+ j;l'(q-o)j;i(q-o)] — 21X 1+ j)'i(T())j}i(T())] } o,

IR

—~

£ = (Y =0 0)" + [

At this point, we note that this calculation is greatly simplified in the case where we assume

(4.238)

==

where Y = y,.

that @y = uo (which implies that £%¢, = 0) and ¥ = x (which implies that £%¢, = 0). In particular,
this assumption about the initial data means that the exact solutions are quadratic in £* and é“;
in general, the results are not polynomial in £%¢, and é“éa. Note that this assumption implies that
1 = uy as well, from equation (4.203). Thus, we are also associating points on the two worldlines
with equal values of u, the gravitational wave phase, so this restriction could be called the isophase
correspondence.

Taking into account these assumptions, we find that €% is given by

/ - / i

¢ = [ (n) — 2" (1)) (8)" — (01 — va)L”. (4.239)

We can determine the first term in this equation by using equation (4.208), together with equa-

tions (4.237) and (4.238):

7' (1) — ' (1) = K5 (u1, u0)& (10) + (11 — 70)H'j (w1, u0)& (10). (4.240)
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For the second term, we use equations (4.210) and (4.238):

01 —v1 — (Yo — o)
= 5 [ () = ()i (n)] = [# ()i(m) o ()i ()]

= K1, 00) 00y K1, ) | 37 () + €1 ()

1

A B i 0)u, (01— o) Hgg s, wo)] — 0 | [;s%m)éjm) + f%m)s‘cﬂ'(fo)]

+ >1C(U1 — 10) H" (w1, 10) Oy K jij (w1, uo) Bfi(m)&j(m) + éi(To)wj(To)]
Ly = o) o)y (01 = ) B, )] |56 )é0 ) + ) ()
(4.241)

At this point, note that the curve deviation observable is defined as the result of geodesic

deviation with the prediction in flat spacetime subtracted off. This prediction is given by

10" 0 |6+ (1= 70)€7] = [€1(m0) + (= )€ ()|
X {(81-)“/ — [aulKij(ul,uo)l‘j(To)

+ )1( {0u, [(w1 — wo)Hij(ur, uo)] — dij} J'Uj(To)] ﬁ“/}

— {vg — v + X12(m — up) [;éi(m)&(m) + Si(To)ﬂ'Cz‘(To)] }faly

(4.242)

where we have used equation (4.225) to compute the parallel propagator. We now use the decom-
positions in equations (4.8) and (4.235). Since the exact solutions are quadratic in €% and €%, we
just need to write down the components of AK®,, AH ,, L% 4., N}, and M®p,. The nonvan-

ishing quantities needed to compute these bitensors (and thus, the curve deviation observable) are
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as follows:
AK'j(r1,70) = K'j(u1,u0) — 8, (4.243a)
JAKYj(10) = Oy Kij(ur, uo) AK® (11, 70), (4.243D)
/ 1
x[AKU i]j(TO) = ;81“ [(u1 - U[))ﬂkj(ul, uo)] AKki(To), (4.2430)
AHij(Tl,To) :Eij(ul,U()) —5ij, (4.243d)
JAHY)5(70) = Ouy K (ur, uo) AHF (11, 70), (4.243¢)
/ 1
HAHY )i (10) = ;% (w1 — o) Hyj(ur,up)] AH; (7o), (4.243f)
, 1
LY j(m0) = §Kk(i(ulyuo)3ulﬁkj)(uh up), (4.243g)
v’ 1 k
N 'ij(TO) = E {aul [(ul — UO)K i(ul,uo)ﬂkj(ul,uo)] - 513} y (4243h)
y 1 N .
M ij(TO) = TXQ(ul - uo) {ﬁk(i(ul,uo)(‘)ul |:(U1 - uo)ﬁ j)(ul, UO):| - 51]} . (4.2431)

The above equations make it clear that the curve deviation observable depends only on the trans-
verse Jacobi propagators and their first derivatives at 71, with no need to integrate any additional
quantities from 7y to 7.

Moreover, note that L' (71, 70), N'jk(71,70), and M*;;(71,70) all vanish. This is a consequence
of the fact that geodesic deviation, in the case where the initial separation lies entirely in a surface of
constant u and v, has no corrections at second order in the separation, at least for the components
that also lie in this surface. Because of this property, the proper time delay observable "ya/AﬁgD

(described in greater detail in section 4.1.2) can be expressed as
T DD = =x [L” ()€ (1) (70) + N33 (r0)€"(10)é (o) + M 35 (10)é (r0)é (m0) | . (4.244)

4.3.3.2 Holonomies

We now consider the holonomy observables. In general spacetimes, we needed to expand perturba-
tively in the separation and relative velocity of the two curves v and 7; in contrast, for plane waves,
these calculations can be done nonperturbatively. As such, we perform only the nonperturbative
calculations in this section—the perturbative results can be obtained by simply specializing the

results in section 4.2.3.2 to plane wave spacetimes using equation (4.225) for the parallel and Jacobi
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propagators. Note that we also continue to use the assumption that €%, = 0 and £%¢, = 0, for
simplicity.

We specialize in this section to affine transport and dual Killing transport, instead of considering
arbitrary s as in section 4.2.3.2. First, we consider the case of affine transport. Here, we take ad-
vantage of the fact that this holonomy [using equation (4.31)] can be written in terms of A% (v, ¥;71)
and Ax?(vy,7;71). Therefore, all we need in order to solve for the holonomy of affine transport is
the value of the separation €% at 7, and the holonomy of the metric-compatible connection around
the loop.

We computed the separation €% in section 4.3.3.1, so at this point we merely need to compute
A%(~,7;71). Since £ is covariantly constant, it follows that Q%(vy,;71)¢* = 0. After a lengthy

calculation using our expressions for the parallel propagators in equation (4.225), we find that

Q% (7,7 m) ()" = )1( [&(n) - éi(TO):| o, (4.245a)
@ il = == [€n) = €] 00" = 5.3 [€1(m) = )] [éir) = )] 2
(4.245D)
By a lengthy calculation involving equation (4.16) we can also show that
AX (7, 7;711,70) = € (10) — €(11) + (11 — 10)€(11), (4.246a)
axensim) =+ [ - )| [£) - (- m)éin)] + 36 mstm)
X
+ i‘i(TQ)AXi(Tl, 7'0)}. (4.246D)

Equations (4.245) and (4.246) can be used to determine the nonzero components of (OZAB(’y, 3 71),
and then find the values of these components in plane wave spacetimes as a function of initial data
2 (10), €'(10), and € (7). First, the components of S}Dab(’y, 7;7') are determined from equation (4.31)

to be

0

Q%(,7:11) = Q% (7,7 71)- (4.247)

PP

From equations (4.31), (4.245), and (4.246), it is possible to show that the remaining components
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of fUZAB(%W; 1) are

Q7,75 m) = —AXY (7,7 71), (4.248a)
Q”iu(7>7;71) = ﬁl”d%%ﬁ) = —AX"(7,%; 71, 70), (4.248b)
JSU}DMU(%’_Y;Tl) = AXU(%'_Y;H)Qiu(%’_Y;ﬁ) — Axi(’y,’_y; 71, 70) Q2% (7, 73 1), (4.248c¢)
f},”j(%% 1) = AxY (7, 7;71)8 — AX (v, 771, 0)Q%5 (7, 73 1), (4.248d)
Q35 m) = 280 (7,371, 70) W (9,55 7). (4.248e)
gijk(vﬂ; 1,7m0) = 2Ax1 (v, % 71, 70) 87, (4.248f)
Q"i(y, 75 m1) = %Q”i(%ﬁ;ﬁ), (4.248¢)
QU (1,73 m1) = —%Qiu(%ﬁ; 1), (4.248h)
Q”iuj(7,7;71) = % 6% (1, 75 1) — (7, 7 1) (7, Vi ) | (4.2481)
(,(i,”"jk(’m;ﬁ) = =6 (1, 75 7)), (4.248;)
0, (1,3:71) = 007 (7,75 m). (4.248K)

These expressions still involve the components of Q%(~v,7;71) and Ax®(vy,7;71). The former of
these already has an expansion in £¢ and f“ that was introduced in equation (4.124). We now write

a similar expansion for Ax%(vy, ¥;11):

AT = DY ohemon AN yerecyy (T1)E0 - EPRECT L femk, (4.249)
k=

m=1 0

The nonzero components of the coefficients in these expansion are given by equations (4.245)
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and (4.246):
e§2%(11) = Qi (1) = —0u; Kij(u1, uo), (4.250a)
1

¢0%5(11) = Qi (1) = X {0u; [(u1 —wo)H;j(u1,uo)] — i}, (4.250Db)

1
e28Vuij(11) = §8U1Kk(i(ula'UJO)aulKkj)(Ula o), (4.250¢)

1
géQvuij(Tl) = gaulﬁki(ul,uo) {aul |:(U1 - uo)ﬂkj(ul, UO)} - 5k]} 5 (4250d)

1
2 %45(m1) = e {0u; [(u1 — uo)Hy(;(u1, uo)| — 0k} {&n [(Ul — ug) H" j) (w1, UO)} - 5kj)} ;

(4.250¢)

A’ j(r1,70) = 65 — [K'j(ur, uo) — (ur — u)duy K'j(ur, up)] (4.250f)
A (1, m0) = i(ul — )? 0, H' j (w1, ug), (4.250g)
ileAn’];i(m) = ifAﬁji(Tl,To), (4.250h)
il ¢AN°i)5(m) = igAsz‘(Tl,m% (4.2501)
2 Ani(n) = %(%1141@(@'(161, ug) [E“j) (u1, uo) — (w1 — o)y K 5y (ur, o) |, (4.2505)

(£ An'i(m) = ;X{ K3, w0) = (1 = w0) Dy K i1, 100) | (D (11 = 100) gy (1, w0)] — )

— (u1 — u0)26u1Kki(Ula uo)aulﬂkj(ul, ug) + 0
- [Kji(uh ug) — (U1 — uo)Ou, K j(ua, UO)} }, (4.250k)

1 1
g28n’5(m) = —?(Ul — up)” {23u1 [(u1 = uo) Hp(i(u, uo)] — 5k(i} Ouy H jy (u1,u0).  (4.2501)

With these components provided, our discussion of the affine transport holonomy is complete.

We turn now to dual Killing transport, where we first discuss the number of independent nonzero
components of the holonomy 5’4 B(7,7; 1) in plane wave spacetimes. This holonomy, in general
spacetimes, has potentially 100 different independent, nonzero components. Because of the five-
dimensional space of Killing vector fields in plane wave spacetimes, our final result should have
fewer independent components. The easiest way to see this is to note that, for a given Killing

vector £2, and for P* and J transported along a curve using dual Killing transport, the quantity
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@ defined in equation (4.35) is constant along the curve. In particular, this means that

1/2 12

0= 0%y % m)& + 5 27,7 1) Veba, (4.251a)
1/2 112

0= Q%(7,7:71)8 + 59,’3“@(%7;71)%@ (4.251b)

[note that this is essentially the same as equation (4.36)] The five Killing vectors for which this
equation holds are &, = /£, (which satisfies V|,§ = 0), and &, = Z,, where =, is given by equa-
tion (4.212), and thus satisfy

Ve = 25, (u0) o (dz’)y.- (4.252)

Therefore, equations (4.251) imply that

1/2 1/2

ggu#(f}/a ok Tl) =0, IQIUHV(F}/» ok 7_1) =0, (42533)
g}ji#(,},’ ok Tl) = Oa g,i,ul/(’)/’ ok Tl) = 07 (4253b>
Q" (7,7 m) =0, Q7,35 m1) = 0. (4.253c)

Here, equation (4.253a) corresponds to £* = (%, while equations (4.253b) and (4.253¢) correspond

to €* = Z% and are the constraints due to varying over the initial data Z'(ug) and Z%(ug) in
equation (4.214), respectively. This reduces the number of possible independent components to 50.

We turn now to the actual computation of this holonomy. Much like the affine transport holon-
omy can be written in terms of the holonomy of the metric-compatible connection, the holonomy of
dual Killing transport can be written in terms of the holonomy of affine transport. To show this, we
take advantage of the fact that the beginning and end of the loop are in the flat regions of spacetime.
In these regions, there is no difference between affine transport and dual Killing transport (the value
of s is irrelevant, as the Riemann tensor vanishes). Therefore, we can compute the holonomy by

using different values of s¢ along different segments of the loop. This yields

1/2 0

QAB(%:Y; ) = { [5AC + AAC(%:Y; Tl)] QCD(77’7§ 1)

(4.254)
+ A () - AAD(%’Y;Tl)} (6P 5 + AP p(v;m)],

where

1/2 A7

AAB(’Y; ) = m?JAA' ygA B — 5AB, (4.255a)

AAB(%’V; 1) = OAA WIQZAAI 'y&A 39" B — 5 p. (4.255D)
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Note that in equation (4.254), both AAB('V, ;1) and AAB(% ;1) appear. The latter is defined by
equation (4.255b), but with 5 = ~, which implies that Z = 2 and # = #'; equivalently, A4 (v, v; 71)
is the same as A4 B(7;71), but with the order of the parallel propagators reversed.

At this point, we now give expressions for the various terms that occur in equation (4.254).
The key point to take away is that all components of the tensors that occur can be written solely
in terms of the transverse Jacobi propagators K';(u/,u) and H';(u',u) and their derivatives. The
components of A4 p(y;71) and AAB('y,'y; 71) are given by a lengthy calculation starting with their
definitions in equation (4.255), expressions for the parallel propagator for dual Killing transport in
equations (4.164) and (4.165), and equations (4.225), along with the following formulae that hold

in plane wave spacetimes:

2 DK€
Qup(v;11) = =Ly g " ——2—, 4.256
eQap”(v;11) a9 — ( a)
c 2 a’ D [(T/ — T)(WHGIC — ,ygalc>]
Qap (s 1) = ;E[a ~9b] an . (4.256b)
At the end of this computation, one finds that
}%Jij(’)/; 7'177'0) = Xdc[légvj]i(’ﬁ Tl) = _Xi[lgju]j('y; 7'1) = Kji(uO, ul) — (5ji, (4.257&)
v 1
#2[A i (i) = 2 A (i) (7371, 70), (4.257h)

Alyi(vim) = X@[é}vuj]i(Vs 1)

PJ
1

2

[Kki(uo, 1) Oy K7 (i, u0) + O K1, Oy {(Ul — ug) [H ;" (u1,u0) — 5jk}H ;

(4.257c)



178 Persistent Observables and the Measurement of Angular Momentum

A () = xal A1 () = =xa A" (v 1) = 23[A ) 1)

>
= =23 [AY]j(7 1) = (w1 — wo) [K" (uo, ur) — Hj' (o, wr)] (4.257d)

2[8"ulij(v; 1) = —Xgﬁju(zj)(%ﬁ), (4.257¢)
A7) = ié[iz%'“ﬂk(v;n), (4.257¢)
A7 Ju(im) = = ATl (3 ), (4.257g)
2[A 1y 1) = [ A1 (v m1) — 28" [ A;] (v 1), (4.257h)
&3 [JAPmu]jkl(% ) = —i 2 [JAPM(J']M) (v;71), (4.2571)

A (1) = xa Ay (i) = QXQ[%viuﬂ(’Y; 1)

1 ) )
= §(U1 —ug) [Hy (ug, ur) — K" (g, u1)] Oy K ;¥ (ur, uo)

1 . )
+3 [(u1 — ) Dy K"k (1, u0) — K (u1, ug)]

X Oy, {(m — up) [ﬂj’“(ul,uo) - 5]-’“} } , (4.2577)

g 2 . .
é[%wuk]l(v; Tl) = ié[zlélumuk('y; 7_1)7 (4257k)
2 [ A%l (73 71) = Sl A 0] (v 71) = 207 1[AY 1] (v 7)), (4.2571)

and

A (v, 731, 10) = X e[ AV (v, v ) = =X e [A (v, v 71)

PP PP PP
= K" (u1,u0) — 65 — (u1 — u0)Buy K" (us, up), (4.258a)

A w 1 .
2D ij (v, v ) = —?g(m(%v; T1,70), (4.258b)

N . ) 1 .
A'uj(r,71:m) = X[ D ul (v, 7 11) = 50u K (w1, o), (4.258¢)

PJ PJ
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A (ryim) = X [A) (nvm) = =xa[ A" (v 1) = 23 [AY1(r, v )

= —2X3[éviu]j(777;71) = —(u1 — u0)?8u, Hj' (u1, uo), (4.258d)

2lA i (v m) = —Xlgé,“(m (7,7 7m), (4.258e)

A7,y 1, m0) = )2(5”1%3“’%(%7;71), (4.258f)

A7 75m) = = 4 AT Gl (07571, m). (4.258g)

2l Ay m) = oulA51(r v 1) = 26' ) [ A1 (13 1), (4.258h)

i3 [éviu]jkl(VaV; ) = _>1<a':2 [JAPm(j]kl)(%% 1), (4.2581)
JAJuiuj(%’Y; ) = Xi[%uvug’]i(%% ) = 2)8[%”@;’](%7; 71)

= 50 {(n — o) [ ur, w0) — 6]} (4.258))

:ic[%ijuk]l(%% ) = iﬁs[il%'uﬂuk(%% 1), (4.258k)

&2 [%viug’]kl(%% ) = 5kl[JAJmuj](%7§ ) — 25i(k[%vl)uj](7)7§ 1) (4.2581)

There are now two additional pieces of notation that we must introduce in order to finish this

computation. First, we expand A4 B(7Y,7; ) in powers of the separation:
o
A p(y,3m) =D 0% oy, (1,7 T1)E - €. (4.259)
n=0
Next, it happens that in plane wave spacetimes, the components of the coefficients in this expansion
depend on the sum #(19) = i*(79) + £(70), and not independently on either () or £ (). As

such, we write [in analogy to equation (4.235) above| such quantities in terms of coefficients of the

following expansion:

Q = Q7 iy iy B (70) - - 2 (1), (4.260)
k=0

In this notation, we can show that the components of @45 (v, ¥;71) and A4 B(7,7; 1) are related:

zk [@FA](%’?;ﬁ) = gk [AFA](%’Y; 1), (4.261)

using I' and A for Brinkmann coordinate indices on the linear and angular momentum bundle.

Using this notation, the final nonzero components that are needed are also given by the calculation
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mentioned above:
9w (1M m) =Xl wl (v 1) = 0w K, (w1, uo), (4.262a)
K-i(ul,uo) — 5ji — (Ul - uo)aulﬁji(ula'UO)v

ggvijv(%ﬁ; ) = —Xf[ggmuv]j(%ﬁ;ﬁ) =K;
(4.262b)
I —~ 1 7 v _
#e Q" li(v, 7m) = ;5 ke O 150(, 7 7), (4.262¢)
€97k, m,m0) = 2x [ Ol (v, 75 m), (4.262d)
€9 uj (7,7 m) = X369 ul (v, 75 11) = 23[9 i) (7,73 1)

= Ou, { (w1 — wo) [H;"(u1,u0) — 5]}, (4.262¢)
(4.262f)

g ) 1 ) 9 . . )
#le O uli(v,7:m) = 3 ¢©"u(v,7: 711, 70) + ;5[11593'“‘]]%(%7; 1),

v = 1 v = % = % v =
#2069 " ulet (v 7 711) = == &l O il (1, V3 1) + kil © gl (v, ¥ 1) — 26 (1€ © 1yl (v, 73 1),

(4.262g)
€0 uju(v, 7 m1) = %Oulﬂji(ul,uO), (4.262h)
€0 uili (v, 73 m) = i‘sikgvlujv(%’75 1), (4.262i)
0% un (17 m) = 2x 460"l (7, 75 m0). (4.262i)
For our final result, we first define
A A (4.263)

27 m) = V(7 m) + A (3 m) — AYe(y, v m);

=

then, equation (4.254) implies that

O =V (0 A i (- AV (n = ok .
)+15_IJ> l(fy”}/a Tl)}%) u(’y’ Tl) +I%> 1(7)777—1)1% u(%%ﬁ)

QY(v7ym) = 2% 07N

PP PP
+2 [é}”m(%?; ) — é}”ui(%v;ﬁ)] JAPMU(’)/;Tl)
+28%i(7, % 71) 213, 75 7), (4.264a)
B567im) = B0 ) o+ Alitin)|
(4.264D)

Uuj (o~
:|]AP Z(777—1)7

PJ

+2 [A”uj(%% 1) = A% (v, 7 m1)
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PJ

Oy, 7m) = 2%, 7 7'1)PAPjui(’Y; 1)+ 2 [évug‘(%%ﬁ) — AV (7,73 7m) %ujui(7§ 1)

+ Avui(’% :)/; Tl) - Avui(’% v Tl)a (4264C>

PJ PJ

Qo (y, 3 m) = (17 1) + 28w (7, 7 1) A" u(y5 1)

JP JP JJ
+ [é“%(%%ﬁ) - JApuvz(%’Y;ﬁ)] I%fu(’)’; 1)
+ éu”i(’%”_ﬁﬁ)g}fu(%:ﬁﬁ) +2%uvui(7,7;T1)%uiu(777; 1), (4.264d)

Qi(vy,757m) = QEuvuz’(%’?;Tl)JApuji(’Y; 1)

JP JJ

# A = A Goin)| |87+ Al (4.264¢)

Oy, 35 m) = QU (3 1) Ay 1) + (13 ) + 25,7 m) Alu(vs 1)

JP JP PP

+ QJEJUiuj (77 v; TI)JAIDuju(V; Tl) + 2(%“11,11(77 v; TI)JAPuUu(’Ya v; Tl)

0

+ Qvijk(77’7§71)JAF)jku(7§Tl) + JAPMJ‘(’Y,’?; Tl)gfu(%’% 1)

JJ
+ 2ému](’y”777—1)§}fuu(’)/v;y’ 7-1)7 (4264f)
JS}JMU(’V”?;TI) = ‘]f})mv(fy,rj/;q-l)’ (4264g)

1/2

; - =i - k k =i - k
Q%73 m) = 2" 3 m) (07 + A% (v 70) | + 25 uk(, 7 1) A" (v 1)

+20%0, (7, 7 m) A (v ) + QT (13 1) A% (1)

Jp PP
°yvi —. El .
+ % kl(’}/a’% TI)JAP ](777-177—0)7 (4264h)

Q7 (v,7m) = V(1,3 m) + E9(1 711, 70) ARu(vi 1) + 2E (1,7 1) A (1)

JP JP JP J JP

0

+ ‘%ijz(’}/a 5T, TO)I%ku(77 v Tl) + 2JAJijuk ('77 v Tl)ﬁUku(77 v 7_1)’ (42641)

Q) (v, 311, 70) = Epijz(%ﬁ;ﬁﬁo) 5lk+1%3lk(’7;71770) +QEijul(%’_Y;ﬁ)Aulk(’Y;71)7 (4.264j)

JP J JP
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Qi 7 m) = 25 (7,75 11) [5j¢ +2%ujui(7§ T1)]

JJ JJ
+ [ﬁ“%(%% m) = A%i(v 7 71)] Alyi(y; 1), (4.264k)
Q0 (1,7 11) = Q%0(v, 75 71), (4.2641)

1/2

O (1,7 m) = V(0 %) A (v 1) + V(1,75 1) [5kj + 20" 5 (v 1)

JJ JP PJ JJ
5 vi =~. [ A vi =~. kl (..
+JS}) v(’Ya'Y»Tl)PAJ uj(7771)+§3 kl(’YaVaTl)% u](7a7—1>

+ 200, (1,7 1) A" (13 71), (4.264m)

Q5 (v, 7 m1) = Q55 (v, 7 71), (4.264n)

Qijuk(’Yﬂ;Tl):5”1(%W;Tl,To)léjluk(W;T1)+2%ijul(%7;ﬁ) 5lk+2%Uluk(7§Tl) . (4.2640)

JJ

This list of equations contains 31 nonzero components, which is fewer than the 50 that are

required by the existence of a five-dimensional space of Killing vector fields. However, it does not

contain all of the terms that are implied by expanding the products in equation (4.254)—such a

naive calculation gives nonzero values of 193 (v, 4;11) and 9: ., (y,%;71), which must be zero by

equation (4.253). A careful inspection of these components, however, shows that they are zero:

1/2 N

Q'u(r,¥m) = Alu(r,3m) = Al yim) + [52' + ,é,ij(%%ﬁ)] Qlu(r,7m)

+ 28707, 7:7) 2V (7, 5 71)
= a[A"J (1,1 m)E (10) + €9 s (1,73 1)E (10)
-2 [+ At [) - )
— 287,507, 7m) [¢/(r0) = €(r1) + (m = 7)€/ ()]
= By Ay’ (u1,u0)€ (1) — ;Aji(ul7uo)§j(71) + iéi(To)
O AT (g ) (1) — ;auo [(up — 1) B (g, ur)] € (my) + ig‘i(m) 0,

(4.265a)
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1/2 ~ ~

Qa7 m) = Ay 3im) — A%u(r,1m) + [5@‘ + 28" (v,7:m1)

0

Qu] N T
JP P P hp u('%'% 1)

0

+ A" (v, m) (757
= o[A"u]i (7,1 m)E (10) + €9 (77 11)€ (0)

- iéuij(%% 1) [éj(ﬁ) - f.j(To)}

- [51‘]. + 2%“@(%7;71)] [ﬁj(To) — (1) + (11 — )& (1)
= Oy [(u1 — o) By (ur, u0)] € (1) — i(ul o) By 1, ug)€ (71) — €¥(m0)

= A'j(ug, )& (1) + (10 — 71) B'j (w0, w1 )&/ (1) — €' (70) = 0. (4.265b)

The first equalities in these equations are simply a consequence of writing out equation (4.254) in
terms of components. In the second equalities of these equations, we have used equations (4.245)
and (4.246) to write the components of the affine transport holonomy in terms of ¢(7p), £%(71),
and their derivatives, and we have also written out explicit expressions for the relevant compo-
nents of A4p(y;711), Adp(v,v;11), and A4p(vy,7;7) using equations (4.259) and (4.261), which
we then write in terms of the transverse Jacobi propagators in the third equalities using equa-
tions (4.257), (4.258), and (4.262). In the fourth equalities, we use the identities satisfied by the
transverse Jacobi propagators in equations (4.216) and (4.217), and finally in the fifth equalities

1/2

we use equation (4.240) and its derivative, but with 7y and 7 switched. Since 193 tu(v,7; 1) and
J% i, (y,7;71) vanish, equation (4.253) holds. Of the 50 remaining components, only the 31 given
in equation (4.264) are nonzero. Note, however, that these 31 components are only determined by

12 functions, the independent components of the transverse Jacobi propagators.

4.3.3.3 Observables from a spinning test particle

We now consider the observables that can be determined from a spinning test particle. As remarked
above, we will compute these observables perturbatively, using the expansion in equation (4.46),
as we are not aware of ways to solve the fully nonlinear Mathisson-Papapetrou equations in plane
wave spacetimes. To compute our results perturbatively, we use equation (4.177), adapting to a

plane wave spacetime by using equation (4.225) for the parallel and Jacobi propagators. Assuming
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that £€%¢, = 0, we find that

1 (71,70) = —x&[T'ulj(m1) = /: (u1 — ug) H'g (u1, uz) (A%) %5 (ug), (4.266a)
AT 315(10) = —X sl T ulij = Ouy K (ur, o) Y¥i (1, 70), (4.266D)
X5 (0) = >1<a“1 [(us — o) Hoy (un, up)] T3y, ), (4.266¢)

27 ulij = —)1( 1Y (1 (10), (4.266d)
UY55(10) = =X 40wl (10) = /u:l dug(uy — ug) (A*) ki(u2)Ouy K* (u2, ug). (4.266¢)

where (A*);j(u) = Ay (u)€¥; is defined as in appendix 4.A to this chapter.
At this point, let us focus on the observable \Il“/ij (10), which is an observable which does not
seem able to be expressed solely in terms of sums and products of transverse Jacobi propagators

and their derivatives. Using equations (4.216) and (4.266¢), we can show that

/

¥ 4(10) = —0u, / h duy(uy — u) K * (g, uz) (A*) ki(uz). (4.267)

The integrand does not appear to be in the form of a total derivative [unless K jk(uo,ul) and
K jk(ul, ug) are proportional by a constant, which is not necessarily true|. As in section 4.3.3.1, we

conclude by computing the proper time delay observable (but now for the spinning test particle):
Fo MY = —x |LY3(10)€" (10)€ (r0) + W55 (1o)€' (10) ' (70) + O(€, 8%) (4.268)

Thus, ¥';;(7p) also measures a sort of proper time delay observable [like L¥';;(7p) in section 4.3.3.1],

except that it gives the dependence of this delay on spin in addition to separation.

4.3.3.4 Observables at second order in curvature

As in section 4.3.2.3, we now compute some parts of our persistent observables at second order
in curvature. We do this both for general plane wave spacetimes and for the specific plane wave
spacetime which we introduced in section 4.3.2.4. We focus on the quantities L”/ij (10) in equa-
tion (4.243g) and ‘I/U/ij(T()) in equation (4.266e) in this section. These results illustrate features of
observables which can be computed from the transverse Jacobi propagators and their derivatives;

other such observables are qualitatively similar.



4.3. Exact Plane Wave Spacetimes 185

The first observable which we compute is Lvlij(To), which is a piece of the curve deviation
observable defined by equation (4.8), with the value of this observable in arbitrary plane wave
spacetimes given by equation (4.243g). Expanding this expression order-by-order, we find that it
vanishes at zeroth order, whereas at first order we find it is

/

1
WL (n) = §au1 WK (5 (u1, o), (4.269)
and at second order it is

, 1 1
@ LY i(r0) = 2{ (I)Kk(i(ul, ) Ou, (I)Kkj)(ul, up) + §5u1 [(I)Kﬂc(ul, ug) WKF; (ur, up)

ul u
— / dug / dugdyy M Kp.(uz, uo) VKX (us, uo)}-
uo uo

(4.270)
At second order, this observable is pure trace because it is symmetric and constructed from products
of WK ij (u',u), which is itself a symmetric and trace-free 2 x 2 matrix (assuming a vacuum plane
wave spacetime). Using the wave profile (4.231), we have that

L5(0) .. = —W;“Q {[cos(26) — 1] a2 + 3} ;5 + O(€%). (4.271)

Note that, like 8y, A*j(u1,up), this observable vanishes at first order in e.
The next observable which we consider is W”';;(7p), which is an observable from a spinning
test particle which is defined by equation (4.46a). This observable is vanishing at first order by

equation (4.266¢), and this equation also implies that (at second order)

/ U1
@y i(m) = / du2{8u2 W K (ug, 10)duy VK" (ug, up)
uo

(4.272)

50 = ) A, DK, 1)l

As with the transverse Jacobi propagators, at second order there are both pieces that are pure trace
and pieces that are antisymmetric (assuming a vacuum plane wave). However, because of the factor
of €4p, it is the pure trace piece which only occurs when the wave is not linearly polarized, instead
of the antisymmetric piece. Finally, we consider the wave profile in equation (4.231); we find that

2
ov';5(0) = —2n%wn?eay/1 — a?sin ¢5ij+% {[cos(2¢) — 1] a® + 3} &5+ O(e®). (4.273)

__21mn
=ox

This expression has the same qualitative features as in the case of a general wave profile.
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4.4 | Discussion

In this chapter, we have introduced quantities that we called persistent gravitational wave ob-
servables, which are effects that share with the gravitational wave memory effect the feature of
persistence after a burst of gravitational waves, but which are not necessarily associated with sym-
metries and conserved quantities at boundaries of spacetime. After reviewing many of the currently

known persistent observables from the literature, we presented three new observables:

1. the difference between the separation of two accelerating curves from the result expected in

flat space, which we called “curve deviation,”

2. the path dependence (or “holonomy”) for two different methods for relating linear and angular
momentum at different points (one inspired by how linear and angular momentum transform
under a change of origin in flat space, and the other by the relationship between linear and

angular momentum and Killing vectors), and

3. the difference between the initial and final separation, four-momentum, and spin of a spinning

test particle that is initially comoving with some observer.

These observables measure the effects of the gravitational waves in a context where the spacetime
transitions from a flat region, to a burst of gravitational waves, and then to another flat region.
We then provided the machinery with which one can calculate these observables in an arbitrary
spacetime (which included reviewing the very powerful technique of covariant bitensors for under-
standing how tensor fields evolve along curves). Extending the results of [173, |, we used these
techniques to compute the holonomy with respect to an arbitrary connection around a variety of
curves, as well as the evolution of the separation vector between two arbitrary worldlines. We then
used these holonomies and the separation vector to compute our final results, which are in equa-
tions (4.143) for curve deviation, equations (4.156) and (4.168) for two different methods of relating
angular momentum at different points, and equation (4.177) for the observables from a spinning

test particle. Here, in order to make calculations tractable analytically, we made the simplifying

assumption that the worldlines were closely-separated.
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We also presented explicit expressions assuming that the curvature is small where these ob-
servables are being measured, so we may linearize in the spacetime curvature. This provides a
connection to previous memory observables, which are typically discussed in this regime. These last
results, where we linearize in the Riemann tensor, are important for discussing one possibility for
measuring these persistent observables. Our results were given only in terms of various integrals,
or alternatively, moments, of the Riemann tensor (and its derivatives) with respect to proper time.
Moreover, in the limit where the gravitational waves are plane waves, these linearized results simplify
even further, and they can be written entirely in terms of one, two, and three time integrals of the
Riemann tensor, when there is no acceleration, and more time integrals, otherwise. As gravitational
wave detectors effectively measure the Riemann tensor along their worldlines, these integrals of the
Riemann tensor are (in principle) measurable. This would allow for our persistent observables to
be measured indirectly.

A strength of our general results (not assuming weak curvature) are that they are not specialized
to a particular spacetime. Our results are written in terms of the “fundamental bitensors,” which
are solutions to the equations of parallel transport (the parallel propagators) and linear geodesic
deviation (the Jacobi propagators), which are known in a handful of spacetimes. In spacetimes where
the geodesic equation has explicit solutions, these persistent observables can even be computed
without assuming that the neighboring worldlines are closely-separated.

As an example of such a spacetime, we considered these observables in nonlinear, exact plane
wave spacetimes. These spacetimes possess an important set of two functions (and their derivatives),
which we refer to as transverse Jacobi propagators. Many of the geometric properties of these
spacetimes, such as Killing vectors and solutions to the geodesic equation, can be written in terms
of these functions. Our primary result is that many parts of the persistent observables in this
chapter can be determined just from the values of these functions and their derivatives. We found
in our linear, plane wave results that many parts of our observables could be written in terms of a
small number of functions, but the fact that this statement also holds in the nonlinear context is
unexpected.

The main utility of this result is that only the transverse Jacobi propagators are necessary

to determine the values of many of our persistent observables. That is, although the persistent



188 Persistent Observables and the Measurement of Angular Momentum

observables we have defined encompass a large number of interesting physical effects, many of
these effects are determined by just a small number of functions. These functions, in turn, can be
determined by the displacement memory observable (which gives the transverse Jacobi propagators
directly) and the relative velocity observable (which gives their derivatives).

Example spacetimes in which to consider the persistent observables in this chapter are not
limited to plane waves. In particular, one could consider the more general class of “pp-wave”
spacetimes, which are a generalization of plane wave spacetimes where the planar wavefronts are not
homogeneous, as A;; is also a function of x'. Such spacetimes have Jacobi and parallel propagators
that one can calculate using a procedure that is similar to the one we carried out in this chapter,
but the geodesic equation does not have exact solutions, nor are the transverse Jacobi propagators
solely functions of u. In plane wave spacetimes, one only needed to determine the transverse Jacobi
propagators along a given timelike geodesic in order to compute persistent observables, but in
pp-wave spacetimes one would need to determine them along all timelike geodesics.

Finally, a natural regime to study persistent gravitational wave observables is near future null
infinity; of particular interest are their falloffs in 1/r near null infinity. Here, the contexts that are
relevant for studying persistent observables are spacetimes that possess two nonradiative regions
that are separated by a radiative region. As the two nonradiative regions are no longer flat, it is
possible that the observables in this chapter will also measure parts of the spacetime curvature not
related to the gravitational waves, and so will not qualify as persistent gravitational wave observables
in this context. In a future future, we plan to discuss the persistent gravitational wave observables

that arise near null infinity.

Appendix

4A | Dualization of Arbitrary Tensors

Following Penrose and Rindler [129, | we define (in four dimensions) left and right duals of

tensors acting on either the first or last two indices:

1
~Zay 0. €depe- (4.274)

d _
€abde L ec1m057 (Z*)almasbc = 9

| =

("Z)abey s =
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In addition to this standard definition, they define another type of dual, which acts on the first or
last indices,

(TZ)abcdlmds = 6eachecllmdsa (ZT)almasbcd = Zalmaseeebcdy (4275)

and a dual acting on the first or last three indices,

1 1

(iZ)abl---bs = gecdeaZCdebl---bsy (Zi)al---asb = EZaynasteecdeb- (4276>

With these definitions, we have that

(" Z)abey e = _Z[ab]01~~~csv (Z7)ayasbe = _Za1~~-a5[bc]7 (4.277)
(iTZ)abl...bS = Zaby-bys (Zﬁ)al...asb = Zg, a.bs (4.278)
(M Z) abedydy = Ziabeldy—dy (ZM) 0y asbed = Zay-ay[bed)- (4.279)

In four dimensions, these are the only useful definitions of duals of arbitrary tensors. In two

dimensions, which is relevant to the case of plane wave spacetimes, it is also sensible to define
(*A)ab1~~~bs = EcaAcbl...bs, (A*)a1-~~asb = Aa1~~ascecb7 (4.280)

and one has that

<**A)ab1---bs = _Aabl---bsa (A**)al---asb = _Aal---asb; (4281>

assuming a Riemannian signature for the two-dimensional metric (as is relevant to the discussion
in this chapter). A particularly useful special case is when one is considering 2 x 2 matrices. One
easily show that

(FAT)% = AS0% — Ay, (4.282)

and so

(*A)% Agp symmetric, trace-free
(A")% = . (4.283)

—(*A)%, Ay pure trace or antisymmetric

As such, we find that if Ay, and By, are both symmetric, trace-free, then

A(BY)p = A%ceq"Bay = —("A)"B%, (4.284)

which implies that A,.B¢ is a sum of a pure trace and an antisymmetric term—in particular, if

Agp = B, then it must be pure trace.
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4B | Algebraic Decomposition of Holonomies

In this section, we present a method of reducing the holonomy observable in section 4.2.2.2 into more
manageable pieces. Our method is purely algebraic and applies to general matrices on the linear
and angular momentum bundle. Consider first any matrix A4z, which we break into components

as in equation (4.23). We now perform an algebraic decomposition of each of these pieces:

1

a, — a a - a
zéﬂ b= [1511)] bt <1§411>> bt 45[}’5 by (4.285a)
A =2A30% + (TﬁglJ)“bc + A e (4.285D)

ab _— la sb] 1 ab ab
fézlv ¢ 2(?113 0%+ ( 1}%)) et <lev> © (4.285¢)
A% =260 AM 4+ A4 A4 A (4.285d)
jioed= gy dl ™55 AT gy AT L0 e '

We also decompose ﬁ“b in the second-to-last line as
1
a — a a - a
JA] b= [j{l]] bt <§4i}> bt 4.7%176 b (4.285¢)

These algebraically irreducible pieces have the following properties:

1. [A %, and [A]ab are antisymmetric, and have 6 independent components each;
PP JJ

]

2. <A>ab and <A>ab are symmetric and trace-free, and have 9 independent components each;
PP JJ

3. A% and A %, are trace-free on all indices and satisfy
(JP) (PJ)

A (abd = (;’% labe) — 0, (4286)
implying they have 16 independent components each;

4. [A]abcd is trace-free on all indices and antisymmetric on interchange of the first two and last
JJ

two indices, so it has 9 independent components; and

5. <£>abcd is trace-free on all indices, symmetric on interchange of the first two and last two
indices, and satisfies

A> labed) — 0, (4287)

(JJ

giving it 10 independent components.
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The following results show how to construct the algebraically irreducible pieces from the full matrix

Alp:
[;i]ab = Alab); A= A%, é ab = Aab) — igab;‘;, (4.288a)
Aty = A% + éf}“lcdfwb, (4.288b)
Aa=—3Ah A= AT A= (A, (4.288¢)
A= A%~ Apdy + eabcdigﬁljda (é)abc — A% — Alsgll, ¢ eabcdiéjd, (4.2880)
A= % (j‘}abcd - ﬁcd“b> — 201 A%, (4.288¢)
A= *iﬁabadéabcd, (4.288f)
(ﬁabcd _ % <§]abcd . écdab) _ 25[“[C<f,>b]d] _ %5[a[c5b]d]jflj - Aty (4.2889)

where x = P, J and y # .

There are two main uses of this decomposition. The first is that many of these pieces have a
physically relevant meaning. For example, assuming that J* = 0, then [ ;4113]“;,, ( ;’4113 )“b, and < ;4113 > can
be understood as an infinitesimal rotation, shear, and expansion of P?, respectively (the latter two
transformations change the rest mass P?P,). As another example, ﬁla % is the term that contributes
to the change in J% in flat spacetime from a change of origin.

The second main use of this decomposition is that certain of these irreducible pieces may vanish
for particular matrices; this could make it easier to compute the number of independent components
that these matrices have. For example, in the case where A4 = 0A B(7,9;7'), we can easily see

from equation (4.158) that the only nonzero pieces are [ ;11) 4 = [ﬁl’]“b and jé}y @ thus, the holonomy has

]
only 10 independent components. Similarly, if we set A4p = RA Bea¥°y? (an infinitesimal version
of the holonomy for arbitrary ), we can easily show from equation (4.151) and the symmetries of

x

K 4peq In equation (4.149) that

Jf}jbc:o, A=A= A =0, A =0. (4.289)

PP JJ *JJ iPJ

This matrix then can have at most 69 independent components (it has fewer, but the algebraic

decomposition only gives us an upper bound). For the general case of the holonomy for arbitrary
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» around a narrow loop, the algebraic decomposition gives no additional information about the

number of independent components.
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We conclude this dissertation with a discussion of angular momentum in the theory of general
relativity coupled to electromagnetism, which we simply refer to as Einstein-Mazwell theory.

This discussion is partially motivated by a strange feature of electromagnetism in flat spacetime.
One typically thinks of fluxes of conserved currents that are associated with conserved quantities
as depending only on the radiative degrees of freedom—that is, those that fall off as 1/ and that
vanish if there is no radiation present. However, fluxes do not always depend purely on radiative
degrees of freedom. In particular, the flux of angular momentum (when calculated using the stress-
energy tensor) depends as well on Coulombic (1/r?) degrees of freedom, which do not vanish when
there is no radiation present |19, 20]. The terms that contain these Coulombic degrees of freedom
are relevant for some physical systems: in fact, all of the angular momentum radiated by a charged
spinning sphere with variable angular velocity is due to these terms [39].

This dependence on Coulombic degrees of freedom arises for the flux of a conserved current
(which we call “angular momentum”) that is constructed from the stress-energy tensor. However,
as remarked in the introduction, there are other conserved currents for electromagnetic fields that
are also naturally associated with Killing symmetries. In this chapter, we consider two currents,
the Noether current and the canonical current, which are both constructed from the Maxwell La-

grangian. The former is the natural conserved current associated with Killing symmetries through

193
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Noether’s theorem, and the latter is related to the symplectic products discussed above in chap-
ter 3. As with the current defined by the stress-energy tensor, each of these currents is conserved,
defining fluxes of energy and linear momentum (for time or space translation Killing fields), as well
as angular momentum (associated with rotational Killing fields). Moreover, for all Killing vector
fields in flat spacetime, these fluxes only depend on radiative degrees of freedom.

The Noether and canonical currents associated with angular momentum differ from the stress-
energy current by total derivatives, and it is entirely in these total derivatives that the dependence
on Coulombic fields arises. When evaluating fluxes through regions of future null infinity, these total
derivatives yield “boundary terms” evaluated along cross-sections of null infinity that depend on the
Coulombic degrees of freedom. These boundary terms do not vanish when one takes the limits of
these cross-sections to timelike and spatial infinity—in particular, they are nonzero when there is
electromagnetic memory (see [31]). Thus, a priori, it is not obvious which (if any) of these currents
defines the “correct” notion of angular momentum flux through null infinity for electromagnetic
fields on a flat background.

In this chapter, we first show that the above considerations generalize to the asymptotic sym-
metries in electromagnetism on any non-dynamical, asymptotically flat background spacetime. In
particular, one can define the fluxes through null infinity using any of the aforementioned currents
associated with the generators of the Bondi-Metzner-Sachs (BMS) algebra. We find that the Noether
and canonical currents define fluxes associated with all BMS symmetries, and these fluxes are com-
pletely determined by the radiative degrees of freedom of the electromagnetic fields. However, the
flux of the stress-energy current that is associated with asymptotic Lorentz symmetries depends also
on the Coulombic part via a “boundary term” exactly as in Minkowski spacetime. Furthermore,
none of these fluxes can be written as the change of a charge computed purely on cross-sections of
null infinity. Thus, working purely on null infinity, none of these fluxes can be interpreted as the
change in “energy” or “angular momentum” on cross-sections of null infinity.

To investigate this issue in more detail, we then consider Einstein-Maxwell theory, in which
the metric is now a dynamical field. Unlike electromagnetism on a non-dynamical background,
Einstein-Maxwell theory is diffeomorphism covariant. Thus, we can apply the general prescription

of Wald and Zoupas [178] to define charges Q (on any cross-section of null infinity) and their fluxes
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F (which are the change in charges Q through any region of null infinity) associated with the BMS
symmetries at null infinity.

We show that if one defines charges for the BMS symmetries using the same expression as in
vacuum general relativity [Qggr in equation (5.133)], then the contribution to the fluxes of these
charges due to electromagnetic fields is given by the stress-energy current. Consequently, the fluxes
associated with asymptotic Lorentz symmetries, such as angular momentum, are not purely radiative
but depend also on the Coulombic parts of the electromagnetic fields. However, if we instead
define charges by applying the Wald-Zoupas prescription to the full Einstein-Maxwell theory, we
find that the charges are of the form Q = Qcr + Qgrm, where the additional contribution O
lequation (5.137)] depends on the electromagnetic fields. We show that the flux F of the full Wald-
Zoupas charge across any region of null infinity is completely determined by the radiative degrees
of freedom of both the gravitational and electromagnetic fields at null infinity. The contribution
of the electromagnetic fields to this Wald-Zoupas flux is, in fact, given by the Noether current and
not the stress-energy current. In addition, the Wald-Zoupas flux F through all of null infinity
defines a Hamiltonian generator associated with the BMS symmetries on the radiative phase space
of Einstein-Maxwell theory at null infinity.

We further show that the additional contribution Qg vanishes for supertranslations and does
not contribute to the supermomentum charges associated with supertranslation symmetries. In
particular, the supermomentum charge is given by the usual formula Qggr as in vacuum GR, and
the supermomentum flux gets an additional (purely radiative) contribution from the electromagnetic
fields which is equal to the flux determined by the stress-energy or Noether current (as they are
equal for supertranslations). If one considers the Kerr-Newman solution, the additional contribution
OrwMm vanishes for Lorentz symmetries as well. However, for non-stationary solutions of Einstein-
Maxwell theory, Qgrn is generically non-vanishing for Lorentz symmetries. Thus, in general, the
contribution due to electromagnetic fields to the Wald-Zoupas flux of Lorentz charges, for example
angular momentum, is not given by the flux of stress-energy but instead by the Noether current
flux.

The rest of the chapter is organized as follows. We first consider electromagnetism on a fixed

background in section 5.1. In section 5.1.1, we review the natural currents of electromagnetism asso-



196 Angular Momentum in Einstein-Maxwell Theory

ciated with vector fields in a non-dynamical spacetime which are conserved for Killing vector fields.
In section 5.1.2.2, we derive useful properties of the asymptotic symmetries of electromagnetism on
a fixed background. In section 5.1.3, we consider the limits of these currents to null infinity for
BMS vector fields, which need not be exact Killing vector fields, and define the corresponding fluxes
associated with the BMS symmetries.

We then consider dynamical backgrounds. In section 5.2, we consider Einstein-Maxwell theory,
analyze its symplectic current, and review the asymptotic conditions at null infinity. Some properties
of stationary solutions in Einstein-Maxwell theory at null infinity are presented in section 5.2.3. In
section 5.3, we use the Wald-Zoupas prescription to define charges and fluxes associated with the
BMS algebra in Einstein-Maxwell theory. We review the essential ingredients of the Wald-Zoupas
prescription in section 5.3.1 and compute the charges and fluxes for Einstein-Maxwell theory at null
infinity in section 5.3.2. We provide examples of computing these charges in section 5.3.2.2, both
in the Kerr-Newman spacetime and for a charged spinning sphere in the Minkowski spacetime. We
end with section 5.4 by discussing our main results and their implications.

We use the following conventions not specified in the introduction. Contraction of vectors into
the first index of a differential form is denoted by “-”, for example (X - 0), = XO.qp for a vector
field X% and a 3-form 0,,.. We also adopt the following convention related to the usual conformal
construction of null infinity (see section 5.1.2): fields in the physical spacetime are denoted with
hats, while the corresponding unphysical quantities are unhatted. For example, g, is the physi-
cal spacetime metric while g, is the metric in the unphysical (conformally-completed) spacetime.
Moreover, all quantities with hats have their indices raised and lowered with the physical metric
Jab, and all quantities without hats have their indices raised and lowered with the unphysical metric
Jap- Finally, for differential forms, we denote the physical volume element by €4, or €,,.q when we
use indices—we adopt this convention as there are several volume elements, of different dimension,
that arise in this chapter. Quantities with hats will have their Hodge dual taken with the physical
volume element €4, and those without hats will have their Hodge dual taken with e4.

We also use the following terminology for the charges and fluxes associated with the symmetry
algebra at null infinity. Quantities associated with asymptotic symmetries evaluated as integrals

over cross-sections S = S? of null infinity will be called “charges”, while those evaluated as an
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integral over a portion A.# of null infinity bounded by two cross-sections will be called “fluxes”.
In general, fluxes need not be the difference of any charges on the two bounding cross-sections,
but the Wald-Zoupas fluxes (defined in section 5.3.1) are the change of the Wald-Zoupas charges.
When certain conditions are satisfied, the fluxes given by the Wald-Zoupas prescription can also be
considered as Hamiltonian generators on the phase space at null infinity [see the discussion below
equation (5.123)].

5. ]_ | Angular Momentum in Electromagnetism on a Fixed Background
1

In this section, we study the properties of electromagnetism on a fixed background, and in particular
conserved currents in this theory.

We begin with a review of the theory of electromagnetism. The dynamical field of electro-
magnetism is given by a vector potential, which is most naturally treated as a connection on a
U(1)-principal bundle over spacetime. The analysis in this chapter can then be performed directly
on this principal bundle [133]. Since this approach would need considerable additional formalism,
we will instead treat the vector potential as a 1-form A, on spacetime which is obtained from the

connection by making an (arbitrary) choice of gauge. The Faraday tensor F, is then

Fop =2V, Ay = (dA) . (5.1)

We now consider the transformations of the vector potential under both gauge transformations
parametrized by a function A and diffeomorphisms generated by a vector field X, which we collec-
tively denote by é = (X , 5\) Understanding these transformations is necessary for the construction
of currents in this section. The infinitesimal change in the vector potential under these transforma-
tions is given by

5;Ay = £33 A+ Vo = X0 Eyy + V, (Xb/lb + X) . (5.2)

One may now ask how equation (5.2) behaves under the choice of gauge for A,. For a fized

transformation parametrized by é, its representation in terms of a vector field X and a gauge
transformation A should depend on this gauge choice. Let fl; = A,+V A be another vector potential

related to A, by a gauge transformation A. For a fixed €= (X , 5\), let the new representatives under
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the gauge transformation by A be é = (X' /, N ). Since é is fixed, its action on the vector potentials

must be independent of the choice of gauge; that is, 55121; = 55%1(1. Evaluating this equation, we find

~ A~ A~ ~

£ Ag+ VN + Vol g A= £ A+ Vo (5.3)

This implies that, under a change of gauge by A, the representation of a fixed transformation

£ =(X,\) = (X’,N) changes as

X'*=X%  N=X- LA (5.4)
Consequently, the notion of a pure gauge transformation & = (0, 5\) is well-defined independently
of the choice of gauge A, but a “pure diffeomorphism” é = (X ,0) is not. This is analogous to the

structure of the BMS algebra noted in section 5.1.2.2. Note also that
N XA =54 XA, (5.5)

is invariant under changes of gauge.! This can also be seen directly from the requirement that
equation 5.2 be preserved under a gauge transformation, assuming that X'e = Xo.

In the remainder of this section, we discuss in detail three currents (associated with vector fields)
that occur in electromagnetism on a fixed, non-dynamical background spacetime: the canonical,
stress-energy, and Noether currents. We show that, when the vector field is a Killing field of the
background metric, each of these currents is conserved and they differ by “boundary” terms. We then
review the asymptotic structure of the non-dynamical background and the asymptotic behavior of
the electromagnetic field. Many results of this section will carry over to our discussion of Einstein-
Maxwell theory later in this chapter. Using the asymptotic structure of this theory, we then carefully
analyze the fluxes through .# defined by each of these currents, assuming that these vector fields

are asymptotic symmetries in the BMS algebra.

'On a principal bundle, £ = (X , ;\) is a vector field on the bundle and equation (5.2) gives the Lie derivative of
the connection with respect to é . The Lie algebra of such vector fields also has the structure of a semidirect sum of
diffeomorphisms with the Lie ideal of gauge transformations [133]. The invariant in equation (5.5) is then the vertical
part of é on the bundle.
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5.1.1 | Conserved currents

The conserved currents for electromagnetism which we will consider in this chapter arise from the

Lagrangian formulation of this theory. The Lagrangian 4-form of electromagnetism is given by

. 1 -
Lpy = &4 (‘mF2> : (5.6)

where F?2 = g“cgbdﬁabﬁcd and the metric is considered to be a non-dynamical field. One can also
consider the electromagnetic field coupled to a charged source current of compact support. In
flat spacetime, such source currents are necessary to have a non-vanishing Coulombic part of the
electromagnetic field. Of course, there are asymptotically flat spacetimes which are solutions of
the source-free Maxwell equations and have a non-vanishing Coulombic part, without the need to
introduce external sources: for example, the Kerr-Newman spacetime describing a charged, spinning
black hole. Since we are mostly concerned with the behavior at null infinity, a source current of
compact support does not change our main analysis. As such, we will not explicitly consider such
a source current.

Varying the Lagrangian with respect to the dynamical field A, gives
O I SN 1 &/ rbac
SLpn = &4 | — (va ) §Aq — —V (F 5Aa> : (5.7)
a7 47
which yields the Maxwell equations
VpFP =0, (5.8)

as well as a “boundary term” corresponding to the symplectic potential 3-form:

~

OEM [A, 5A] = *'i}EM [A, 5A], (5.9)
where
N - 1 4 o
08\ [A;5A] = —EF“béAb. (5.10)

The symplectic current 3-form is then defined as

~ ~

wiM[A; 51 A, 5,A] = 510pM[A; 52A] — 5,0p0[A; 51 A] = “wpm[d1 A, 52 A], (5.11)

where

~a A 1 1 a 1
il A, 02 A) = - [51F b5y Ay — (15 2)] - (5.12)
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From this symplectic current, we construct the canonical current for a transformation of the vector
potential [equation (5.2)| generated by € = (X, X). A priori, one may naively expect the canonical
current to involve two variations of the vector potential. However, since the Maxwell equations
are linear, the situation simplifies: consider a one-parameter family of vector potentials Aa(e) =
(1+ e)Aa. This entire family satisfies the Maxwell equations if A, satisfies the Maxwell equations,
and the variation of this family of solutions 5. A, = %fla(e)\g:o is equal to the vector potential

A,. Therefore, for a given symmetry é = (X e 5\), where X is any vector field and \is a gauge

transformation, we can define the canonical current by

-~ ~ ~

Jolé] = wemlA; 5. A, 5:A] = *jc[é), (5.13)

where

A,

Jjel€l = —ﬁ [Fab (ij(leb + @b5\> - §a0§bd/1b£;gﬁcd] : (5.14)

To define the stress-energy and Noether currents, we also need to vary the Maxwell Lagrangian
with respect to the metric §u.° In particular, by varying the Lagrangian with respect to the

non-dynamical metric g,; we find the Maxwell stress-energy tensor Tab.
1, rab s A
dLem = §€4T 3Gab, (5.15)

where

R 1 [ 1, -
7% = — [ Focfb, — —goF?) . (5.16)
47 4

The associated current, the stress-energy current for some vector field X, is given by

Jr[X] = *5r[X], (5.17)
where
~ ~ A~ 1 A A A 1~ 4
X =T%X, = g <F‘“FbCXb - 4X“F2> : (5.18)
T

Since this current has a divergence given by

Va3 X] = TV, Xy), (5.19)

2Note that varying the Lagrangian with respect to as is not in contradiction with our assumption that as is non-
dynamical in this section—g,; does not satisfy any equation of motion obtained by varying the purely electromagnetic
Lagrangian.
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it is clear that j&[X] is conserved when X is Killing.

We finally turn to the Noether current. To obtain an expression for this current, we consider the
variation of the Lagrangian under the transformation generated by é = (X , 5\), where the vector
potential transforms as in equation (5.2) and the variation of the metric under diffeomorphisms is
55@,11) = £ ¢ gap- This yields®

.

6:Lpm = £ 3 Lpv = dnlg], (5.20)

A,

where the 3-form 0[] is given by

nl€) =X - Leu. (5.21)
The Noether current is then defined by (see the appendix of [104])

. .

TIn[€] = OpuilA; 5, Al - nlé) = *inlé), (5.22)

where

~ 1 - ~ A o~ 1 ~ 4
K18 = - [fXAbJrvbA + o XOE (5.23)

Despite the fact that these three currents are clearly different, in the case where the vector field
X is Killing, all these currents differ only by total derivatives and constant factors. It can be shown

quite generally that the Noether and stress-energy currents are related by a total derivative [104].

For electromagnetic fields, we find by comparing the Noether and stress-energy current that

Inl€] = —J1[X] + dQy€), (5.24)
where
Qxl€] = —%*F (X A+ X) . (5.25)

Comparing the canonical with the Noether current, one instead finds |after a lengthy but straight-

forward calculation starting with equation (5.14)] that

A A A, ~

Jolg] = 2Jx[€] + dQc[€] + " K o[ X], (5.26)

3Note that, when the vector field X is non-vanishing, SéLENI is a total derivative only when the non-dynamical
metric in the Lagrangian also be varied.
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where
Qulél = -+ [2)2 ANA-F)+ XF} (5.27)
A ’
arw 1 ~cla 1, 1 ab ~c A O
K3[X] = o (29 la frbld _ o b5 d) AV ( Xy, (5.28)

When X is a Killing vector field of the background spacetime, the Noether and canonical currents
differ only by a total derivative of Qu[€] (up to a constant factor of two).

For any Killing vector field X these currents are all related by total derivatives, and the fact
that the stress-energy current is conserved in this case directly shows that the other two currents are
also conserved. From the discussion under equation (5.2), it follows that both the stress-energy and
Noether current are invariant under gauge transformations, while the canonical current is invariant
only up to boundary terms. Thus, we can use any of these currents to define a conserved quantity
for electromagnetic fields associated with a Killing vector field of the background spacetime.? For
example, if the background spacetime is stationary, possessing a timelike Killing field ¢%, then any
of the above defined currents, setting X = fo defines a notion of “energy” when integrated over
a Cauchy surface. Similarly, for an axisymmetric background, where there is an axial Killing field
Xo = gga, each of these currents defines a notion of “angular momentum”. The conserved quantities
defined using these currents will then differ by boundary terms on the Cauchy surface, either at a
boundary at infinity, or some interior boundary, such as a black hole horizon.

As such, there are many different notions of “energy” and “angular momentum” on such back-
grounds. Which of these currents is most appropriate depends, of course, on the problem at hand.
The Noether current is the most natural current associated with a symmetry by Noether’s theorem;
moreover, as we will show, it is also the contribution to the Wald-Zoupas flux due to the electro-
magnetic fields in Einstein-Maxwell. On the other hand, the stress-energy current is typically used
for calculations of energy and angular momentum flux, both in standard textbooks on electromag-
netism in flat spacetimes |35, 105] and on fixed backgrounds |1 76] (in fact, problem 9.8 of [105] notes
that the angular momentum flux depends on more than just the radiative electromagnetic fields).
Furthermore, the stress-energy current is useful for computations of “self-force” effects on charged

sources due to electromagnetic radiation; see, for instance [138, 39].

4Of course, one is free to define other conserved currents by simply adding exact 2-forms (that is, boundary
terms) to the three currents we have defined.
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There are also several situations in which the canonical current is most useful. The canonical
currents arise naturally in the Hamiltonian formulation of electromagnetism, as the symplectic cur-
rent provides a natural symplectic form on phase space. These currents also arise in the formulation
of the first law of black hole mechanics 104, |. Moreover, these currents are useful in analyz-
ing the stability of solutions in classical field theories: by general arguments, the positivity of the
canonical energy (relative to a timelike Killing field of the background) is directly related to the
stability of the background black hole to perturbations [96, |. For axisymmetric electromagnetic
fields on a stationary (but not static) and axisymmetric black hole spacetime in GR, it was shown
in [135] that the energy evaluated on a Cauchy surface defined by the canonical current (which,
in this case, also equals the one defined by Noether current) is positive, whereas the energy given
by the stress-energy tensor can be made negative. The canonical energy is also useful to account
for the “second-order” self-force effects of small test bodies in black hole spacetimes [150]. Simi-
larly, the symplectic current is useful for deriving conserved currents associated with symmetries
of the equations of motion; such symmetries need not arise from the action of a diffeomorphism
or gauge transformation, and do not necessarily possess currents associated with the stress-energy

tensor [31, 32].

5.1.2 | Asymptotic structure

We now review the asymptotic structure of electromagnetism on a fixed background, using the
usual conformal completion definition of null infinity (.#) with conformal factor Q (for a review,
see [77]). Here, the physical spacetime (M , gab) 1s replaced by an unphysical spacetime (M, gqp),
where gop = Q%§ap, for a given scalar field Q. Null infinity is then the subset of M where Q = 0.

Moreover, this conformal factor is assumed to satisfy
V.Ql s #0. (5.29)

For definiteness, we will only consider future null infinity—depending on conventions, some of our
formulae will acquire an additional sign when instead considering past null infinity.

Given the relationship gq, = Q2%§ap, the conversion between the metrics and volume elements in
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the physical and unphysical spacetimes is given by
gab = Qi2gaba gab = Q2gab7 étiLbcd - Q74€abcd- (530>

While the unphysical metric g,; does not have a smooth limit to .#, g, does. Let n, = V,Q. It

can be shown that the conformal factor ) can always be chosen so that the Bondi condition,
Vanp = 0, (5.31)
is satisfied, where “=” denotes equality on .#. Furthermore, with this choice, one can show that
nan® = O(Q?). (5.32)

We will work with this choice of conformal factor throughout. Using this conformal factor, one
finds that the conformal factor €2 in a neighborhood of .#, as well as the unphysical metric at .Z,
gab|7, are universal; that is, they are independent of the choice of physical metric Gqp |78, |.
This is essentially because all asymptotically flat spacetimes can have their neighborhoods of .#
mapped into one another, preserving g,;| » and € (see Appendix A of [73] for further details of this
argument).

Let gqp denote the pullback of the unphysical metric g,p to .. From equations (5.31) and (5.32),
it follows that gun’ = 0 and £,¢. = 0. Thus, qq defines a degenerate metric on .# and a
Riemannian metric on the space of null generators (diffeomorphic to S?) of .#.

For our computations, it will be convenient to define some additional structure on .# as follows.
Let u be a function on .# such that n*V,u = 1; that is, u is a coordinate along the null generators
of Z with n® = (9,)®. Consider the foliation of .# by a family of cross-sections of constant u. The
pullback of g4 to any such cross-section S defines a Riemannian metric on S. For such a choice of

foliation, there is a unique auziliary normal vector field I* at .# such that’
1, =0, %, = —1, qapl® = 0. (5.33)
This choice of auxiliary normal is, moreover, parallel-transported along n®, at least on .#:

n’Vyl® = 0. (5.34)

5All of our results can be obtained without choosing a foliation of .# and the corresponding auxiliary normal 1%,
but some intermediate computations become more cumbersome; see [77, 18].
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In terms of this auxiliary normal, we also have
Gab = Gab + 2nalyy, @0 = g™ + 20l (5.35)

where ¢% is the “inverse metric” on the chosen foliation relative to [*. For any v, satisfying n%v, =

[%v, =0 on .#, we define the derivative &, on the cross-sections by
Davp = QaCdevcvd- (5.36)

It is easily verified that Z,q,. = 0; that is, &, is the metric-compatible covariant derivative on
cross-sections of .#.

Let €3 (denoted with indices by €44.) be the volume element on .#, and let €2 (denoted with
indices by €45) be the area element on the cross-sections of .# in our choice of foliation. We define
these volume elements by

_jd _
€abc = l €dabes €ab = _ncecab- (537)

These are the orientations of €3 and €2 that are used by [178]. In our choice of foliation, we also

have €3 = —du A €.

5.1.2.1 Asymptotic electromagnetic fields

We now consider the asymptotic behavior of the electromagnetic fields. The Maxwell equations are
conformally invariant, assuming that the unphysical Faraday tensor is given by Fy; = Fu, and we
assume that Fy;, extends smoothly to .#. For the vector potential, this implies that there exists a
gauge in which A, = A, is also smooth at .#.% Moreover, without loss of generality—that is, for all
solutions of the Maxwell equations where Fy; is smooth at .#—we can further impose the condition

of outgoing radiation gauge:

n®A, = 0. (5.38)

The argument is similar to the one used for imposing the Bondi condition (see for instance, Sec. 11.1

of [176]): let A, be a vector potential so that n*A, # 0, and consider another vector potential

5Generically, if we impose some gauge condition on Aq in the physical spacetime, for example Lorenz gauge, then
A, = A, is not guaranteed to be smooth at .# in the chosen gauge; see, for example, the case of Kerr-Newman
spacetime in section 5.3.2.2.
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Al = A, + VA Now choose A to be a solution of
Lo =—n"A,. (5.39)

Since this is an ordinary differential equation along the generators of .#, solutions to this equation
always exist. With this choice of A, we find n®A/, = 0. Henceforth, we will assume that this choice

has been made for the vector potential. In summary, we have that

Aa = Aa; Fab = Faby (540)

are all smooth at .# along with the condition in equation (5.38).
We now consider the “electric field” Fyn® at .#. Two important quantities can be derived from

this field: first, we consider its pullback &,:
, (5.41)

with the under arrow indicating the pullback to .#. The radiative degrees of freedom in the electro-
magnetic field are contained in &, (or, equivalently, ﬁa) The other piece of Fyun®, which contains

non-radiative (Coulombic) information at .#, is given by Re[p1], defined by’

Elnb. (5.42)

N =

Re[p1] =
The Maxwell equations imply that, on .#, these two fields are related in the following way:

2£n Relp1] = ¢% 2,5, (5.43)

5.1.2.2 Asymptotic symmetries

In this section, we determine asymptotic symmetries of electromagnetism on a fixed background
from the asymptotic conditions on the gravitational and electromagnetic fields at null infinity. We
first focus on the asymptotic symmetries of the gravitational field, before we include the symmetry
transformations of the vector potential. Similar arguments for vacuum general relativity were also

presented in [73].

"The notation “Re[p1]” comes from Newman-Penrose notation [121]. Similarly, the quantity £, corresponds to
the real and imaginary parts of 2 in Newman-Penrose notation.
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Given a vector field X% = X that generates an infinitesimal diffeomorphism £ xg. in the
physical spacetime, we must first determine the conditions on X for it to be an asymptotic sym-
metry vector field. The vector field X* needs to extend smoothly to .# to preserve the smooth
differential structure there, and the unphysical metric perturbation determined by the infinitesimal
diffeomorphisms generated by X needs to preserve the asymptotic flatness condition. To make this
concrete, consider any physical metric perturbation dx gay = £ ¢ gap generated by a diffeomorphism.

The corresponding unphysical metric perturbation is given by
5x9ab = L £xGab = £x9ab — 201X Gap, (5.44)

using the fact that Q can be chosen to be universal, as mentioned in section 5.1.2. Since §xgqp has
to be smooth at .#, we can immediately conclude that n, X% = 0. In other words, X* is tangent to
#. Defining the function a(x) = 0~ 'n,X?, which extends smoothly to .#, we can write the above
equation as

0x9ab = £x9ab — 20(x)Gab- (5.45)

The perturbation dx g, must vanish at ., as gqp| » is universal:
8xgab = 0, (5.46)

which implies that

£xgab = 20(x)Gab- (5.47)

Similarly, assuming that the diffeomorphism associated with X% preserves the Bondi condition in
equation (5.31), we require that

nnb8x ga, = O(Q). (5.48)
Furthermore, contracting equation (5.45) with n? gives
nb8x gapy = nPVpXa — XOVing — axyna + QVaaxy, (5.49)

where we have used that the twist of n, vanishes, since n, is the gradient of the conformal factor

Q. Since the left-hand side must vanish at .#, we have

nb5xgab =0 = .ana = —a(X)na. (5.50)
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Contracting equation (5.49) once more with n®, we find that
nn’Sx gy = O(Q?) = Lno(x) =0, (5.51)

where we used n,n% = O(Q?) [see equation (5.32), which followed directly from the Bondi condition

in equation (5.31)|. Finally, taking the pullback of equation (5.47) to .#, we find
£xqab = 20(x)qab- (5.52)
Hence, the asymptotic symmetries on .# are generated by vector fields X* tangent to .# satisfying

ana = —a(X)n“, (553&)

£xqab = 20(x)qab; (5.53b)

where the function a(x) is smooth and satisfies £,0(x) = 0 on #. These are the standard condi-
tions defining the BMS algebra b [77, 15]. When working solely on .#, the function a(x) can be
interpreted as the infinitesimal conformal transformation of q,; induced by X?| ». If X is given in

a neighborhood of .#, a(x) can also be computed using
=~ 01 a =~ 1 a
Ck(X) =0 naX = ZVQX s (5.54)

where the second equality follows from the fact that ¢**8xga, = 0.
To make these conditions more concrete, let us use the foliation of .# by the parameter u defined

above. Then any BMS vector field can be written as
X=pn*+Y9, (5.55)
and the conditions in equations (5.53) and (5.54) yield
~ 1 a
B=f+ i(u —u0)Z,Y*, (5.56)

where

£nf = £nya = 0, 2-@(11}/1)) = Qab-@cyc- (557)

Here, Y® is tangent to the cross-sections of constant v of .# and u = ug is some choice of an “origin”

cross-section. The function o(x) in (5.53) is then given by %QLLY“ in this representation. Thus, any
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BMS vector field is characterized by a smooth function f and a smooth conformal Killing field Y*
on S%. The function f represents the infinite-dimensional subalgebra of supertranslations, while the
conformal Killing field Y represents a Lorentz subalgebra of the full BMS Lie algebra.

Given a fixed BMS vector field X?, its representation in terms of a supertranslation f and a
Lorentz vector field Y* depends on the choice of foliation given by cross-sections of constant u. Let
v = u+ F with £,F = 0 be another choice of affine parameter along n%, and let f and Y'* be
representatives of X in the new choice of foliation given by surfaces of constant u’. Then it is
straightforward to verify that

"= f+ £yF, y* =y, (5.58)

where in the second equation we are identifying vector fields tangent to two different cross-sections
of .#. Therefore, the notion of a pure supertranslation (Y = 0) is well-defined independently of the
choice of foliation, but a “pure Lorentz” transformation (f = 0) is not. This is ultimately related
to the fact that the BMS algebra is a semidirect sum of the Lorentz algebra with the Lie ideal of
supertranslations.

Now consider a similar analysis of the transformations of the vector potential under a symmetry
£ = (X, \), where X® is a BMS vector field and A = A. The transformation in equation (5.2) needs
to preserve the asymptotic conditions of the vector potential. Since A, is smooth at .#, A extends
smoothly to .# as well. To preserve the outgoing gauge condition imposed on the vector potential

lequation (5.38)], one requires that n*d¢A, = 0: using equation (5.53a), one finds that
0=n"£xAq+ £n) = £x(n"Ay) + axyn®Aa + £, (5.59)

and so n®A, = 0 implies that

£nA = 0. (5.60)
Thus, the asymptotic symmetries of this theory at .# are given by & = (X, \), where X% is a BMS
vector field and ) is any smooth function on S?, the space of null generators of .#.
5.1.3 | Asymptotic fluxes

Using the results of the previous section, we now evaluate the fluxes through null infinity defined

by the canonical, Noether, and stress-energy currents for any asymptotic symmetry & = (X, \) as
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described above. Note that in this context the vector field X% = X need not be a Killing vector
field inside the physical spacetime but is required to be a BMS vector field on .#.
The relevant fluxes are determined by integrating the pullbacks of the 3-form currents J, defined
=

in terms of some vector current j* by J = *j. With our convention in equation (5.37) for €3, the

pullback of J is given by —Q *n,j* €3. The flux of the canonical current is given by

Felé; As) = /M Jclg) = —/M €3 Q%€

1 1
= —— €3 qab [ga(£XAb + 9{)\) — Aafxgb — *&lAb‘@CYC ,
47’[‘ AS 2

(5.61)

where Y is the “pure Lorentz part” of X% and we have used that £xn® = —%(%,Yb)n“ [see
equation (5.53) and the text below equation (5.57)]. The flux of the Noether current, similarly, is

given by

Fn[g; AT E/

1
Inl] = — / €5 g jile] = - [ ey qPE(ExAr+ DN, (5.62)
A7 A2

A Jas

where we have used that £, = 0 [see equation (5.60)]. The term proportional to F? in equa-
tion (5.23) does not contribute to the flux through .# because X%n, = 0. Finally, the flux of the
stress-energy current is given by

1
Jrle] = — / €3 Tyn®X' = —— | e &, (q“becXC 4 2Re[¢1]ya) :
5 AFS

Fr(§ AT :/ i s,
(5.63)

A
where Ty, = Q2T is smooth at ..

From the above expressions, it is apparent that all of these fluxes vanish in the absence of
electromagnetic radiation, that is, when &, = 0. Furthermore, the fluxes defined by the Noether and
canonical currents depend only on the radiative degrees of freedom ﬁa at null infinity. However,
the stress-energy current flux also depends on the Coulombic part Re[p1], as emphasized before
in [19, 20]. For supertranslations X* o n®, this Coulombic term does not contribute to the flux,
since in this case Y* = 0. However, the stress-energy current flux associated with asymptotic Lorentz
symmetries, for example the flux of angular momentum, cannot be computed from radiative degrees
of freedom.

Note that, since any BMS vector field satisfies Q2£xGsp = 0 (see the discussion in sec-

tion 5.1.2.2), the term K ¢[X] in equation (5.26) vanishes at null infinity. Thus, from equation (5.26),
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we have that, on .Z,

InlE] = S{Jclll —dQclé]},  Jrlg] = —JIn[€] + dQx €] (5.64)

N | =

That is, all three currents evaluated on ¢ differ by exact 3-forms, even when the vector field X
is not Killing but an element of the BMS algebra. Therefore, the fluxes of these currents on .# are
related to each other by boundary terms on the cross-sections So and S7 bounding the region A.#
(with S in the future of S7).

Let us compare the fluxes on .# in more detail. Consider, first, the relation between the flux of

the Noether and canonical current. This satisfies

Algas)= [ avg=reiean | [ adg- [ oo} 6o

with the boundary term
_ EYA, —2) R 5.66
[ @elsl === [ ex(8£740— 22 Relg), (5.66)

where [ is as given in equation (5.55). This expression is rather strange on first inspection, since
both F¢[&; AF] and Fx[€; AF] contain only radiative information by equations (5.61) and (5.62),
respectively, and yet their difference appears to be a boundary term that contains non-radiative
information, in the form of ARe[p;]. This is somewhat misleading, since using equation (5.43)
and £, = 0, this Coulombic contribution can be rewritten in terms of purely radiative degrees of

freedom as

1

1 1
2R - AR, = — abe . 5.67
= /s, € elp1] 47T/ € elp1] 1 /A] €3 ¢V E. Dy (5.67)

S1 4

Next, consider the relation between the flux of the stress-energy and Noether current:

Frlg; A7) = —Fnlg A7) — { anlel - [ QN[a} , (5.68)
So S1
where
/5 Qi = 5 /5 €2 Relpr] (YA, + ). (5.69)

Unsurprisingly, as there is non-radiative information in Fp[€; A.#] but not in Fx[€; A.#], the bound-

ary term contains non-radiative information.
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Finally, let us consider the fluxes through all of .#. The natural boundary conditions for the

electromagnetic field in the limit ©u — +o0 are

Ea = O(1/|u|'r), Ao =0(1). (5.70)

These conditions ensure that the symplectic form obtained by integrating the symplectic current
over all of # is finite. Given that § grows at most linearly in v and Y% and A are independent of

u (see section 5.1.2.2), we find that the fluxes differ by

Pl #] = Lol 91+ L {Qclg: Six] - Qe Sl (571

Fr[& I = —Fn[€ I — {Qn[€; Soo] — ONI&; S-ol} (5.72)

where Sy and S_ are the spheres at u = £00, respectively, and

%wﬂz;L@AMML (5.73)
Ox[¢;S] = —% e Re[p1](Y* 4, + N). (5.74)

As discussed below equation (5.66), the difference between the canonical and Noether fluxes can also
be expressed purely in terms of the radiative degrees of freedom. However, the difference between
the Noether and stress-energy fluxes depends on the Coulombic degrees of freedom, even when
computed over all of ., except when Y* =0 and A = 0 (a pure supertranslation).

We stress once more that none of these fluxes can be written as the difference of charges evaluated
on cross-sections of null infinity. Thus, on a non-dynamical background spacetime, none of these
fluxes can be considered as the change of energy or angular momentum at a particular “time” (a
cross-section of null infinity), and there is no obvious criterion to decide which of these currents
defines the flux of energy or angular momentum.

5.2 | Review of Einstein-Maxwell theory

In this section, we review basic properties of Einstein-Maxwell theory, first covering the symplectic
structure of the theory in section 5.2.1, and then turning to the behavior of the asymptotic fields in
section 5.2.2. We conclude this section with a handful of theorems concerning stationary solutions

in this theory in section 5.2.3.
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5.2.1 | Symplectic structure

Following [11], the Lagrangian for Einstein-Maxwell theory is given by

L= 16% (R - FQ) e (5.75)

As in the case of electromagnetism on a fixed background, our analysis is unaffected by adding
additional matter sources of either compact support or sufficiently fast falloff at null infinity.
A variation of this Lagrangian with respect to the dynamical fields & = (g, A) gives (raising

and lowering with the background physical metric)

b

0L =
167

(G — 82 TY55,, + %@bﬁbama es -+ d0[: 58], (5.76)
™

where éab is the Einstein tensor of §,; and the stress-energy tensor Tab is the same as in equa-
tion (5.16), except that the spacetime metric is now also dynamical. The variations with respect to

the dynamical fields g, and A, give the Einstein equations and Maxwell equations, respectively:
éab = 87TTab, @bﬁ’ba = 0. (5.77)

The symplectic potential 8[®; 3] is given by

0[®;5d] = *5[®; 5P|, (5.78)
where
~ ~ 1 A N o
NP — ~alb~cld N ab
0" @;59] = (g G99 gy — 2F 5Ab>, (5.79)

where the second term is the symplectic potential of electromagnetism from equation (5.10). The

symplectic current, as before, is defined by
w[®:5,9,5,8) =5,0($;5,P] — 5.0[P;5, 9], (5.80)
and is given by the sum of three terms [see equation (3.12) of [14]]®

w[®:6:8,5,8] =* {®ar(5:19.6:9) + Denilg; 514, 02 A] + b [B:01,508]} . (5.81)

8Note that our expressions in equations (5.84) and (5.85) differ in appearance from the ones in equation (3.12)
of [44] only because [44] uses the perturbed quantity §F°°, while we prefer to use §Fyp.
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The first term on the right-hand side of equation (5.81) is the same as the symplectic current for

vacuum general relativity [see equations (41) and (42) of [178]]:

“a A+ A s A 1 4 JESE
WER(G; 019, 28] = 7167Tpab6d€f 82G6cVadrGes — (1 < 2)] (5.82)
with
. 1 1 1 1
Pabcdef — gaegfbgcd _ 5gadgbegfc _ 5gabgcdgef _ §gbcga6gfd + §gb0gadg€f_ (583)

Similarly, the second term is the symplectic current of electromagnetism from equation (5.12):

~a A Y A 1 ~ac A - 1
Wi g3 014, 62A] = 1.9 ke [51ch52Ab - (1< 2), (5.84)

while the third “cross-term” is given by

~ ~ - 1 A 14 A
0% [®;6,8,5,8] = -~ <2gc[an}d + 2Fabg0d> 89 Apd1deqd — (1 & 2). (5.85)

This cross-term is unimportant for our analysis, as it vanishes in the limit to .# for asymptotically

flat perturbations, as we will show in the next section.

5.2.2 | Asymptotic structure

We now review the asymptotic behavior of Einstein-Maxwell theory near .#. We use the standard
definition of asymptotic flatness that was outlined above in section 5.1.2 (see, for instance [77]).
The addition of electromagnetic fields does not spoil this definition, since F,, = Fab has a smooth
extension to .#.

Using the conformal transformation that relates the unphysical Ricci tensor R, to the physical

Ricci tensor Rgp (see Appendix D of [176]), the Einstein equations take the form
1
Sab = =207 'Vany + Q20 negay + 870 <Tab - 3gabngTcd> , (5.86)
where S, and Ty, are given, respectively, by
1 —o
Sab = Rab — éRgab, Tab = Q Tab- (587)

For electromagnetic fields, equations (5.16) and the asymptotic conditions in equations (5.30)
and (5.40) imply that

1 1
T = o (FachC - 4gachchd) . (5.88)
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This quantity is smooth at .# by the smoothness of Fy;, and ggp.

Although one would expect S, to capture the radiative degrees of freedom at null infinity, this
is not entirely the case. The reason for this discrepancy is two-fold: first, S, is not conformally
homogeneous, and second, it does not vanish in the absence of gravitational waves. Instead, the

radiative information is captured in the news tensor Ny, which is defined by

Nab = éab — Pab; (5~89)

where éab is the pullback to .# of Sg, and pgp is the unique symmetric tensor field on .# constructed

from the universal structure at .# in theorem 5 of [77]. The news tensor also satisfies the properties
Nynb =0, Nupg™ =0, (5.90)

and, as we discuss in section 5.2.3, vanishes in stationary spacetimes.

We now discuss the behavior of metric perturbations at .#. As before, we assume that the
conformal factor is chosen to satisfy equations (5.31) and (5.32). Furthermore, as we used in the
section on asymptotic symmetries above, without loss of generality, the conformal factor €2 in a
neighborhood of .# and the unphysical metric g.3| s at .# may be assumed to be universal. Now,

consider a physical metric perturbation §g.,. Since the conformal factor can be chosen universally,

we have that

89ab = %8Gap.- (5.91)

Given that the unphysical metric g.5| s at & is also universal, dg,, = 0, and thus there exists a
smooth tensor field 7, such that

09ab = 7qp. (5.92)

Furthermore, imposing the Bondi condition on the perturbations, that is, §(V4np) = 0, we also find
[see equations (51-53) of [175]]
Tapn” = Q1 (5.93)

for some smooth 7,. Thus, our asymptotic conditions on the metric perturbations imply that the
quantities

Tab = QU 8gas, To = QO Mrnt (5.94)



216 Angular Momentum in Einstein-Maxwell Theory

are smooth on .#.
We finally consider another gravitational field at ., the asymptotic shear of the cross-sections

of .# defined by

1
Oagb = <QaCde - 2Qabq0d> Vcld- (595>

This object is a sort of “potential” for the news tensor, satisfying
Nap = 2L,04p- (5.96)

Moreover, the shear is directly related to 7,,. Using the asymptotic conditions (5.94), the pertur-
bation of the shear generated by the metric perturbation dgq, (with fixed [,, since [, can be chosen

independently of the spacetime) can be computed to be

1 1
doup = _5 <QaCde - 2Qabq6d) Teds (597)

that is, doy is given by the trace-free part of 7, on the cross-sections. Furthermore, from the
analysis of Ashtekar and Streubel [18], dog, is equivalent to the perturbation in the equivalence
class of derivatives {D,} defined on .#, which are the radiative degrees of freedom in vacuum GR.

This concludes the discussion of the asymptotic structure associated with Einstein-Maxwell
theory that was not present when the background was fixed. For the electromagnetic field, we will
use the same conditions as in the fixed-background theory: A, = A, is smooth at . and satisfies
n®A, = 0 [equation (5.38)]. Moreover, the asymptotic symmetries, discussed in section 5.1.2.2, are

the same in Einstein-Maxwell theory as they are in electromagnetism on a fixed background.

5.2.3 | Stationary solutions of the Einstein-Maxwell equations

In this section, we show that for any stationary solution b = (g, A) of Einstein-Maxwell theory
which is asymptotically flat, the radiative field £, and the news tensor N, vanish at .#. To do so,
we will first show that any nonzero timelike Killing vector field ¢* in the physical spacetime gives
a nonzero supertranslation t* on .#.° Then, we show that this implies that £ = 0 on .# for any
solution of the Einstein-Maxwell equations which is stationary, satisfying '£fFab = 0. Finally, using

the proof by Geroch [77], this also implies that Ny, = 0.

9Tt can further be shown that the timelike Killing field is a BMS translation (see lemma 1.4 of [23] and also p. 54
of [77]), but we will not need this stronger result.
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On .#, a supertranslation vector field takes the form X% = fn® with £,f = 0. For our
purposes we will also need the “subleading” form of this vector field away from .#; see, for instance,
equation (21) of [78] and equation (93) of [178]. For completeness, we collect the proof in the

following lemma.

Lemma 1. Any vector field X* in M such that X°| s is a BMS supertranslation is of the form
X = fn" — QVef + O(Q?), (5.98)
for some f smooth in M satisfying £, f = 0.

Proof. Since X%| 5 is a BMS supertranslation, we have that X* = fn® for some f on .# satisfying

£, = 0. We now extend the function f arbitrarily but smoothly into M, and so X takes the form
X%=fn*+ Q7% (5.99)

for some smooth Z“. Then, using equations (5.32) and (5.54), a(x) = neZ®. Using the Bondi

condition [equation (5.31)], equation (5.47) for such a vector field becomes
V(afnb) + n(aZb) = neZ%Gap. (5.100)

Taking the trace on both sides gives n,Z% = 0 (using the condition £, f = 0), and so we find that
the right-hand side vanishes. As such, the left-hand side can only hold if Z, = -V, f. O

Note that we extended the function f away from .# in an arbitrary manner. It is easy to check
from equation (5.98) that the freedom in this extension affects only the O(Q?) part of the vector
field, which is not relevant to the discussion in this chapter.

We now turn to timelike Killing fields of the physical spacetime (M , Gab), and show that they

correspond to nontrivial supertranslations on null infinity.

Lemma 2. Let t% be a nonzero timelike Killing vector field in the physical spacetime (M, Jap). Then

~

t* =t is a monzero supertranslation on .%.

Proof. Since £;gap = 0, from equation (5.44) it follows that t* = # is a BMS vector field on ..

Since £ is timelike in the physical spacetime, we have §qpt*? < 0. In the unphysical spacetime
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away from null infinity (that is, on M — .#), this gives Q7 2gt%* < 0. Now, @ >0 on M — .7,

Q =0, and g, and t* extend smoothly to .#, and so
gapt“t* <0 (5.101)

in M, with the equality possibly holding on .#. Writing t* = fn® + Y* [from equation (5.55)], we
get that ¢, Y*Y? < 0 on . Since qq is a Riemannian metric on the cross-sections of .# and Y
is tangent to these cross-sections, this means Y* = 0. Thus the “Lorentz part” of t* vanishes and ¢*
is a BMS supertranslation—in fact, this means that ¢* is null on .#.

Next, we show that this supertranslation is necessarily nonzero on .# (see also [23]). We will
proceed by assuming that t* = 0 and show that this implies that {* vanishes everywhere, contra-
dicting the assumption that it is a nonzero Killing vector field. Since t* is a supertranslation on .#,

if t* =0, then from lemma 1, we have that
= QW (5.102)

for some smooth W, Since £ is a Killing vector field in the physical spacetime (M,gab), t% is a

conformal Killing field in the unphysical spacetime (M, gqp), with
L1gab = 20¢(t)Gab, ag) =0 ngt®. (5.103)

Any conformal Killing field is completely determined by its conformal Killing data X, specified at

any point p € M (see, for example, [21]):

xa
xa = | Ve (5.104)
AX)
Voo x)
(here, we are using a similar notation as in section 4.1.3.2 of the previous chapter: this vector can
be considered as a section of a “conformal Killing vector bundle”). Furthermore, if X4 vanishes at

any point p, then the corresponding conformal Killing vector field X vanishes everywhere. We now

show that ¢4, using the conformal Killing vector field ¢* in (5.102), vanishes on .. It is easy to see
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by a direct computation that t*, V(,ty), and ;) vanish on .#. Computing the last remaining piece
of t4, we have that

Vaoy = na(nW?). (5.105)
To show that this vanishes at .7, we evaluate £1gqp = 20(;)gap With (5.102) to obtain
4Qn, W) + 20°V (, Wy = 2QnW  gap. (5.106)

Note that this holds in a neighborhood of .#, not just on .#, as a consequence of t* being Killing in
the physical spacetime. Multiplying the above equation by Q~!, taking the trace, and then taking
the limit to .#, we get n,/W* = 0, and so Vaoyy) = (0. Hence, t* vanishes on ., and thus t* = 0
everywhere in M. This implies that {* = 0 in M , which contradicts the assumption that £ is a
nonzero Killing field in the physical spacetime. Thus, any nonzero timelike Killing vector field in

the physical spacetime is necessarily a nonzero supertranslation on .#. O

Finally, we show that, for a stationary solution of Einstein-Maxwell theory, the radiative fields

N,y and &, vanish on null infinity.'"

Theorem 1. Let & = (Q,A) be a stationary solution of Finstein-Maxwell theory, that is, there

exists a timelike vector field t* in the physical spacetime M such that
L:gap = 0, £iFy, = 0. (5.107)
It then follows that the radiative fields vanish on % : Ngp =0 and €, = 0.

Proof. Consider first the stationary electromagnetic field Fj,, which satisfies in the unphysical

spacetime £,F,;, = 0, where t* = t®, as above. From lemmas 1 and 2, we have that
t* = fn® — QV°f + 0(9?), (5.108)

for some f # 0 satisfying £,f = 0. Evaluating the pullback of £;Fn® = 0 to .# and using

£m* =0 and £,f =0 (as t* is a supertranslation) gives

£n(fE) 2 0. (5.109)

10Note that for this result to hold it is essential that the space of generators of .# is topologically S%.
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As such, f&, can be considered to be a covector on the space of generators of .#. Similarly, evaluating

the pullback of £4F,; = 0 to .#, we have
-@[a(fgb]) =0. (5.110)

Note that only the derivative along the cross-sections %, occurs in this equation due to equa-

tion (5.109) and the Bondi condition [equation (5.31)]. Next, evaluating [%n®£,F,, = 0, we have

0= 19nP£,Fy = £,(Fypl®n®) — Fop£40%0°
= f£n(Fapl®n®) + Fop(n® £1f + YV f)n’

(5.111)
= fqab-@agb + qabga-@bf

= qab@a(fgb)a

where the first line uses £,n% = 0 for a supertranslation, the second line is a straightforward compu-
tation using equation (5.108), and the third line uses the Maxwell equation (5.43). Equations (5.110)
and (5.111) imply that f&,, as a covector field on the space of generators of .#, has vanishing curl
and divergence. Since the space of generators of .# is topologically S? and f # 0, this implies that
&, = 0 for any stationary solution.

~

Now, equation (5.88) implies that T,nn’ ﬁé’aEa, and thus for any stationary solution,
Tpn®n® = 0 as well. With this condition and the Einstein equation, it can be shown that N = 0
for any stationary spacetime (see pp. 53-54 of [77]). Thus, for any stationary solution of the
Einstein-Maxwell equations, we have Ny, = 0 and &, = 0, as desired. O

53 | The Wald-Zoupas Prescription

In this section, we derive the charges and fluxes associated with asymptotic symmetries in Einstein-
Maxwell theory at null infinity using the Wald-Zoupas prescription. In section 5.3.1, we first review
the Wald-Zoupas procedure for obtaining charges and fluxes corresponding to asymptotic symme-
tries for a general diffeomorphism-covariant theory. We then apply this prescription to the Einstein-
Maxwell case in section 5.3.2. Of the three currents for electromagnetic fields on a fixed background,
we show that the contribution of the electromagnetic fields to the Wald-Zoupas flux is given not by

stress-energy current, but by the Noether current. Furthermore, as expected from the Wald-Zoupas
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procedure, this flux can be determined entirely from the radiative degrees of freedom, and the total

flux over all of .# acts as a Hamiltonian generator on the radiative phase space.

5.3.1 | Formalism

The prescription of Wald and Zoupas |1 78] provides a method of determining charges and fluxes at
null infinity, and can be applied to any local and covariant theory. We review below the essential
ingredients, emphasizing the subsequent application to Einstein-Maxwell theory.

When the dynamical fields ® satisfy the equations of motion, and 3% satisfy the linearized

equations of motion, one can show that (see [113, , )]

A,

w|®;5%,5,®] :d{éQ[ ]_X.o[@;aé]}, (5.112)

for all symmetries é , where the 2-form Q[é] is the Noether charge associated with the symmetry é .

In Einstein-Maxwell theory, Q[é] is given by

1, &~ ~ &

QIé] —8%* ¢~ R(X-AA), (5.113)

The first term above is the Noether charge associated with the vector field X® in vacuum general
relativity [equation (44) of [178]], and the second term is the Noether charge for electromagnetism
given in equation (5.25).

Now we consider equation (5.112) at ., rewritten in terms of the unphysical fields which are
smooth at .. Using equations (5.94), (5.30), and (5.40), it can be verified that the symplectic
current in equation (5.81) has a limit to .#. Thus, from this point onward, we work with the fields
and symmetries in the unphysical spacetime. Now, consider a spacelike surface 3 which intersects

& at some cross-section S. Integrating equation (5.112) over X, we then find

/w[@;ﬁ@,éyﬁ] :/{5Q[g]_x.o[q>;5q>]}. (5.114)
b S

Since the symplectic current admits a limit to .#, the integral on the left-hand side of equa-
tion (5.114) is always finite. However, the 2-form integrand on the right-hand side need not have a
finite limit to .# in general. Thus, the integral on the right-hand side of equation (5.114) should be

understood as being defined by first integrating over some 2-sphere in 3 and then taking the limit
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of this 2-sphere to S [178]. This final limiting integral is independent of the way in which the limits
are taken since dw[®;3®,5.P] = 0.
From the above identity, it would be natural to define a charge associated with the asymptotic

symmetry £ at S as a function Q[€;S] in the phase space of the theory such that

3Q1€:5) = [ 15Qle) - X -0l 3% (5.115)

for all perturbations §®. However, in general, no such charge exists, since the right-hand side is
not integrable in phase space; that is, it cannot be written as the variation of some quantity for all
perturbations. To see this, suppose that the charge defined in equation (5.115) does exist. Then, one
must have (8132 —d201)Q[€; S| = 0 for all backgrounds ® and all perturbations §; ®, Jo® (satisfying

the corresponding equations of motion). However, it is straightforward to compute that
(018 - 5:5)QIEsS) = - [ X -0(:5: 8,58 (5.116)
S

Thus, a charge defined by equation (5.115) will exist if the right-hand side of the above equation
vanishes. This is the case in Einstein-Maxwell theory if X* = 0 (that is, for a pure asymptotic gauge
symmetry), or if X is tangent to S. However, in general, the right-hand side is non-vanishing, and
so one cannot define any charge @Q[¢; S] using equation (5.115).

This obstruction is resolved by the rather general prescription of Wald and Zoupas [178]. Their
procedure for defining integrable charges associated with asymptotic symmetries can be summarized
as follows: let ®[®;dP] be a symplectic potential for the pullback of the symplectic current to .#;
that is,

g[i’; 01 P@,0oP] = 0:0[P; 52P] — 5209[P; 5, P|, (5.117)
for all backgrounds and all perturbations, with suitable asymptotic conditions and equations of

motion imposed. Following [175]|, we require the following properties of @[®; i P]:

1. ©[®; 5P| must be locally and covariantly constructed out of the dynamical fields ®, §®, and
finitely many of their derivatives, along with any fields in the “universal background structure”

present at .

2. ©[®;P] must be independent of any arbitrary choices made in specifying the background

structure; that is, @[®;d®] is conformally invariant as well as invariant under gauge trans-
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formations on .# for Einstein-Maxwell theory; we also require that @[®; ®] be independent
of the choice of the auxiliary normal [* and the corresponding ¢® used in our computations;

and

3. if ® is a stationary background solution, then ®[®;d®] = 0, for all (not necessarily stationary)

perturbations §®.

If such a symplectic potential @[®;§®] can be found, define Q[£;S] to be a function on the

phase space at .# by!!
50[E; 5] E/S{sz[g] —X-9[<I>;5<I>]}+/SX-®[<I>;6<I>]. (5.118)

It can easily be checked [using equations (5.115), (5.116), and (5.117)| that this expression is in-
tegrable in phase space; that is, (6102 — 0201)Q[&;S] = 0. Together with some choice of reference
solution ®y on which Q[&;S] = 0 for all asymptotic symmetries € and all cross-sections S, equa-
tion (5.118) can be integrated in phase space to define the Wald-Zoupas charge Q[€; S] associated
with the asymptotic symmetry £ at S.

The flux of the perturbed Wald-Zoupas charge is given by [see equations (28) and (29) of [178]]

5F(&; AS) = 5QJ€: 5] — 3QIE; S1] = — /

(wl@;0@,5:@) + [ X - ©[@:5@]}) . (5.119)
AS

The last term of this equation can also be written as
d{X - O[P;5P|} = £xO[P; D]
= 5:O[P; D] (5.120)
= —w[P;0P,5: D] + 5O[P; 5: D],
where in the second line we have used the criteria that @[®;d®] is a local and covariant functional
on .# and that it is invariant under gauge transformations,'? while the third line follows from the

definition of ©[®;3®] as a symplectic potential for w [®;5,P, 2P| [equation (5.117)]. The flux of

the perturbed Wald-Zoupas charge is therefore simply given by

SFIE AT =~ | 30[®;5:®]. (5.121)
AS
HNote that the first of these two integrals is defined by the limiting procedure described below equation (5.114),
whereas the second is an ordinary integral, as @[®;3®] is defined directly on .#.
2In the principal bundle language, this means @[®; §®] is a gauge-invariant and horizontal 3-form on the bundle.
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To get the unperturbed charge and flux, we have to choose a reference solution ®y on which the
charges are required to vanish. Since the ®[®;d®] is required to vanish on stationary backgrounds,
we choose the reference solution ® to also be stationary. For our concrete case of Einstein-Maxwell
theory, we will pick ®g to be Minkowski spacetime. Then, the flux of the Wald-Zoupas charge is
simply

Figias) = fesSal - Qs Si] = — [ @l@sca (5.122)

Note that @[®;5¢®] can only depend upon radiative degrees of freedom, for the following reason:
the pullback of the symplectic product defines the radiative phase space of the theory, and so its
symplectic potential (if it vanishes on non-radiative solutions) can only depend on radiative degrees
of freedom. As such, the flux of the Wald-Zoupas charge is always purely radiative.

Note that, from equation (5.119), we also have

OF[&ASF] = — g[@;ﬁ@,ﬁg@] + X  -0O[®;0P] — X -O[®;0P]. (5.123)
A Sa S1

If the boundary terms on Sy and Sy vanish for all backgrounds ® and all perturbations d®, then
F&; A also defines a Hamiltonian generator (relative to the symplectic current g[@; 01 ®,02P])
on the radiative phase space on A.# corresponding to the symmetry €. For general field configura-
tions, these boundary terms do not vanish on finite cross-sections of .#. However, we will show below
in Einstein-Maxwell theory that when A.# is taken to be all of null infinity, appropriate boundary
conditions at timelike and spacelike infinity (that is, as |u| — 0o) ensure that these boundary terms
indeed vanish for our choice of @[®;3®]. Thus, our fluxes define the Hamiltonian generators for
Einstein-Maxwell theory on the phase space on all of .#.

We conclude this section with a discussion of ambiguities in the Wald-Zoupas prescription. For

a given Lagrangian L, the symplectic potential 6[®;d®] is ambiguous up to the redefinition
0[®; 58] — 0(®;5®] + dY [®;59)], (5.124)

where Y [®;3®] is a local and covariant 2-form which is a linear functional of the perturbation 5&

and finitely many of its derivatives. This changes the symplectic current by

w[®;5,8, 5,8 s w[®: 5D, 58] +d {51Y[<i>; 5,®] — 52Y[61'i’]} . (5.125)
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Note that the addition of a boundary term to the Lagrangian does not affect the symplectic form.
Even with a fixed choice of the symplectic current, the symplectic potential @[®;dP] defined on

null infinity by equation (5.117) is ambiguous up to
O[P;iP| — O[P; 5P| + W [P, (5.126)

where W[®] is a local and covariant 3-form on .#. These ambiguities then also lead to ambiguities
in the Wald-Zoupas prescription for the charges and fluxes on null infinity. It was argued by Wald
and Zoupas that these ambiguities do not affect their prescription in vacuum GR [see footnote 18
and the arguments below equation (73) in [178]]. We hope that similar arguments can also be made

for Einstein-Maxwell theory, but we do not analyze these ambiguities in detail.

5.3.2 | Einstein-Maxwell theory

In this section, we apply the above described prescription of Wald and Zoupas to Einstein-Maxwell
theory and compute the charges and fluxes at .#. In particular, we find that the charges at .# contain
a contribution solely from the electromagnetic fields, and we then compute these contributions in a

few select examples.

5.3.2.1 Charges and Fluxes

We first compute the full Wald-Zoupas charges and fluxes for Einstein-Maxwell theory. Since our
main focus is on the contribution of the electromagnetic fields to the charges and fluxes, we will
borrow the analysis of Wald and Zoupas [178] for the contribution of the gravitational field.

We start with the pullback to .# of the symplectic current in equation (5.81). Using the asymp-
totic conditions in equations (5.94), (5.30), and (5.40), it can be checked that the contribution from
the cross-term given by —Q~*n,w? [®; 51 ®; 5P| [equation (5.85)] vanishes in the limit to .#. The

contribution from the electromagnetic fields is easily computed to be
1
wEM[ﬁg; 51A, 52A] = —Q*4naw%M[5g; 51A, 52A]€3 = _47 [515(15214,1 — (1 <~ 2)] €3. (5.127)
— s

The contribution from the metric perturbations is the most tedious to compute. However, since Ty,

is smooth on .#, the terms proportional to the stress-energy tensor in (5.86) vanish at .#, and the



226 Angular Momentum in Einstein-Maxwell Theory

computation of [178] carries over unchanged. We therefore find [see equation (72) of [178]]'
~ _ N 1
warlg; 519, 529] = —Q naiirlg; 519, Fagles = ~39x [51Nab7_gb — (1< 2)| es. (5.128)

Thus, the pullback to .# of the symplectic current of Einstein-Maxwell theory is given by

1 ab 1 a
g[{); 51@, 52‘1’] = —3277[_ 51Nab7'2 — (1 <~ 2)} €3 — E [518 52Aa — (1 4 2)] €3. (5.129)

Note that g[i’;ﬁlé,@(ﬁ] is determined completely by the (perturbed) radiative degrees of
freedom. For the electromagnetic fields, it is clear that only the perturbations of éa and & =
—£n éa contribute. For the gravitational fields, the argument is more involved, but due to the
conditions (5.90) and 7,,n® = 0 [from equation (5.94)], it is clear that only this trace-free part of
Tap—equivalently, do,—contributes to the pullback of the symplectic current. This quantity, as
discussed above in section 5.2.2, encodes the radiative degrees of freedom in vacuum GR. Thus,
g[@; 51®, 52®] is completely determined by the perturbed radiative degrees of freedom in Einstein-
Maxwell theory. The integral of this symplectic current over all of .# [when appropriate falloff
conditions are satisfied toward i® and it; see equation (5.140)] reproduces the symplectic form on
the radiative phase space at null infinity used by Ashtekar and Streubel [18].

To apply the Wald-Zoupas prescription, we need to find a 3-form symplectic potential @[®; §P]
for g[@; 51 P, 9o ®] given in equation (5.129). We choose the following (note the ambiguities in the

choice of @[®; 5P| that we gave at the end of section 5.3.1):
O[®;5®] = Ocrlg; dg] + Orm[A;A] (5.130)

where

1 1
Ocrlg; 0g] = —7Nab7'ab63, Opm[A;0A] = —Z5a5Aa€3~ (5.131)
T

327
Note that @gr[g;dg] is the symplectic potential for vacuum GR given in equation (73) of [175].

The above choice of © satisfies all the requirements listed below (5.117):

1. the O[®;6P] in (5.131) is indeed a local and covariant functional of the background fields ®
and the perturbed fields §® (see also footnote 20 of [178] for an explanation of the locality of

the news tensor);

13 As mentioned before, one can consider additional sources with compact support or sufficient falloff at .# without
affecting this analysis.
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2. it is also invariant under conformal transformations and gauge transformations,'® and the

choice of the auxiliary null normal [* and the “inverse metric” ¢%;

3. as we showed in 5.2.3, for stationary solutions of Einstein-Maxwell theory we have £, = 0
and Ny, = 0 on ., and thus O[®; 5P|, as defined above, vanishes for all perturbations §®

whenever the background ® is a stationary solution of the Einstein-Maxwell equations.

Having chosen a ©[®;d®] as in equation (5.131), the Wald-Zoupas flux F[€; A.#] that is asso-
ciated with an asymptotic symmetry £ is determined by equation (5.122). We now want to find the
corresponding Wald-Zoupas charge Q[&; S] on any cross-section S of .#. Note that the Wald-Zoupas
charge is determined by (5.118), along with the requirement that it vanish on some stationary refer-
ence solution ®(, which we take to be Minkowski spacetime. Although the right-hand side of (5.118)
can be directly computed, it is not very useful to find an expression for Q[€;S]. We instead proceed

in the following manner: let the Wald-Zoupas charge be given by
Q[¢; 8] = Qarl[X; ST + Qrml; S, (5.132)

where Qagr[X;S] is the expression for the charge in vacuum GR [see equation (5.133)], and
Orm[&; 9] is the (as yet undetermined) contribution due to the electromagnetic fields. As we will
show below, in the presence of electromagnetic fields, Qgr[X; S] by itself does not satisfy (5.122)
with @[®; 6P| as in (5.131); that is, Qgr[X;S] is not the full Wald-Zoupas charge for Einstein-
Maxwell theory. Then, we will define the electromagnetic contribution Qgn[€; S| so that the total
charge (5.132) does satisfy equations (5.122) and (5.131), and QgmI€; S| vanishes in the absence of
the electromagnetic field.

In vacuum GR, the Wald-Zoupas charge for a BMS vector field X% can be written as follows.
With our assumptions on the asymptotic conditions on the fields, it follows that Cypeq = 0 (see

theorem 11 of [77]), and thus Q7 !1Cyp.q is smooth at .#. The charge Qgr[X; 9] is given by

1 1 1
Qar[X; S| = o / € [—X“(Q_lCabcd)lblcnd + 5ﬁaabNab + Y% Dot — Zo—abaab@cyc ,
S

(5.133)

! Note that §A, is gauge invariant, since A, (the background field) and A4 ()\) both shift by A under a gauge
transformation.
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where we have decomposed X* = fn® + Y%, with Y* tangent to the cross-sections of the chosen
foliation, as in equation (5.55). The tensor oy is the asymptotic shear of the cross-sections defined
in (5.95).

For vacuum GR, the charge expression (5.133) coincides with the charges defined by Wald and
Zoupas [178]. Showing this explicitly is a long and tedious computation, but we argue as follows.
For supertranslations, (5.133) is the same as the supermomentum defined by Geroch |77], which is
equal to the Wald-Zoupas charge [see equation (98) of [178]]. For asymptotic Lorentz symmetries, it
was shown in [178] that the Wald-Zoupas charge is given by the “linkage” charge'® found by Geroch
and Winicour [78], which, in turn, coincides with the above expression as shown by Winicour [184].
The expression (5.133) is also equal to the charge found in [109], when the conformal factor is
additionally chosen away from .# to make the vector field {* expansion-free. It is also equal to the
expression computed using Bondi coordinates [see, for instance, equation (35) of [72]].

In vacuum GR, the flux of the charge (5.133) is given by equation (5.122), with Ogrlg; £ x9]
on the right-hand side. However, in the presence of electromagnetic fields, one gets an additional
contribution to the flux of this charge through the asymptotic stress-energy tensor T,;. This addi-
tional contribution arises through the £,, of the Weyl tensor term, and using the Bianchi identity
at # we get'®

Qcr[X; S2] — Qar[X; S1] = —/
As

Ocrlg: £xg] + Tun”X"es . (5.134)
If one takes Qgr[X; S| as the definition of the charges associated with the BMS symmetries, then
the electromagnetic fields contribute to the flux only through the asymptotic stress-energy tensor
Tup (see also Appendix C of [72]). As argued in section 5.1.3 and in [20, 19], for Lorentz symmetries
this contribution to the flux is not purely radiative and depends on the Coulombic part Re[p1] of
the Faraday tensor. However, in the presence of electromagnetic fields at .#, the usual expression
in equation (5.133) cannot be the full Wald-Zoupas charge of the theory, as it does not satisfy
equation (5.122) with the full ®[®;5:®] in equation (5.131), which includes the electromagnetic

contribution Og\[A;dc Al

Note that for general supertranslations the “linkage” charges and fluxes do not equal the ones obtained from
Hamiltonian methods [18], nor from the Wald-Zoupas prescription; see [22].

5Tn the Newman-Penrose notation, the Weyl tensor terms appearing in (5.133) are Re[¥2] and ;. Their deriva-
tives on .# along n® are determined by the Bianchi identities given in equations (9.10.5) and (9.10.6) of [130].
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Our goal now is to define the electromagnetic contribution Qgn[€; S] to the Wald-Zoupas charge
such that Qgr[X; S| + Qrm[€; S] satisfies equation (5.122) with the full ®[®;3:®] given by equa-
tion (5.131). From equation (5.131), we have for @gnm[A; 5¢ A] that

/ Opm[A; 5 A] = _L €3 ¢E (£ x Ay + D). (5.135)

As 4r Jas

This is precisely the flux Fx[€; A#] of the Noether current of electromagnetism in equation (5.62).
This relation arises due to our asymptotic conditions, which imply that @g\[A; §A] = dem [A;5A],
where the right-hand side is the pullback of the symplectic potential of electromagnetism on a non-
dynamical background given in equation (5.10). It also follows that 7@ = 0 [see equation (5.21)],
and thus Opm[A; 8¢ A] is simply the pullback of the Noether current Jy[€] for electromagnetism.
The contribution of the electromagnetic field to the flux of the Wald-Zoupas charge is, in fact, not
the stress-energy current, but the Noether current. This flux contribution is the same as the one
obtained by Ashtekar and Streubel in equation (2.18) of [18]. However, there, the boundary term
containing the Coulombic contribution Re[p;] was dropped when converting to the stress-energy
expression in their equation (2.19). This was valid in their context, as they considered only source-
free solutions on Minkowski spacetime (so that Re[¢i] necessarily vanishes); for the more general
scenario we are interested in, this boundary term is important and differentiates the Noether and
stress-energy current.

From the previous computations, we can relate this electromagnetic contribution to the Wald-

Zoupas flux to the stress-energy tensor using equations (5.68) and (5.69), obtaining

Qpm(&; S2] — Qrm(&; 51 = — / {®EM[A;55A] — TabnaXbeg}, (5.136)
AS
where we have defined
1
Qrm(&: S = 2/ ez Re[p1](A + XA,), (5.137)
TJs

which are essentially equation (5.69) and the integral of the electromagnetic Noether charge on the
cross-section S in equation (5.25), respectively. Consequently, from equations (5.134) and (5.136),

it follows that Q[¢; S] = Qar[X; S] + Qrm|[€; ] satisfies

Flg AT = - A¢9[<I>;5£‘I’] = Q[§; 2] — Q[§; 51 (5.138)
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The electromagnetic contribution Qgrn[€; S] = 0 when the Faraday tensor Fy;, vanishes, and since
Qarl€;S] = 0 in Minkowski spacetime, the full Wald-Zoupas charge Q[&;S] also vanishes in
Minkowski spacetime.

In summary, the Wald-Zoupas charge for Einstein-Maxwell theory is
Q[¢: S] = Qcr[X: S|+ Qruml&; S, (5.139)

with the individual terms given by equations (5.133) and (5.137), respectively. The fluxes of the
individual terms Qgr[X; S| and Qrm[€; S| depend on the stress-energy and cannot be determined
purely from the radiative modes at null infinity. However, from equations (5.134) and (5.136),
these contributions cancel exactly, and so the flux of the full Wald-Zoupas charge Q[€;S]| can be
determined from the radiative modes alone.

As mentioned above, the flux F[§; 7] is a Hamiltonian generator on the full radiative phase

space of #, corresponding to the symmetry €. Along .#, as u — Fo00, we have
Nap = O(1/|u|' 1), Eq = O(1/|ultr), (5.140)

for some € > 0, while 74, and d A, have finite limits as u — *oo. Note that these conditions are
preserved by the asymptotic symmetries. Furthermore, they also ensure that the integral over all of
& of the pullback of the symplectic current [equation (5.129)] is finite, and so we have a well-defined
symplectic form on the radiative phase space on .#. Since X% grows at most linearly in u, from

equation (5.131) we have that

lim X - ©[®;5®] =0, (5.141)
u—+oo
and from equation (5.123),
SFE: 7] = — / w[®;50,5:®), (5.142)
52

for all perturbations §® and all backgrounds ®. Thus, the Wald-Zoupas flux acts as a Hamiltonian
generator of the corresponding symmetry on the radiative phase space of Einstein-Maxwell theory
on all of .#.17

There are several interesting consequences of this result. First, let us consider the behavior of

the Wald-Zoupas charges under a gauge transformation A, — A, + VA with £,A = 0, so that

7If one instead defines the flux associated with a BMS symmetry by the right-hand side of (5.133), then such a
flux is not a Hamiltonian generator in Einstein-Maxwell theory.
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n®A, =0 ((5.38)) is preserved. The gravitational contribution Qgr[X; 5] is, of course, unaffected
by this transformation. Similarly, the electromagnetic contribution Qrm[€; S| [in equation (5.137)]
is invariant whenever the asymptotic symmetry £ is either a pure gauge symmetry (X = 0) or a
pure supertranslation (X% = fn®). However, the charge contribution Qrm[(Y,0);S] for a “pure

Lorentz symmetry” transforms non-trivially:

Opm[(Y,0); 5] s Qpu[(Y,0); 5] +% /5 e Refpr] £y A. (5.143)

The second term on the right-hand side is the charge Qrm[(0, £y A); S] of a pure gauge symmetry
£y A. Thus, under gauge transformation, the electromagnetic contribution to the charge of a Lorentz
symmetry shifts by the charge of a pure gauge symmetry. This is due to the fact that the action
of a “pure Lorentz symmetry” (Y,0) is not well-defined independently of the choice of gauge for
Ag. This is similar to the transformation of the Lorentz charges under a supertranslation, and it
essentially arises from the fact that the asymptotic symmetry algebra is a semidirect sum of the
BMS algebra with the Lie ideal of gauge transformations. In the usual BMS algebra for vacuum
GR, there is no unique Lorentz subalgebra but instead infinitely many Lorentz subalgebras which
are related to each other by supertranslations. Similarly, in Einstein-Maxwell theory, there is no
unique action of the Lorentz algebra on the vector potential A, at .#, but instead infinitely many
such actions of the Lorentz algebra which are all related by the asymptotic gauge symmetries.
Note, however, that taking into account the change of the representation of £ in terms of X% and
A, the charge Opml€; S] is invariant under gauge transformations as follows from equation (5.5).

Essentially, under A, — A, + V4 A, a “pure Lorentz symmetry” is not invariant but transforms as
(Y,0) — (Y, —£yA). (5.144)

The transformation of the “pure Lorentz” charge in equation (5.143) is exactly compensated by the
transformation of the “pure Lorentz” symmetry used to compute the charge.

The gravitational fields do not contribute to the Wald-Zoupas charge of a pure gauge symmetry
(0, A), which is given by

00, 1): 5] = Quna[(0, N); 8] = 5 /S e Relipr] A, (5.145)
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with the flux

1
FIO.N:05) = /A e e (5.146)

T
For constant A, the flux vanishes across any region A.#, and the charge is proportional to the total
conserved Coulomb charge. For a general A (that is, A is a function on S?) this charge is the “soft
charge” of the electromagnetic fields (see [20, 16], for example).

Next, consider the charge associated with a supertranslation & = (fn,0). In this case, the
electromagnetic contribution Qgp[€; S] to the charge vanishes, since n*A, = 0, and so the super-
momentum charge is given by the same expression as in vacuum GR. Similarly, from (5.136) the
electromagnetic contribution to the flux of supermomentum is also

| emlA:sA] = - / €5 [Tuynn® = —4i €5 fELET. (5.147)
AYS AS T JAs
Thus, the electromagnetic fields do not contribute to the supermomentum charge and contribute to
the supermomentum flux only through the asymptotic stress-energy tensor, which is purely radiative
for supertranslations.
The situation is different for charges associated with a Lorentz symmetry & = (Y,0). In this

case, the electromagnetic fields contribute an additional term to the Wald-Zoupas charge given by

Omnl(Y,0): 5] = 2i /S € Relo]V A, (5.148)

™

In section 5.3.2.2, we compute this term for a Kerr-Newman black hole and for a spinning charged
sphere: in the case of the former, we find that this contribution is vanishing, although it does not
vanish for the latter. A similar contribution to the angular momentum due to electromagnetic fields
is also present at spatial infinity in stationary-axisymmetric spacetimes [158, , |. Thus, the
electromagnetic contribution in equation (5.148) would also be relevant to show that the Lorentz
charges defined on future null infinity coincide with those defined at spatial infinity and at past null

infinity, as conjectured in [155].

5.3.2.2 Examples

In this section, we give two examples of the electromagnetic contribution to the Wald-Zoupas

charge Qpm[(Y,0);S] of an asymptotic Lorentz symmetry Y. This contribution vanishes for the
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first example of Kerr-Newman spacetimes, while it is nonzero for the second example of a spinning
charged sphere with variable angular velocity.
First, we consider the case of the Kerr-Newman spacetime. The line element of the (physical)

Kerr-Newman metric in Boyer-Lindquist coordinates (¢, 7,6, ¢) is given by (see Appendix D.1 of [75])

2 2, X9 ), rPHad®—A 2 2 L (02 2\ s 202
ds® = —dt —i—zdr + 3dé —l—?(dt—asin 0d¢)” + (r° + a”) sin” 0d¢*, (5.149)
where
¥ =72 +a’cos? ), A=7r?—2Mr+a*+ Q% (5.150)

Note that this is the same as equation (2.1), with simply a different value of A. Since we wish
consider the limit to .#, it is more convenient to introduce the outgoing null coordinates (u,r, 0, @),

with u defined by

2, 2
du=dt — g, (5.151)
The (physical) Kinnersley tetrad—mormalized such that %, = —1 and Mm%n, = 1—in these
coordinates is
~ a
1= (0,)"+ E(a(b)“, (5.152a)
~Q r2 + 0/2 a A a a a
n- = » (8u) - E(aT) + ﬁ(aﬁ) ) (5'152b)
tasin 6 1
m = o) + 09)* + — 0 a}. 5.152c¢
\/Q(r+iacosﬁ)( ) V2(r + iacos ) [( 2 sm9( 2 ( )
The vector potential in these null coordinates is
2 2
A= —% <du+ ! Za dr—asinQquﬁ) , (5.153)

which satisfies the Lorenz gauge condition V@A, = 0.
To take the limit to .#, we use the conformal factor Q = r~! and use 2 as a coordinate, instead
of r. It can be verified that the unphysical metric g, = 22gqp is smooth in the limit to .# (that is,

as 0 — 0 with fixed u, 6, and ¢). The unphysical tetrad (I*,n% m® m®), defined by

1°= Q72 = (8)" + O(Q), (5.154a)
n® =n% = (0,)* + 0(Q), (5.154b)
a_ —1lsa _ L a L a
m*=Q""m® = 7 (0p)" + sin9(8¢> +0(Q), (5.154c¢)
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is also smooth at .#. The unphysical n® defined in equation (5.154) coincides with the normal
n® = g®V,Q at .# to leading order, but not at O(£2), as it does not satisfy the Bondi condition.

The vector potential A, = A, in equation (5.153) is not smooth at ., since I*A, diverges as
2 — 0. However, instead, consider the vector potential A/ related to that in equation (5.153) by a
gauge transformation:

AL = Ay — Vo(QIn Q). (5.155)

This new vector potential A, is no longer in Lorenz gauge (in the physical spacetime), but is smooth
at .#; it also satisfies the outgoing radiation gauge condition n®A!, = 0. Henceforth, we use this
smooth vector potential on .# and drop the “prime” from the notation.

On .#, the Lorentz vector fields Y are spanned by the tetrads m® and m®. A direct computation
using equations (5.153), (5.154), and (5.155) gives m*A, = 0, and consequently YA, = 0 for all
Lorentz vector fields. Thus, in the Kerr-Newman spacetime, the electromagnetic contribution to
the Lorentz charges vanishes; that is, Qpm[(Y,0); S| = 0. In particular, the angular momentum of
the Kerr-Newman black hole computed using the Wald-Zoupas charge |with Y* = (094)?| gets no
additional contribution from the electromagnetic fields, and is thus given by the standard value Ma
(see, for example, [155]).18

The above computation of the Lorentz charges in Kerr-Newman spacetimes does not, of course,
mean that the electromagnetic contribution to the Wald-Zoupas charge for angular momentum will
always vanish. An explicit example for which this contribution is nonzero is considered in [39]: a
thin spherical shell in Minkowski spacetime, with radius R and charge (), spinning on a central axis
with a time-dependent angular velocity w(t). The time-dependent dipole moment of the spherical
shell is given by m(t) = 1QR%w(t). Furthermore, [39] also assumes that the characteristic timescale
of variation of the magnetic dipole moment is much greater that the light-travel time 7 = R across
(half) the sphere, that is,

dm
= <m/ (5.156)

This is clearly not a solution to the source-free Maxwell equations, as there is a source current.

However, as this source current is compact, our analysis still applies. We do not attempt to solve the

18To calculate the Wald-Zoupas charge using equation (5.133), one needs to be careful to use a tetrad with an n®
which satisfies the Bondi condition [equations (5.31) and (5.32)], and not the tetrad in equation (5.154).
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full Einstein-Maxwell equations for this system. Thus, the electromagnetic field in this section should
be thought of as a perturbation generated by the charged sphere on the background Minkowski
spacetime.

The relevant null tetrads at .# in Minkowski spacetime can be constructed in the same manner
as in the Kerr-Newman spacetime by taking M =a = ) = 0. To get a smooth vector potential at

&, one again needs to perform a gauge transformation as in equation (5.155) which takes us out of

the Lorenz gauge used in [39]. Then, from the explicit computations in [39], it can be shown that
Re[p1] = }Q m*A, = LF(O) (u)sin@ (5.157)
277 V2 ’

where u =t — r is the retarded time coordinate and we have taken the rotation axis for the sphere

to be along the z-axis. With the assumption given in equation (5.156), the function T'©) (x) is given

by
dm 1 ,d%m 1 d>m
rOw)= — 4 72—+ —7*—— +... 5.158
W= 107 aw T om0 aw T (5.158)
where - - - denotes higher-order terms.

Now, the rotational Killing vector field along the z-axis is given by

(95)" = —— sinf(m? — m?). (5.159)

V2

Thus, using equations (5.157) and (5.158), we can compute the electromagnetic contribution in
equation (5.137) to the charge of dy—that is, the angular momentum in the z direction—on a

cross-section S, of constant wu:
2 o1
Qem[(95,0); Su] = ZQT™ (w). (5.160)

Thus, we expect that generic non-stationary electromagnetic fields will contribute a non-

vanishing Ogn to the Wald-Zoupas charge for asymptotic Lorentz symmetries.

5.4 | Discussion

In this chapter, we analyzed the fluxes of electromagnetic fields associated with the asymptotic sym-
metries at null infinity in any asymptotically flat spacetime. We first considered electromagnetism

on a non-dynamical background, defining three different currents which are naturally associated
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with vector fields on the background spacetime. When the vector field is a Killing vector field of
the background spacetime, each of these currents is conserved, and they differ only by boundary
terms. A similar situation occurs at null infinity, under the weaker assumption that the vector
field is an asymptotic symmetry element of the BMS algebra. In this case, each of the three cur-
rents can be used to construct fluxes associated with the asymptotic symmetry algebra through a
given region of null infinity. While two of the currents, the Noether and canonical current fluxes,
are completely determined by the radiative degrees of freedom of the electromagnetic fields, the
flux associated with the asymptotic Lorentz symmetries defined by the stress-energy current also
depends on the Coulombic part of the electromagnetic field. Thus, if the stress-energy flux for a
rotational symmetry is interpreted as the flux of angular momentum through null infinity, then it
cannot be determined from the radiative degrees of freedom alone [19, 20]. Furthermore, none of
these fluxes can be considered as the difference of charges evaluated on cross-sections of null infinity,
as on a non-dynamical background spacetime, there is, in general, no notion of an energy or angular
momentum of the electromagnetic fields at a particular “time” defined by a cross-section of null
infinity. Therefore, there is no obvious way to decide which of these currents defines the flux of
energy or angular momentum.

To clarify this, we coupled electromagnetism to general relativity and considered the full
Einstein-Maxwell theory at null infinity. This theory is diffeomorphism-invariant, and so there
exist charges whose differences are given by fluxes. Specifically, the general prescription of Wald
and Zoupas [178] defines, for a given asymptotic symmetry, both the charge on a cross-section of
# and the flux, which represents the change in this charge. If one assumes the charge expression
for vacuum GR to be the definition of the charge in Einstein-Maxwell theory as well [see equa-
tion (5.133)], then the additional term that the electromagnetic fields contribute to its flux is the
stress-energy flux [equation (5.134)]. As in the case with a non-dynamical metric, this contribution
depends on the Coulombic part of the Maxwell field for asymptotic Lorentz symmetries. However,
the full Wald-Zoupas charge for Einstein-Maxwell theory contains an additional contribution to the
charge due to the electromagnetic fields [equation (5.137)|. This additional contribution vanishes for
asymptotic supertranslations. It also vanishes for Lorentz symmetries in the Kerr-Newman space-

time. In general, however, for non-stationary electromagnetic fields, this additional contribution is
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nonzero. The flux of the full Wald-Zoupas charge in Einstein-Maxwell theory with this additional
contribution from the electromagnetic fields is determined by the radiative fields alone. The full
Wald-Zoupas charge naturally absorbs the Coulombic information contained in the stress-energy
flux, and so the contribution of the electromagnetic fields to the Wald-Zoupas flux is determined by
the Noether current flux and depends only on the radiative fields on ..

In addition, we showed that, using the standard falloff conditions for the electromagnetic and
gravitational fields near i® and i*, the Wald-Zoupas flux also defines a Hamiltonian generator
associated with the asymptotic symmetries on all of null infinity.

A similar analysis can also be carried out for other matter fields. For GR minimally coupled to a
massless Klein-Gordon field or a conformally-coupled scalar field, the essential points have already
been discussed by Wald and Zoupas in section VI of [178]. For such fields, the Wald-Zoupas charge
is given by the same expression as in vacuum GR [equation (5.133)], and the scalar fields contribute
to the flux only through the stress-energy tensor. However, for Einstein-Yang-Mills theory, we
expect that there is an additional contribution to the Wald-Zoupas charge similar to the case of
electromagnetic fields considered here. For general theories, it should not be expected that the
matter contribution to the charge is the Noether charge or that the contribution to the flux is the
Noether current. For instance, this expectation is already false in vacuum GR, where the Wald-
Zoupas charge is, in general, not given by the Noether charge (that is, the Komar formula); see the
discussion in |78, 22].

As noted before, a similar additional contribution to the angular momentum due to electromag-
netic fields is also present at spatial infinity in stationary, axisymmetric spacetimes [158, , |.
Thus, we expect that the electromagnetic contribution in equation (5.148) would also be relevant to
show that the Lorentz charges defined on future null infinity coincide with those defined at spatial
infinity and at past null infinity, as conjectured in [155].

Since the Wald-Zoupas flux is purely radiative and also the Hamiltonian generator on the radia-
tive phase space of Einstein-Maxwell theory, it can be quantized using the asymptotic quantization
methods in [16].

The Wald-Zoupas prescription can also be applied to finite null surfaces in vacuum GR [50]. For

Einstein-Maxwell theory at finite null surfaces, we expect that there is a similar contribution to the
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charges and fluxes associated with finite null boundary symmetries considered in [50] that arises
from the electromagnetic fields. Such an analysis could also be useful in deriving conservation laws
in Einstein-Maxwell theory through local regions bounded by a causal diamond similar to those in

vacuum GR [51].
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